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Abstract:
We formulate an Iwasawa main conjecture for a higher rank Euler system for a general

motive. We prove “one half" of the main conjecture under mild hypotheses. We also formu-
late a conjecture on “Darmon-type derivatives" of Euler systems and give an application to
the Tamagawa number conjecture. Lastly, we specialize our general framework to the setting
of Heegner points and give a natural interpretation of the Heegner point main conjecture in
terms of rank two Euler systems.

Key words and phrases: Iwasawa main conjecture, Euler systems, Tamagawa number conjecture,
Heegner points

1 Introduction

The aim of this paper is to study Iwasawa theory for motives in terms of higher rank Euler systems.
Let K be a number field and M a (pure) motive defined over K. Let p be an odd prime number and T

a stable lattice of the p-adic étale realization of M. For simplicity, we assume that the coefficient ring A

of T is the ring of integers of a finite extension of Qp (e.g., A= Zp). Let T ∗(1) denote the Kummer dual
of T . Then we define the basic rank of T by

r = rT := rankA

 ⊕
v∈S∞(K)

H0(Kv,T ∗(1))

 ,
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ON EULER SYSTEMS FOR MOTIVES AND HEEGNER POINTS

where S∞(K) denotes the set of all infinite places of K.
One expects that there is a canonical Euler system for T of rank r. For example, when T = Zp(1),

one sees that rZp(1) = 1 if and only if K is either Q or an imaginary quadratic field. When K =Q, we
have the cyclotomic unit Euler system. When K is an imaginary quadratic field, we have the elliptic unit
Euler system. If rZp(1) > 1, then it is known that conjectural Rubin-Stark elements constitute an Euler
system. When T is the p-adic Tate module of an elliptic curve over Q and K =Q, then rT = 1 and we
have Kato’s Euler system. In general, the validity of the equivariant Tamagawa number conjecture for the
dual motive M∗(1) implies the existence of a canonical higher rank Euler system for T of rank r which is
related to leading terms of (complex) L-functions for M∗(1) at s = 0.

In this paper, we study arithmetic properties of Euler systems in a general setting and give a new
example of our general theory in the setting of Heegner points.

1.1 The Iwasawa main conjecture for motives

We first formulate an Iwasawa main conjecture for T . There are two types of the formulation: “with
p-adic L-functions" and “without p-adic L-functions". In this paper, we study only the latter.

We sketch the formulation. Fix a finite set S of places of K which contains all infinite and p-adic
places of K and all “bad" places for T . Let L/K be a finite abelian extension and K∞/K a Zd

p-extension
for some d ≥ 1. We suppose that, for each v ∈ S∞(K) that ramifies in L, we have rankA(H0(Kv,T ∗(1))) =
1
2 rankA(T ). We set L∞ := L ·K∞ and Λ :=A[[Gal(L∞/K)]]. Let T := T ⊗Λ be the Λ-adic deformation
of T . Then one can construct a canonical map

Θ : det−1
Λ
(RΓ(OK,S,T))→

⋂r

Λ
H1(OK,S,T).

Here RΓ(OK,S,T) denotes the usual S-cohomology complex, H i(OK,S,T) its cohomology, and
⋂r

Λ the
r-th “exterior power bidual" over Λ (see §1.4 below). The Iwasawa main conjecture is formulated as
follows.

Conjecture 1.1 (The Iwasawa main conjecture, see Conjecture 3.4). Suppose that a canonical rank
r(= rT ) Euler system cL∞

∈
⋂r

ΛH1(OK,S,T) is given. Then there exists a Λ-basis

zL∞
∈ det−1

Λ
(RΓ(OK,S,T))

such that Θ(zL∞
) = cL∞

.

When T = Zp(1), a formulation of this form is given by Burns, Kurihara and the second author in
[BKS17, Conj. 3.1 and Th. 3.4].

Let us consider the simplest “non-equivariant" case, i.e., L = K and d = 1 (so that L∞ = K∞ is a
Zp-extension of K). Then one proves that Conjecture 1.1 is equivalent to the following “classical"
formulation:

charΛ

(⋂r

Λ
H1(OK,S,T)/Λ · cK∞

)
= charΛ(H2(OK,S,T)),

where char denotes the characteristic ideal. (See Proposition 3.10.) We remark that the Iwasawa main
conjecture of this form was studied earlier by Büyükboduk in [Büy09] and [Büy10].

One of the main results of this paper is to prove “one half" of the Iwasawa main conjecture for any
given Euler system under some standard hypotheses.
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Theorem 1.2 (see Theorem 3.17 for the precise statement). Assume r = rT ≥ 1, p≥ 5, and some mild
hypotheses. Then, for any rank r Euler system c, there exists an element

zL∞
∈ det−1

Λ
(RΓ(OK,S,T))

such that Θ(zL∞
) = cL∞

.
In particular, when L = K and d = 1, we have

charΛ

(⋂r

Λ
H1(OK,S,T)/Λ · cK∞

)
⊂ charΛ(H2(OK,S,T)).

For the proof, we essentially use the theory of higher rank Euler, Kolyvagin, and Stark systems
established by Burns, Sakamoto, and the second author [BSS18], and also an idea of the recent work by
the first author in [Kat22].

1.2 Derivatives of Euler systems

Let r = rT be the basic rank of T and c an Euler system of rank r for T . Fix a finite set S of places of K as
above. Under suitable assumptions, one can consider a “Darmon-type derivative" of c for a Zp-extension
K∞/K:

κ∞ ∈
∧r

A
H1(OK,S,T )⊗A Ie/Ie+1,

where we set e := rankA(H2(OK,S,T )) and I := ker(A[[Gal(K∞/K)]]↠A) (see §4.3). We formulate a
conjecture which relates κ∞ with the leading term L∗S(M

∗(1),0) of the S-truncated (complex) L-function
for the dual motive M∗(1) at s = 0. To do this we introduce an “(extended) special element" for T over K

η̃K ∈ Cp⊗Zp

∧r+e

A
H1(OK,S,T ),

which is by definition related to the leading term (see Definition 2.11). This element is a natural
generalization of the “Birch and Swinnerton-Dyer element" introduced by Burns, Kurihara, and the
second author in [BKS24, Def. 2.4]. We naturally construct a “Bockstein regulator map"

Boc∞ : Cp⊗Zp

∧r+e

A
H1(OK,S,T )→ Cp⊗Zp

∧r

A
H1(OK,S,T )⊗A Ie/Ie+1,

and formulate the conjecture as follows.

Conjecture 1.3 (Conjecture 4.7). We have

κ∞ = (−1)reBoc∞(η̃K) in Cp⊗Zp

∧r

A
H1(OK,S,T )⊗A Ie/Ie+1.

This conjecture generalizes the “generalized Perrin-Riou conjecture" in [BKS24, Conj. 4.9] and also
the “Iwasawa theoretic Mazur-Rubin-Sano conjecture" in [BKS17, Conj. 4.2].

We give a strategy for proving the Tamagawa number conjecture for M∗(1) by using the Iwasawa
main conjecture and Conjecture 1.3 (see Theorem 4.11). This result is a generalization of [BKS24,
Th. 7.6].
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1.3 Heegner points

To give a new example of our general theory, we study Heegner points in detail. Let E be an elliptic curve
over Q and K an imaginary quadratic field satisfying the Heegner hypothesis for E (i.e., every prime
divisor of the conductor of E splits in K). We consider the motive M = h1(E/K)(1). In this case, T is the
p-adic Tate module of E and the coefficient ring is A= Zp.

The Euler system of Heegner points is usually considered to be a rank one Euler system. However, it
is known that it does not satisfy the natural definition of Euler systems given by Rubin [Rub00]. In this
sense, it might be unnatural to regard the Heegner point Euler system as a rank one Euler system.

In this paper, we make the following observation: it is natural to interpret the system of Heegner
points as a rank two Euler system. In fact, the basic rank rT is two in this setting, since we have⊕

v∈S∞(K)

H0(Kv,T ∗(1)) = H0(C,T ∗(1)) = T ∗(1)

and this is a free Zp-module of rank two.
Our idea of interpreting Heegner points as a rank two Euler system is as follows. We assume that E has

good ordinary reduction at p. Take a finite set S of places of K as usual. Let K∞/K be the anticyclotomic
Zp-extension and set Λ := Zp[[Gal(K∞/K)]] and T := T ⊗Λ. In the Selmer group Sel(T) = Sel(K,T),
one has a Λ-adic Heegner point y∞ ∈ Sel(T) (see [Cas17, §3.1] for example). Under some mild conditions,
we construct an isomorphism

Q(Λ)⊗Λ

⋂2

Λ
H1(OK,S,T)≃ Q(Λ)⊗Λ (Sel(T)⊗Λ Sel(T)ι) ,

where Q(Λ) denotes the quotient field of Λ and (−)ι the module on which Λ acts via the natural involution.
We define a “Heegner element"

zHg
∞ ∈ Q(Λ)⊗Λ

⋂2

Λ
H1(OK,S,T)

to be the element corresponding to

y∞⊗ y∞ ∈ Sel(T)⊗Λ Sel(T)ι

under the isomorphism above (see Definition 5.13).
We show that the “Heegner point main conjecture" of Perrin-Riou is equivalent to our formulation of

the Iwasawa main conjecture for zHg
∞ .

Theorem 1.4 (Theorem 5.17). The Heegner point main conjecture holds if and only if we have zHg
∞ ∈⋂2

ΛH1(OK,S,T) and an equality

charΛ

(⋂2

Λ
H1(OK,S,T)/Λ · zHg

∞

)
= charΛ(H2(OK,S,T)).

As an application, we give a formal construction of a rank two Euler system whose “K∞-component"
is zHg

∞ .
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Theorem 1.5 (Theorem 5.18). Assume the Heegner point main conjecture. Then there exists a rank two
Euler system c such that cK∞

= zHg
∞ .

Remark 1.6. Burungale-Castella-Kim has recently proved the Heegner point main conjecture under mild
hypotheses (see [BCK21, Th. A]). So Theorem 1.5 gives an unconditional construction of a rank two
Euler system which is related to Heegner points. However, it should be noted that our construction is
non-canonical: roughly speaking, the constructed Euler system is just a “lift" of zHg

∞ . (The Heegner point
main conjecture is assumed in order to ensure the existence of a lift.)

Remark 1.7. There is a non-Iwasawa theoretic version of Theorem 1.5: see Theorem 5.5. A Heegner
element (over K) is more explicitly defined in this case without assuming that E has good ordinary
reduction at p (see Definition 5.2).

Remark 1.8. Lei-Loeffler-Zerbes conjectured in [LLZ14, Conj. 8.2.6] that there should be a rank two
Euler system which is related to the Euler system of Beilinson-Flach elements. Although a direct link is
not clear to the present authors, our work may shed new light on their conjecture.

Lastly, we give an explicit interpretation of Conjecture 1.3 for the Heegner element zHg
∞ . We assume

the following:

(i) E(K)[p] = 0;

(ii) rank(E(Q))≥ 1 and rank(EK(Q))≥ 1, where EK denotes the quadratic twist of E by K;

(iii) #X(E/K)[p∞]< ∞.

(See Hypothesis 5.22.) Note that the Heegner hypothesis and the validity of the parity conjecture imply
that rank(E(K)) is odd. So the condition (ii) implies rank(E(K))≥ 3. (One sees that Conjecture 1.3 is
not interesting when rank(E(K)) = 1.)

We set e := rankZp(H
2(OK,S,T )) and I := ker(Λ ↠ Zp). Let

κ
Hg
∞ ∈

∧2

Zp
H1(OK,S,T )⊗Zp Ie/Ie+1

be the Darmon-type derivative of zHg
∞ . We define a canonical “anticyclotomic Bockstein regulator"

RBoc
K∞
∈Qp⊗Zp

∧2

Zp
H1(OK,S,T )⊗Zp Ie/Ie+1

as an analogue of the “(cyclotomic) Bockstein regulator" introduced by Burns, Kurihara, and the second
author in [BKS24, Def. 4.11].

We prove that Conjecture 1.3 in this case is equivalent to the following explicit formula.

Conjecture 1.9 (see Proposition 5.26). We have

κ
Hg
∞ =

L∗S(E/K,1)
√
|DK |

ΩE/K ·RE/K
·RBoc

K∞
,

where L∗S(E/K,1) denotes the leading term of the S-truncated L-function of E/K at s = 1, DK the
discriminant of K, ΩE/K the Néron period, and RE/K the Néron-Tate regulator.
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According to the conjectural Birch-Swinnerton-Dyer formula, the analytic constant

L∗S(E/K,1)
√
|DK |

ΩE/K ·RE/K

should be equal to the algebraic constant

EulS ·#X(E/K)[p∞] ·Tam(E/K)

up to Z×p , where EulS denotes the product of Euler factors at primes in S (so that EulS ·L∗(E/K,1) =
L∗S(E/K,1)) and Tam(E/K) the product of Tamagawa factors of E/K. We prove that an algebraic variant
of Conjecture 1.9 follows from the Heegner point main conjecture up to Z×p .

Theorem 1.10 (Theorem 5.27). Assume the Heegner point main conjecture. Then there exists u ∈ Z×p
such that

κ
Hg
∞ = u ·EulS ·#X(E/K)[p∞] ·Tam(E/K) ·RBoc

K∞
.

In a forthcoming work, we show that Conjecture 1.9 (or rather its algebraic variant) implies the
conjecture of Bertolini and Darmon [BeDa96, Conj. 4.5(1)] (see also [AgCa21, Conj. 3.6]). This gives
further evidence for Conjecture 1.9.

Finally, we give a strategy for proving the Birch-Swinnerton-Dyer formula for E/K.

Theorem 1.11 (Theorem 5.29). If we assume

• the Heegner point main conjecture,

• Conjecture 1.9, and

• RBoc
K∞
̸= 0,

then the p-part of the Birch-Swinnerton-Dyer formula for E/K holds, i.e., there exists u ∈ Z×p such that

L∗(E/K,1) = u ·#X(E/K)[p∞] ·Tam(E/K) · 1√
|DK |

ΩE/K ·RE/K .

We remark that Theorems 1.10 and 1.11 are analogues of the results of Burns, Kurihara, and the
second author [BKS24, Th. 7.3 and 7.6] respectively.

1.4 Notation

For a commutative ring R and an R-module N, we set N∗ := HomR(N,R). The R-torsion submodule of N
is denoted by Ntors. The R-torsion-free quotient N/Ntors is denoted by Ntf. For a non-negative integer a,
the a-th exterior power bidual of N over R is defined by⋂a

R
N :=

(∧a

R
(N∗)

)∗
.

For basic properties, see [BuSa21, Appendix A].
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For an abelian group (Z-module) A and a prime number p, we set

A[p] := {a ∈ A | p ·a = 0} and A[p∞] := {a ∈ A | pn ·a = 0 for some n}.

Let K be a number field, which is regarded as a finite extension of Q inside a fixed algebraic closure
Q of Q. We denote the absolute Galois group Gal(Q/K) by GK . For each place v of K, we fix a
place w of Q lying above v. The decomposition group of w in GK is identified with Gal(Qw/Kv). In
particular, we regard Gal(Qw/Kv)⊂ GK . Let Kur

v be the maximal unramified extension of Kv inside Qw
and Frv ∈ Gal(Kur

v /Kv) the Frobenius element of v. We fix a lift of Frv in Gal(Qw/Kv) and denote it also
by the same symbol.

The set of all infinite (resp. p-adic) places of K is denoted by S∞(K) (resp. Sp(K)).
For a Galois extension F/K, we often denote Gal(F/K) by GF . The set of finite places of K which

ramify in F is denoted by Sram(F/K). For a finite set S of places of K, we set

SF := {w : a place of F | the place of K lying under w belongs to S}

and
S(F) := S∪Sram(F/K).

We use some standard notations concerning Galois (étale) cohomology: RΓ(OK,S,−), RΓ f (Kv,−),
RΓ/ f (Kv,−), etc. For the definitions, see [BuSa21, §1.4] for example.

2 Euler systems for motives

In this section, we give a review of a general conjecture on Euler systems given in [BSS19, §4] (see
Conjecture 2.6). This conjecture predicts what kind of Euler system should exist in a general setting of
motives. In §2.5, we give a generalization of “Birch-Swinnerton-Dyer elements" introduced in [BKS24,
§2.2], which will be used in §4.

2.1 The definition of Euler systems

Let K be a number field and p > 2 an odd prime number. Let M be a (pure) motive defined over K with
coefficients in a finite dimensional semisimple commutative Q-algebra R, which is necessarily a finite
product of number fields. Let A be a finite extension of Qp which arises as a component of Qp⊗Q R and
A the ring of integers of A. Let Vp(M) be the p-adic étale realization of M and set V := A⊗Qp⊗QR Vp(M),
which is a finite dimensional A-vector space endowed with a continuous action of GK . Fix a GK-stable
lattice T ⊂ V , which is a free A-module of finite rank. Let T ∗(1) := HomA(T,A(1)) be the Kummer
dual of T . We set

YK(T ∗(1)) :=
⊕

v∈S∞(K)

H0(Kv,T ∗(1)).

Note that, for each v∈ S∞(K), the A-module H0(Kv,T ∗(1)) is a direct summand of T ∗(1), so in particular
it is free of rank less than or equal to rankA(T ∗(1)) = rankA(T ). Therefore, YK(T ∗(1)) is also a free
A-module with an upper bound of the rank.
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Definition 2.1. We define the basic rank of T by

r = rT := rankA(YK(T ∗(1))).

We fix a finite set S of places of K such that

S∞(K)∪Sp(K)∪Sram(T )⊂ S,

where Sram(T ) denotes the set of finite places of K at which T ramifies. For any v /∈ S, we set

Pv(x) = Pv(x;T ) := det(1−Fr−1
v x | T ∗(1)) ∈A[x].

Let K/K be an abelian extension. Let Ω(K) be the set of finite subextensions F/K of K/K. For each
F ∈Ω(K) we set

GF := Gal(F/K)

and
S(F) := S∪Sram(F/K).

We impose the following hypothesis on the extension K/K: for each F ∈Ω(K), the A[GF ]-module

YF(T ∗(1)) :=
⊕

w∈S∞(F)

H0(Fw,T ∗(1))

is free of rank rT . One sees that this condition is equivalent to the following:

For any v ∈ S∞(K) which ramifies in K, we have rankA(H0(Kv,T ∗(1))) =
1
2

rankA(T ).

For example, this hypothesis is satisfied as long as every v ∈ S∞(K) splits completely in K.
Let Σ be a finite set (possibly empty) of places of K which is disjoint from S(F) for any F ∈Ω(K).

(This means that Σ is disjoint from S and every v ∈ Σ is unramified in K.) Following [BuSa21, §2.3], for
any F ∈Ω(K), we define the Σ-modified cohomology complex RΓΣ(OF,S(F),T ) by the exact triangle

RΓΣ(OF,S(F),T )→ RΓ(OF,S(F),T )→
⊕

w∈ΣF

RΓ f (Fw,T )→ .

For any F,F ′ ∈Ω(K) with F ⊂ F ′, we write

Corr
F ′/F :

⋂r

A[GF ′ ]
H1

Σ(OF ′,S(F ′),T )→
⋂r

A[GF ]
H1

Σ(OF,S(F ′),T )

for the map induced by the corestriction map CorF ′/F : H1
Σ
(OF ′,S(F ′),T )→ H1

Σ
(OF,S(F ′),T ).

Definition 2.2. An Euler system of rank r for (T,K) (with an implicit choice of S and Σ) is an element

c = (cF)F ∈ ∏
F∈Ω(K)

⋂r

A[GF ]
H1

Σ(OF,S(F),T )

satisfying the following: for any F,F ′ ∈Ω(K) with F ⊂ F ′, we have

Corr
F ′/F(cF ′) =

(
∏

v∈S(F ′)\S(F)

Pv(Fr−1
v )

)
cF .

The set (A[[Gal(K/K)]]-module) of Euler systems of rank r for (T,K) is denoted by ESr(T,K).
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2.2 Conjectural Euler systems

In this subsection, we formulate an explicit conjecture concerning the existence of an Euler system for T
which is related with L-functions of the motive M∗(1), under the following hypothesis.

Hypothesis 2.3. For any F ∈Ω(K), we have

(i) H0(F,T ) = 0,

(ii) either Σ is non-empty or H1(OF,S(F),T ) is A-free, and

(iii) for any w ∈ ΣF , we have H0(Fw,T ) = 0.

Remark 2.4. If we assume Hypothesis 2.3(i), (iii) and that Σ is non-empty, then one easily sees that
H1

Σ
(OF,S(F),T ) is A-free. So Hypothesis 2.3(ii) can be replaced by

(ii′) H1
Σ
(OF,S(F),T ) is A-free.

Remark 2.5. Hypothesis 2.3(iii) implies that H1
f (Fw,T ) is finite for any w ∈ ΣF . So in this case we have

Qp⊗Zp H i
Σ(OF,S(F),T ) = H i(OF,S(F),V ).

This identification will frequently be used.

We set some notations. Let F ∈Ω(K). We write ĜF for the set of Q-valued characters of GF . By the
fixed embeddings Q ↪→ C and Q ↪→ Cp, each χ ∈ ĜF is regarded as both C-valued and Cp-valued. For
χ ∈ ĜF , we define the usual idempotent by eχ := (#GF)

−1
∑σ∈GF χ(σ)σ−1. We set

ϒ(T,F) := {χ ∈ ĜF | eχ(Cp⊗Zp H2(OF,S(F),T )) = 0}

and
eT,F := ∑

χ∈ϒ(T,F)

eχ ∈ A[GF ].

Roughly speaking, eT,F is the “maximal" idempotent that annihilates H2(OF,S(F),T ).
We recall the definition of motivic L-functions. To do this, we assume that the Euler factors have

rational coefficients, i.e., Qv(x) := det(1−Fr−1
v x |Vp(M∗(1))) belongs to R[x] for any v /∈ S.

For χ ∈ ĜF , the S(F)-truncated χ-twisted L-function of M∗(1) is defined by

LS(F)(M
∗(1),χ,s) := ∏

v/∈S(F)

Qv(χ(Frv)Nv−s)−1.

This is a complex function which takes values in C⊗Q R and converges if Re(s) is large enough. We
assume that it is analytically continued to the whole complex plane. We define a Σ-modified version by

LS(F),Σ(M
∗(1),χ,s) :=

(
∏
v∈Σ

Qv(χ(Frv)Nv1−s)

)
LS(F)(M

∗(1),χ,s).
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We then define the GF -equivariant (S(F),Σ)-modified L-function of M∗(1) by

θF/K,S(F),Σ(M
∗(1),s) := ∑

χ∈ĜF

LS(F),Σ(M
∗(1),χ−1,s)eχ ,

which takes values in C⊗Q R[GF ].
We write L∗S(F),Σ(M

∗(1),χ,0) ∈ (C⊗Q R)× for the leading term of LS(F),Σ(M∗(1),χ,s) at s =
0, i.e., the leading coefficient in the Laurent expansion at s = 0. We define the leading term of
θF/K,S(F),Σ(M∗(1),s) by

θ
∗
F/K,S(F),Σ(M

∗(1),0) := ∑
χ∈ĜF

L∗S(F),Σ(M
∗(1),χ−1,0)eχ ∈ (C⊗Q R[GF ])

×.

We fix an embedding C ↪→Cp and regard θ ∗F/K,S(F),Σ(M
∗(1),0) as an element of (Cp⊗Q R[GF ])

×. By the
natural projection Qp⊗Q R ↠ A, we regard θ ∗F/K,S(F),Σ(M

∗(1),0) as an element of (Cp⊗Qp A[GF ])
× =

(Cp⊗Zp A[GF ])
×.

In §2.4 below, we will define a canonical “period-regulator isomorphism”

λT,F : eT,F

(
Cp⊗Zp

∧r

A[GF ]
H1(OF,S(F),T )

)
∼−→ eT,F

(
Cp⊗Zp

∧r

A[GF ]
YF(T ∗(1))∗

)
,

where YF(T ∗(1))∗ := HomA(YF(T ∗(1)),A).

Conjecture 2.6. Assume Hypothesis 2.3, and fix an A[[Gal(K/K)]]-basis

b = (bF)F ∈ lim←−
F∈Ω(K)

∧r

A[GF ]
YF(T ∗(1))∗(≃ lim←−

F∈Ω(K)

A[GF ] =A[[Gal(K/K)]]).

Then there exists a unique Euler system

c = c(b) ∈ ESr(T,K)

satisfying the following properties.

(i) For every F ∈Ω(K), we have
(1− eT,F)cF = 0,

i.e., cF ∈
⋂r

A[GF ]
H1

Σ
(OF,S(F),T )⊂

∧r
A[GF ]

H1(OF,S(F),V ) belongs to eT,F
∧r

A[GF ]
H1(OF,S(F),V ).

(ii) For every F ∈Ω(K), we have

λT,F(cF) = eT,F ·θ ∗F/K,S(F),Σ(M
∗(1),0) ·bF in eT,F

(
Cp⊗Zp

∧r

A[GF ]
YF(T ∗(1))∗

)
.

It is convenient to give the following definition.
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Definition 2.7. We fix b as in Conjecture 2.6. For each F ∈Ω(K), we define the special element for T by

ηF = ηF/K,S(F),Σ(T ) := λ
−1
T,F

(
eT,F ·θ ∗F/K,S(F),Σ(M

∗(1),0) ·bF

)
∈ eT,F

(
Cp⊗Zp

∧r

A[GF ]
H1(OF,S(F),T )

)
.

(This is called the “Bloch-Kato element" in [BSS19, Def. 4.10].)

Remark 2.8. One can show that the collection (ηF)F∈Ω(K) satisfies the norm relation, i.e., we have

Corr
F ′/F(ηF ′) =

(
∏

v∈S(F ′)\S(F)

Pv(Fr−1
v )

)
ηF

for any F,F ′ ∈ Ω(K) with F ⊂ F ′. Also, ηF satisfies the properties (i) and (ii) in Conjecture 2.6 by
definition. Thus Conjecture 2.6 is equivalent to the following assertion: for every F ∈Ω(K), we have

ηF ∈
⋂r

A[GF ]
H1

Σ(OF,S(F),T ). (2.2.1)

The conjecture of this form is given in [BSS19, Conj. 4.15].

Remark 2.9. By [BuSa21, Rem. 2.11 and Th. 2.18], one sees that the equivariant Tamagawa number
conjecture for (M∗(1)⊗K F,A[GF ]) (see [BuFl01, Conj. 4]) implies (2.2.1) for F ∈ Ω(K). This gives
theoretical evidence for Conjecture 2.6.

Remark 2.10. In this paper, we often assume the existence of a canonical Euler system and study its
properties. So it may be reasonable to assume Conjecture 2.6 throughout. However, it turns out that
assuming Conjecture 2.6 is too strong. For example, in the case of elliptic curves over Q, we have
a canonical Euler system called Kato’s Euler system, but it is still not known whether it satisfies the
properties in Conjecture 2.6. In fact, Conjecture 2.6 for Kato’s Euler system is equivalent to a natural
equivariant refinement of Perrin-Riou’s conjecture, which has not yet been fully proved (see §2.3.2 below
for the details). For this reason, we will only assume the existence of a canonical Euler system and
propose conjectures for it.

2.3 Examples

Let us consider two special cases for which the conjectural Euler systems are more familiar. The first
case is the (conjectural) system of Rubin-Stark elements over number fields, which specializes to the
cyclotomic unit Euler system when K =Q and to the elliptic unit Euler system when K is an imaginary
quadratic field. The second is Kato’s Euler system for elliptic curves over Q.

2.3.1 The Rubin-Stark Euler system

Consider the “Gm case", i.e., M = h0(K)(1), R =Q, A =Qp, A= Zp, and T = Zp(1). Take K so that
every v ∈ S∞(K) splits completely in K and also choose Σ so that Hypothesis 2.3 is satisfied. In this case,
we have

r = rZp(1) = #S∞(K).
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Also, for F ∈Ω(K) and χ ∈ ĜF we have

LS(F),Σ(M
∗(1),χ,s) = LS(F),Σ(χ,s)

:= ∏
v∈Σ

(1−χ(Frv)Nv1−s) ∏
v/∈S(F)

(1−χ(Frv)Nv−s)−1.

This is the usual (S(F),Σ)-modified Artin L-function for χ (see [BKS16, §3.1] for example). So we have

θF/K,S(F),Σ(M
∗(1),s) = θF/K,S(F),Σ(s) := ∑

χ∈ĜF

LS(F),Σ(χ
−1,s)eχ .

For any finite set U of places of K, we set

YF,U :=
⊕

w∈UF

Z ·w and XF,U :=
{

∑
w

aw ·w ∈ YF,U

∣∣∣∣∑
w

aw = 0
}
.

Then YF(T ∗(1))∗ = YF(Zp)
∗ is identified with Zp⊗ZYF,S∞(K). Let

δF : R⊗ZO
×
F,S(F)

∼−→ R⊗Z XF,S(F); u 7→ − ∑
w∈S(F)F

log |u|w ·w

be the Dirichlet regulator. The period-regulator isomorphism in this case is defined by

λZp(1),F : eZp(1),F

(
Cp⊗Zp

∧r

Zp[GF ]
H1(OF,S(F),Zp(1))

)
≃ eZp(1),F

(
Cp⊗Z

∧r

Z[GF ]
O×F,S(F)

)
δF≃ eZp(1),F

(
Cp⊗Z

∧r

Z[GF ]
XF,S(F)

)
≃ eZp(1),F

(
Cp⊗Z

∧r

Z[GF ]
YF,S∞(K)

)
,

where the first isomorphism is induced by the Kummer isomorphism Zp⊗ZO
×
F,S(F) ≃H1(OF,S(F),Zp(1)),

and the last isomorphism follows by the definition of eZp(1),F and a canonical exact sequence

0→ H2(OF,S(F),Qp(1))→Qp⊗Z XF,S(F)→Qp⊗ZYF,S∞(K)→ 0

(see [Nek06, (9.2.1.2)] for example). One can choose a Z[GF ]-basis bF of
∧r

Z[GF ]
YF,S∞(K) by fixing a

labeling S∞(K)= {v1, . . . ,vr} and a place wi of F lying above each vi. Namely, one sets bF :=w1∧·· ·∧wr.
The Rubin-Stark element (for F/K,S(F),Σ,S∞(K)) is defined by

η
RS
F := η

S∞(K)
F/K,S(F),Σ := λ

−1
Zp(1),F

(eZp(1),F ·θ
∗
F/K,S(F),Σ(0) ·bF).

(See [BKS16, §5.1] for example.) This coincides with the special element ηF/K,S(F),Σ(Zp(1)) in Definition
2.7. The conjecture (2.2.1) is equivalent to the (p-part of the) Rubin-Stark conjecture (see [Rub96,
Conj. B′] or [BKS16, Conj. 5.1]). Thus, if we assume the Rubin-Stark conjecture for all F ∈Ω(K), then
the conjectural Euler system in Conjecture 2.6 coincides with the Rubin-Stark Euler system

η
RS := (ηRS

F )F ∈ ESr(Zp(1),K).

In particular, Conjecture 2.6 is true when K = Q. (In this case, the Rubin-Stark Euler system is the
cyclotomic unit Euler system.)
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2.3.2 Kato’s Euler system

Let E be an elliptic curve over Q and consider the case when K = Q, M = h1(E)(1), R = Q, A = Qp,
A= Zp, and T is a lattice of Vp(E). In this case, we have

r = rT = 1.

We take K/Q to be an abelian p-extension, Σ to be empty and assume Hypothesis 2.3. (If T = Tp(E),
then Hypothesis 2.3 is equivalent to E(Q)[p] = 0.) For each F ∈Ω(K), Kato [Kat04] constructed a “zeta
element"

zKato
F ∈ H1(OF,S(F),Vp(E)).

(See [BSS19, Def. 6.8] for normalization. It depends on the choice of a Zp[GF ]-basis bF ∈ YF(T ∗(1))∗.)
If we assume the “integrality", i.e., zKato

F ∈ H1(OF,S(F),T ) for every F ∈Ω(K), then we have

zKato := (zKato
F )F ∈ ES1(T,K).

(See [BSS19, Lem. 6.7].) This Euler system is called Kato’s Euler system.
We shall describe the period-regulator isomorphism in this case. We prepare some notations. In the

following, we assume #X(E/F)[p∞]< ∞ for every F ∈Ω(K). We abbreviate ϒ(T,F) to ϒ(F). For a
non-negative integer i, we define

ϒ(F)an
i := {χ ∈ ĜF | ords=1L(E,χ,s) = i}

and
ϒ(F)

alg
i := {χ ∈ ĜF | dimC(eχ(C⊗Z E(F))) = i}.

Then one sees by [Kat04, Th. 14.2(2)] that

ϒ(F)an
0 ⊂ ϒ(F)

alg
0 ⊂ ϒ(F)

alg
0 ∪ϒ(F)

alg
1 = ϒ(F).

(See [BSS19, Lem. 6.1(iii)] for the last equality.) We define the associated idempotent by

e⋆F,i := ∑
χ∈ϒ(F)⋆i

eχ ∈Q[GF ],

where ⋆ ∈ {an,alg}. Note that eT,F = ealg
F,0 + ealg

F,1.

We first describe the ealg
F,0-component of the period-regulator isomorphism. It is defined by the

composition

λT,F : ealg
F,0

(
Cp⊗Zp H1(OF,S(F),T )

) exp∗
≃ ealg

F,0

(
Cp⊗Q Γ(E,Ω1

E/F)
)

α≃ ealg
F,0

(
Cp⊗Q

( ⊕
ι :F ↪→C

H1(E ι(C),Q)

)+)∗
β

≃ ealg
F,0

(
Cp⊗Zp YF(T ∗(1))∗

)
,
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where the first isomorphism is induced by (the localization map and) the dual exponential map

exp∗ :
⊕

w∈Sp(F)

H1
/ f (Fw,V )≃

⊕
w∈Sp(F)

Qp⊗Zp E1(Fw)
∗ ∼−→Qp⊗Q Γ(E,Ω1

E/F),

the second by the period map ω 7→ (γ 7→
∫

γ
ω), and the last by the comparison isomorphism

( ⊕
ι :F ↪→C

H1(E ι(C),Qp)

)+

≃Qp⊗Zp YF(T ∗(1)).

Next, we describe the ealg
F,1-component. It is defined by the composition

λT,F : ealg
F,1

(
Cp⊗Zp H1(OF,S(F),T )

)
≃ ealg

F,1 (Cp⊗Z E(F))

≃ ealg
F,1 (Cp⊗Z E(F))∗

≃ ealg
F,1

Cp⊗Zp

⊕
w∈Sp(F)

E1(Fw)

∗

≃ ealg
F,1

(
Cp⊗Zp YF(T ∗(1))∗

)
,

where the first isomorphism is induced by the Kummer map E(F)→ H1(OF,S(F),Tp(E)) (see [BSS19,
(21)]), the second by the Néron-Tate height pairing, the third by the localization map E(F)→ E(Fw), and
the last by β ◦α ◦ exp∗.

We now relate Kato’s zeta element zKato
F with the special element ηF = ηF/Q,S(F), /0(T ) in Definition

2.7. By Kato’s deep result [Kat04, Th. 6.6 and 9.7], we have

λT,F(ean
F,0 · zKato

F ) = ean
F,0 ·θF/Q,S(F)(E,1) ·bF ,

where θF/Q,S(F)(E,s) := θF/Q,S(F), /0(M∗(1),s− 1) = ∑
χ∈ĜF

LS(F)(E,χ−1,s)eχ . So by the definition of
ηF we have

ean
F,0 · zKato

F = ean
F,0 ·ηF .

It is natural to expect

zKato
F = ηF .

(This is the conjecture made in [BSS19, Conj. 6.2].) We remark that the equality

zKato
Q = ηQ

is equivalent to Perrin-Riou’s conjecture [Per93] (see [BSS19, Prop. 6.5] or [BKS24, Prop. 2.10]).
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2.4 The period-regulator isomorphism

In this subsection, we give a general definition of the period-regulator isomorphism

λT,F : eT,F

(
Cp⊗Zp

∧r

A[GF ]
H1(OF,S(F),T )

)
∼−→ eT,F

(
Cp⊗Zp

∧r

A[GF ]
YF(T ∗(1))∗

)
.

Let RΓc,Σ(OF,S(F),T ∗(1)) be the Σ-modified compactly supported cohomology complex defined in
[BuSa21, §2.3.2] and set

CF,S(F),Σ(T ) := RHomZp(RΓc,Σ(OF,S(F),T
∗(1)),Zp[−2]).

It is well-known that CF,S(F),Σ(T ) is a perfect complex of A[GF ]-modules, acyclic outside degrees zero
and one (under Hypothesis 2.3(i)), and the Euler characteristic is zero. By [BuSa21, Prop. 2.22], we have
a canonical isomorphism

H0(CF,S(F),Σ(T ))≃ H1
Σ(OF,S(F),T )

and a canonical exact sequence

0→ H2
Σ(OF,S(F),T )→ H1(CF,S(F),Σ(T ))→ YF(T ∗(1))∗→ 0.

Let

ϑT,F : Cp⊗Zp detA[GF ](CF,S(F),Σ(T ))
∼−→ Cp⊗Zp A[GF ]

be the isomorphism used in the formulation of the equivariant Tamagawa number conjecture (see [BuFl01,
§3.4]). We normalize ϑT,F so that the equivariant Tamagawa number conjecture for (M∗(1)⊗K F,A[GF ])
is equivalent to the equality

ϑT,F(detA[GF ](CF,S(F),Σ(T ))) =A[GF ] ·θ ∗F/K,S(F),Σ(M
∗(1),0).

The map ϑT,F induces an isomorphism

Cp⊗Qp detA[GF ](Qp⊗Zp H0(CF,S(F),Σ(T )))
∼−→ Cp⊗Qp detA[GF ](Qp⊗Zp H1(CF,S(F),Σ(T ))),

which becomes

Cp⊗Qp detA[GF ](H
1(OF,S(F),V ))

∼−→ Cp⊗Qp

(
detA[GF ](H

2(OF,S(F),V ))⊗A[GF ]

∧r

A[GF ]
YF(T ∗(1))∗

)
.

(2.4.1)

We define λT,F to be the isomorphism induced by this isomorphism (note that the idempotent eT,F kills
H2(OF,S(F),V )).
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2.5 Extended special elements

Let ηF = ηF/K,S(F),Σ(T ) be the special element for F ∈Ω(K) in Definition 2.7. For later use, we study
connections between this element for F = K and the Tamagawa number conjecture for M∗(1).

First, note that by definition ηK = ηK/K,S,Σ(T ) ∈ Cp⊗Zp

∧r
AH1(OK,S,T ) can be zero. In fact, we

have
ηK = 0⇔ H2(OK,S,V ) ̸= 0.

(This phenomenon can be regarded as a “trivial zero (or exceptional zero) phenomenon" for Euler systems.
See Remark 2.14 below.) For this reason, we extend the definition of ηK so that it always becomes
non-zero.

We set
e := dimA(H2(OK,S,V )).

We define the “extended period-regulator isomorphism"

λ̃T,K : Cp⊗Zp

∧r+e

A
H1(OK,S,T )

∼−→ Cp⊗Zp

(∧e

A
H2

Σ(OK,S,T )tf⊗A

∧r

A
YK(T ∗(1))∗

)
to be the isomorphism induced by (2.4.1) (with F = K).

Definition 2.11. Assume H0(K,T ) = 0. Fix A-bases x ∈
∧e

AH2
Σ
(OK,S,T )tf and b ∈

∧r
AYK(T ∗(1))∗. We

define the extended special element for T by

η̃K = η̃K,S,Σ(T ) := λ̃
−1
T,K(L

∗
S,Σ(M

∗(1),0) · (x⊗b)) ∈ Cp⊗Zp

∧r+e

A
H1(OK,S,T ).

Remark 2.12. By definition, η̃K is always non-zero. When e = 0 (i.e., H2(OK,S,V ) = 0), we have

ηK = η̃K ̸= 0.

Remark 2.13. We can expect H2(OK,S,V ) = 0 in many cases. For example, it is well-known that
H2(OK,S,Qp) = 0 is equivalent to the Leopoldt conjecture for K. Soulé proved H2(OK,S,Qp( j)) =
0 for j > 1, and Schneider conjectured that H2(OK,S,Qp( j)) = 0 for j ≤ 0 (see [NSW00, p. 641]).
More generally, for a smooth projective scheme X/K, Jannsen conjectured that H2(OK,S,H i

ét(X ×K

Q,Qp)( j)) = 0 if i+1 < j or i+1 > 2 j (see [Jan89, Conj. 1]). However, H2(OK,S,V ) can be non-zero
in the cases considered in §2.3 (see also Remarks 2.14, 2.15 and 2.16 below).

Remark 2.14. Let χ be a non-trivial character of GK of finite order and set F := Qker χ
. If T =

Zp[im χ](1)⊗χ−1 and S = S∞(K)∪Sp(K)∪Sram(F/K), then we have

H2(OK,S,V )≃ eχ(Qp(im χ)⊗Z XF,Sp(K)),

where XF,Sp(K) is defined in §2.3.1. So in this case

H2(OK,S,V ) = 0⇔ χ(Frv) ̸= 1 for all v ∈ Sp(K).

This is the usual “no trivial zeros" condition (see [BKS17, p. 1555]). However, when T = Tp(E) with an
elliptic curve E, the condition H2(OK,S,V ) ̸= 0 has nothing to do with the “exceptional zero" phenomenon
in the sense of Mazur-Tate-Teitelbaum [MTT86].
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Remark 2.15. Consider the Gm case (i.e., M = h0(K)(1) and T = Zp(1)). In this case, the extended
special element is explicitly described as follows. First, note that there is a canonical exact sequence

0→ Zp⊗Z ClΣS(K)→ H2
Σ(OK,S,Zp(1))→ Zp⊗Z XK,S\S∞(K)→ 0,

where ClΣS(K) is the (S,Σ)-class group of K (see [BKS16, §1.7] for example) and XK,S\S∞(K) is defined in
§2.3.1. So we have

H2
Σ(OK,S,Zp(1))tf ≃ Zp⊗Z XK,S\S∞(K)

and
e = #S−#S∞(K)−1.

We set r := #S∞(K) (so that #S= r+e+1). We fix a labeling S∞(K)= {v1, . . . ,vr} and S= {v0,v1, . . . ,vr+e}.
Recall that YK(T ∗(1))∗ is identified with Zp⊗ZYK,S∞(K) (see §2.3.1). We define Z-bases x ∈

∧e
ZXK,S\S∞(K)

and b ∈
∧r

ZYK,S∞(K) by setting

x := (vr+1− v0)∧·· ·∧ (vr+e− v0) and b := v1∧·· ·∧ vr.

We assume Σ is chosen so that the (S,Σ)-unit group O×K,S,Σ := ker(O×K,S→
⊕

v∈Σ(OK/v)×) is torsion-free,
and let {u1, . . . ,ur+e} be a Z-basis of O×K,S,Σ. Then one sees that the extended special element is described
explicitly as

η̃K,S,Σ(Zp(1)) =±#ClΣS(K) ·u1∧·· ·∧ur+e ∈ Zp⊗Z
∧r+e

Z
O×K,S,Σ ≃

∧r+e

Zp
H1

Σ(OK,S,Zp(1)).

(This also coincides with the Rubin-Stark element for (K/K,S,Σ,S \ {v0}).) In fact, the extended
period-regulator isomorphism in this case is induced by the Dirichlet regulator

δK : R⊗ZO
×
K,S

∼−→ R⊗Z XK,S; u 7→ −∑
v∈S

log |u|v · v,

and the above description follows from the well-known class number formula

L∗S,Σ(M
∗(1),0) = ζ

∗
K,S,Σ(0) =±#ClΣS(K) ·det(log |ui|v j)1≤i, j≤r+e,

where ζK,S,Σ(s) is the usual (S,Σ)-modified Dedekind zeta function for K.

Remark 2.16. Consider the case when K =Q and M = h1(E)(1) with an elliptic curve E over Q. If we
assume X(E/Q)[p∞]< ∞, then we have

e = max{0, rank(E(Q))−1}.

(See [BSS19, Lem. 6.1].) If L(E,1) ̸= 0, then by the argument in §2.3.2 we have e = 0 and

η̃Q = ηQ = zKato
Q .

(We take Σ to be empty.) If rank(E(Q)) > 0, then η̃Q coincides with the “Birch-Swinnerton-Dyer
element" ηBSD

x defined in [BKS24, Def. 2.4] (by letting b ∈ YQ(T ∗(1))∗ be e+δ (ξ )∗ in loc. cit.).
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The following is a generalization of [BKS24, Prop. 2.6].

Proposition 2.17. Assume that H0(K,T ) = 0 and that either Σ is non-empty or H1(OK,S,T ) is A-free.
Then the Tamagawa number conjecture for M∗(1) (with coefficients in A) holds if and only if we have an
equality of A-modules

A · η̃K = FittA(H2
Σ(OK,S,T )tors) ·

∧r+e

A
H1

Σ(OK,S,T ).

In particular, the Tamagawa number conjecture for M∗(1) implies the “integrality" of η̃K:

η̃K ∈
∧r+e

A
H1

Σ(OK,S,T ).

Proof. Consider the following map:

detA(CK,S,Σ(T )) ↪→ Qp⊗Zp detA(CK,S,Σ(T ))

≃ detA(H1
Σ(OK,S,V ))⊗A det−1

A (H2
Σ(OK,S,V ))⊗A det−1

A (YK(T ∗(1))∗)

= Qp⊗Zp

(∧r+e

A
H1

Σ(OK,S,T )⊗A

∧e

A
H2

Σ(OK,S,T )∗⊗A

∧r

A
YK(T ∗(1))

)
≃ Qp⊗Zp

∧r+e

A
H1

Σ(OK,S,T ),

where the last isomorphism is defined by using the fixed A-bases of
∧e

AH2
Σ
(OK,S,T )tf and

∧r
AYK(T ∗(1))∗.

The proposition follows by noting that the image of this map is

FittA(H2
Σ(OK,S,T )tors) ·

∧r+e

A
H1

Σ(OK,S,T ).

3 The Iwasawa main conjecture for motives

In this section, we study Iwasawa theory for motives. In §3.1, we give a formulation of the (equivariant)
Iwasawa main conjecture (see Conjecture 3.4). In §3.2, we give another formulation in the “non-
equivariant" case (see Conjecture 3.9). In §3.3, we state a theorem that gives us an approach to prove
“one half" of the Iwasawa main conjecture under standard hypotheses (see Theorem 3.17). §3.4 is devoted
to the proof of Theorem 3.17.

Throughout this section, we let K be a number field and p > 2 an odd prime number. Let A be the
ring of integers of a finite extension of Qp. Let T be a free A-module of finite rank equipped with a
continuous action of the absolute Galois group GK of K which is unramified outside a finite set of places
of K.

3.1 Formulation of the Iwasawa main conjecture

We fix the following data:

• L/K: a finite abelian extension in which all v ∈ S∞(K) split completely;
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• K∞/K: a Zd
p-extension with d ≥ 1;

• S: a finite set of places of K containing S∞(K)∪Sp(K)∪Sram(L/K)∪Sram(T );

• Σ: a finite set of places of K such that S∩Σ = /0.

We set some notations attached to these data. We set

L∞ := L ·K∞, G∞ := Gal(L∞/K) and Λ = ΛL∞
:=A[[G∞]].

We set
T := T ⊗A Λ,

on which GK acts by

σ · (t⊗λ ) := σt⊗λσ
−1 (σ ∈ GK , t ∈ T, λ ∈ Λ),

where σ
−1 ∈ G∞ denotes the image of σ−1 ∈ GK under the natural surjection GK ↠ G∞.

We keep assuming Hypothesis 2.3, and let r = rT := rankA(YK(T ∗(1))) be the basic rank (see
Definition 2.1). It is well-known that RΓΣ(OK,S,T) is a perfect complex of Λ-modules, which is acyclic
outside degrees one and two, and that there is a non-canonical isomorphism

Q(Λ)⊗Λ H1
Σ(OK,S,T)≃ Q(Λ)⊗Λ (H2

Σ(OK,S,T)⊕Λ
r). (3.1.1)

Here Q(Λ) denotes the total quotient ring of Λ. In other words, the Euler characteristic of the complex
RΓΣ(OK,S,T) is r. We now assume the following.

Hypothesis 3.1 (The weak Leopoldt conjecture). H2
Σ
(OK,S,T) is Λ-torsion, i.e.,

Q(Λ)⊗Λ H2
Σ(OK,S,T) = 0.

Remark 3.2. If K∞/K is the cyclotomic Zp-extension, then it is expected that Hypothesis 3.1 is always
satisfied (see [Per95, §1.3]). When T = Zp(1), by a well-known theorem of Iwasawa, Hypothesis 3.1
is satisfied if no finite place of K splits completely in K∞ (in particular, it is satisfied if K∞/K is the
cyclotomic Zp-extension). When K =Q and T = Tp(E) with an elliptic curve E over Q, Hypothesis 3.1
is proved by Kato [Kat04, Th. 12.4(1)]. For the case when K is imaginary quadratic and K∞/K is the
anticyclotomic Zp-extension, see Remark 5.15.

Under Hypothesis 3.1, we see by (3.1.1) that

Q(Λ)⊗Λ H1
Σ(OK,S,T)≃ Q(Λ)r.

In particular, we have a canonical isomorphism

Q(Λ)⊗Λ det−1
Λ
(RΓΣ(OK,S,T))≃ Q(Λ)⊗Λ

∧r

Λ
H1

Σ(OK,S,T).

Since we have Q(Λ)⊗Λ

⋂r
ΛH ≃ Q(Λ)⊗Λ

∧r
ΛH for any finitely generated Λ-module H, we obtain a

canonical isomorphism

Q(Λ)⊗Λ det−1
Λ
(RΓΣ(OK,S,T))≃ Q(Λ)⊗Λ

⋂r

Λ
H1

Σ(OK,S,T). (3.1.2)

We need the following lemma proved by Sakamoto in [Sak23, Lem. B.15], which is used frequently
in this paper.
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Lemma 3.3. Assume Hypothesis 2.3. Then there is a canonical isomorphism⋂r

Λ
H1

Σ(OK,S,T)≃ lim←−
F∈Ω(L∞)

⋂r

A[GF ]
H1

Σ(OF,S,T ).

(Recall that Ω(L∞) denotes the set of finite subextensions F/K of L∞/K and GF := Gal(F/K).)

We shall now formulate the Iwasawa main conjecture. We assume that a certain canonical element

cL∞
∈
⋂r

Λ
H1

Σ(OK,S,T)

is given. By Lemma 3.3, this is equivalent to assuming that a canonical Euler system

c ∈ ESr(T,L∞) = lim←−
F∈Ω(L∞)

⋂r

A[GF ]
H1

Σ(OF,S,T )

is given. A reasonable way is to assume that T comes from a motive M as in §2 and assume Conjecture
2.6, but we do not need to assume it. For example, in the elliptic curve case, one can take c to be Kato’s
Euler system, although we do not know if it satisfies the properties (i) and (ii) in Conjecture 2.6 (see
Remark 2.10 and §2.3.2).

Conjecture 3.4 (The Iwasawa main conjecture). Assume Hypotheses 2.3 and 3.1. Then there exists a
(unique) Λ-basis

zL∞
∈ det−1

Λ
(RΓΣ(OK,S,T))

such that the isomorphism

Q(Λ)⊗Λ det−1
Λ
(RΓΣ(OK,S,T))

(3.1.2)
≃ Q(Λ)⊗Λ

⋂r

Λ
H1

Σ(OK,S,T)

sends zL∞
to cL∞

.

Remark 3.5. In the Gm case (i.e., M = h0(K)(1) and c = ηRS: see §2.3.1), Conjecture 3.4 is equivalent
to IMC(L∞/K,S,Σ) in [BKS17, Conj. 3.1] (see also [BKS17, Rem. 3.6]).

Remark 3.6. If K = Q, M = h1(E)(1) with an elliptic curve E over Q and c = zKato (see §2.3.2), then
Conjecture 3.4 in the case L = K is equivalent to Kato’s main conjecture [Kat04, Conj. 12.10] (see
[BKS24, Rem. 7.2]). In the “equivariant" case (i.e., L is a general abelian extension of K), Conjecture 3.4
is studied by the first author in [Kat21] and [Kat22].

Remark 3.7. Using the language introduced in [BuSa21], we can rephrase Conjecture 3.4 as follows. The
module of “vertical determinantal systems" introduced in loc. cit. for L∞ is simply defined by

VS(T,L∞) := det−1
Λ
(RΓΣ(OK,S,T)).

Then by [BuSa21, Th. 2.18] there is a canonical map

ΘT,L∞
: VS(T,L∞)→ ESr(T,L∞)
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which induces (3.1.2). (Namely, one can show that the image of det−1
Λ
(RΓΣ(OK,S,T)) under the map

(3.1.2) lies in
⋂r

ΛH1
Σ
(OK,S,T).) Thus Conjecture 3.4 predicts the existence of a Λ-basis

zL∞
∈ VS(T,L∞)

such that
ΘT,L∞

(zL∞
) = cL∞

.

We note that the map ΘT,L∞
can be defined without assuming Hypothesis 3.1. However, if Hypothesis

3.1 is not satisfied, then one can show that ΘT,L∞
is not injective.

Remark 3.8. Let K/K be an abelian extension as in §2. The observation in Remark 3.7 can be generalized
naturally for K: under Hypothesis 2.3, one can define an A[[Gal(K/K)]]-module VS(T,K), which is
free of rank one, and a canonical map

ΘT,K : VS(T,K)→ ESr(T,K).

It is natural to expect that, for a given canonical Euler system c∈ESr(T,K), there exists an A[[Gal(K/K)]]-
basis

z ∈ VS(T,K)

such that
ΘT,K(z) = c.

This gives a generalization of Conjecture 3.4. (Namely, Conjecture 3.4 is the special case of this prediction
for K= L∞.) We note that, by the work of Burns-Greither [BuGr03], this generalization of Conjecture
3.4 is known to be true when K =Q and c is the cyclotomic unit Euler system (see §2.3.1 and [BDSS23,
Lem. 5.2]).

3.2 The “non-equivariant" Iwasawa main conjecture

In this subsection, we give another formulation of Conjecture 3.4 in the “non-equivariant" case, i.e., when
L = K. We moreover assume that K∞/K is a Zp-extension, that is, d = 1. In this case, the Iwasawa
algebra Λ = ΛK∞

:=A[[Gal(K∞/K)]] is a two-dimensional regular local ring.
As before, we assume that a canonical element (Euler system)

cK∞
∈
⋂r

Λ
H1

Σ(OK,S,T)≃ lim←−
n

⋂r

A[GKn ]
H1

Σ(OKn,S,T ) = ESr(T,K∞)

is given, where Kn denotes the n-th layer of the Zp-extension K∞/K.
We propose the following.

Conjecture 3.9 (The non-equivariant Iwasawa main conjecture). Assume Hypotheses 2.3 and 3.1. Then
we have

charΛ

(⋂r

Λ
H1

Σ(OK,S,T)/Λ · cK∞

)
= charΛ(H2

Σ(OK,S,T)).

Proposition 3.10. Conjecture 3.4 for L = K and d = 1 is equivalent to Conjecture 3.9.
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To prove this proposition, we need the following algebraic lemma.

Lemma 3.11. Let Λ be a ring isomorphic to the formal power series ring A[[X ]]. Let Q(Λ) be the
quotient field of Λ. Let H be a finitely generated Λ-module and set r := dimQ(Λ)(Q(Λ)⊗Λ H).

(i) The Λ-module
⋂r

ΛH is free of rank one and the natural map⋂r

Λ
H→ Q(Λ)⊗Λ

⋂r

Λ
H ≃ Q(Λ)⊗Λ

∧r

Λ
H

is injective.

(ii) The image of the canonical map

detΛ(H)→ Q(Λ)⊗Λ detΛ(H)≃ Q(Λ)⊗Λ

∧r

Λ
H

coincides with
charΛ(Htors)

−1 ·
⋂r

Λ
H,

where Htors is the Λ-torsion submodule of H, and we regard
⋂r

ΛH ⊂ Q(Λ)⊗Λ

∧r
ΛH by (i).

Proof. Since we have Q(Λ)⊗Λ

⋂r
ΛH ≃ Q(Λ)⊗Λ

∧r
ΛH, we see that the Λ-rank of

⋂r
ΛH is one. The Λ-

module
⋂r

ΛH is actually free, since it is reflexive by definition (see [NSW00, Cor. 5.1.3 and Prop. 5.1.9]).
This proves (i).

To prove (ii), it is sufficient to show that for any height one prime p of Λ we have

im
(

detΛp(Hp)→ Q(Λ)⊗Λp

∧r

Λp
Hp

)
= FittΛp(Hp,tors)

−1 ·
(⋂r

Λ
H
)
p
.

Since HomΛp(Hp,Λp) = HomΛp(Hp,tf,Λp), we have an identification(⋂r

Λ
H
)
p
=
∧r

Λp
Hp,tf in Q(Λ)⊗Λp

∧r

Λp
Hp.

The claim follows from the following well-known fact: for a discrete valuation ring R and a finitely
generated R-module M, we have

im
(

detR(M)→ Q(R)⊗R
∧s

R
M
)
= FittR(Mtors)

−1 ·
∧s

R
Mtf,

where s := dimQ(R)(Q(R)⊗R M).

Proof of Proposition 3.9. Since Λ is regular, we have a canonical isomorphism

det−1
Λ
(RΓΣ(OK,S,T))≃ detΛ(H1

Σ(OK,S,T))⊗Λ det−1
Λ
(H2

Σ(OK,S,T)).

By Lemma 3.11, under (3.1.2), this module corresponds to

charΛ(H2
Σ(OK,S,T)) ·

⋂r

Λ
H1

Σ(OK,S,T).

The claim easily follows from this.
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3.3 Deduction of one half of the main conjecture

In this subsection, we state Theorem 3.17 below, which is one of the main results in this paper. It gives a
general strategy to solve Conjecture 3.4. The proof will be given in the next subsection.

We keep the preceding notations. For simplicity, we assume Σ = /0. Note that then, for each abelian
extension K/K, Hypothesis 2.3 is equivalent to H0(K,T/p) = 0. We will essentially consider the case
where K contains L∞ and K/L∞ is a pro-p extension, and in that case H0(K,T/p) = 0 is equivalent to
H0(L,T/p) = 0, which will be a part of Hypothesis 3.13 below.

We give a list of hypotheses. Let (−)∨ denote the Pontryagin dual.

Hypothesis 3.12. For every q ∈ S\S∞(K), we have

H0(L⊗K Kq,T∨(1)) = 0,

which is by the local duality equivalent to

H2(L⊗K Kq,T ) = 0.

Hypothesis 3.13 ([BSS18, Hyp. 3.3]). We have

H0(L,T/p) = 0

and
H0(L,(T/p)∨(1)) = 0.

For each integers m≥ 1 and n≥ 0, we put

Rm,n =A/pm[Gal(Ln/K)],

where Ln is the n-th layer of L∞/L (i.e., Gal(L∞/Ln) = Gal(L∞/L)pn
and Gal(Ln/L)≃ (Z/pn)d). Then

Rm,n is a zero-dimensional Gorenstein ring, and we have Λ = lim←−m,n
Rm,n. We also put

Tm,n = T ⊗A Rm,n,

which we regard as a Galois representation over Rm,n in the same way as T= T ⊗Λ.
As in [BSS18, §3.1.2], we use the following notation. We put

Kpm = K(µpm ,(O×K )
1/pm

)K(1),

where K(1) denotes the maximal p-extension in the Hilbert class field of K. For each m,n, let K(Tm,n) be
the minimal Galois extension of K such that the action of GK on Tm,n factors through Gal(K(Tm,n)/K).
We put K(Tm,n)pm = K(Tm,n)Kpm .

Hypothesis 3.14 ([BSS18, Hyp. 3.2]).

(i) The residual representation of T is irreducible as a representation of GK .
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(ii) For every m≥ 1 and n≥ 0, there exists τ ∈ GKpm such that Tm,n/(τ−1)Tm,n is a free Rm,n-module
of rank one.

(iii) For every m≥ 1, n≥ 0, we have

H1(K(Tm,n)pm/K,Tm,n) = 0

and
H1(K(Tm,n)pm/K,T∨m,n(1)) = 0.

The following result gives a sufficient condition for Hypotheses 3.13 and 3.14 to be satisfied.

Proposition 3.15. Put a := rankA(T ) and suppose a≥ 2. Then Hypotheses 3.13 and 3.14 are satisfied if
p≥ 5, (a, p−1) ̸= 1, and the image of the Galois representation

GK → AutA(T )≃ GLa(A)

contains SLa(Zp).

Proof. This result will not be used in this paper, so the reader may skip the proof.
The basic idea is the same as [BSS19, Lem. 6.17(ii)]. We first observe the following claim: for

any solvable extension M/K (i.e., a Galois extension whose Galois group is solvable), the image of the
homomorphism

GM → AutA(T )≃ GLa(A)

also contains SLa(Zp). This follows from the fact that SLa(Zp) is a perfect group since we assume p≥ 5.
Let π be a uniformizer of A. Then the above claim implies that, for any solvable extension M/K, the

image of the homomorphism
GM → AutA(T/π)≃ GLa(A/π)

contains SLa(Fp). It is easy to see that the action of SLa(Fp) on (A/π)⊕a is irreducible. From these
facts, Hypothesis 3.13 and Hypothesis 3.14(i) follow immediately.

Let us show Hypothesis 3.14(ii). By the above claim, we can take an element τ ∈ GLnKpm such that τ

acts on T ≃A⊕a as the matrix 
1 1

1 1
. . . . . .

1 1
1

 .

Then T/(τ−1)T is a free A-module of rank one. Moreover, since τ ∈ GLn , we have

Tm,n/(τ−1)Tm,n ≃ T/(τ−1)T ⊗A Rm,n.

Therefore, this τ satisfies the condition of Hypothesis 3.14(ii).
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Finally let us show Hypothesis 3.14(iii). We have an injective map H1(K(Tm,n)pm/K,Tm,n) ↪→
H1(LnK(Tm,n)pm/K,Tm,n) by inflation. Also, we have the inflation-restriction exact sequence

H1(LnKpm/K,H0(LnKpm ,Tm,n))→ H1(LnK(Tm,n)pm/K,Tm,n)

→ H1(LnK(Tm,n)pm/LnKpm ,Tm,n).

The first term here vanishes because we have

H0(LnKpm ,Tm,n)≃ H0(LnKpm ,T/pm)⊗A/pm Rm,n

and the above irreducibility of the Galois representation implies that H0(LnKpm ,T/pm) = 0. Moreover,
we can show that the last term of the sequence also vanishes in the following manner. The action of
Gal(LnK(Tm,n)pm/LnKpm) on Tm,n is presented by a homomorphism

Gal(LnK(Tm,n)pm/LnKpm) ↪→ AutRm,n(Tm,n)≃ GLa(Rm,n).

The first claim in this proof implies that the image of this homomorphism contains SLa(Zp/pm). By
the assumption (a, p− 1) ̸= 1, there exists an element λ ∈ Z×p such that λ ̸= 1 and λ a = 1. Then we
may use the “center kills” argument for the scalar matrix λ ∈ SLa(Zp/pm) ⊂ GLa(Rm,n) and obtain
H1(LnK(Tm,n)pm/LnKpm ,Tm,n) = 0 as claimed.

Hypothesis 3.16 ([BSS18, Hyp. 6.11]). Frpk

q −1 is injective on T for every finite place q ̸∈ S and k ≥ 0.

Recall that, for an abelian extension K/K, the module of Euler systems ESr(T,K) is defined in
Definition 2.2 (we take Σ = /0). When K⊃ L∞, we can consider the composite map

ESr(T,K)→ ESr(T,L∞)≃
⋂r

Λ
H1(OK,S,T),

where the first map is the natural restriction map and the last isomorphism follows from Lemma 3.3. For
each c = (cF)F ∈ ESr(T,K), we write cL∞

∈
⋂r

ΛH1(OK,S,T) for the image of c.
The following is the main result of this section, which roughly says that “one half" of the Iwasawa

main conjecture (Conjecture 3.4) holds for any Euler system c ∈ ESr(T,K).

Theorem 3.17. Let K be an abelian extension of K that contains L∞ and K(q) for each finite place q ̸∈ S,
where K(q) denotes the maximal p-extension in the ray class field of K modulo q. Let us assume that
Hypotheses 3.1, 3.12, 3.13, 3.14, and 3.16 hold. We assume r ≥ 1 and p≥ 5. Then, for any Euler system

c ∈ ESr(T,K),

there exists an element
zL∞
∈ det−1

Λ
(RΓ(OK,S,T))

such that the isomorphism

Q(Λ)⊗Λ det−1
Λ
(RΓ(OK,S,T))

(3.1.2)
≃ Q(Λ)⊗Λ

⋂r

Λ
H1(OK,S,T)

sends zL∞
to cL∞

.
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3.4 Proof of Theorem 3.17

This subsection is devoted to the proof of Theorem 3.17. One of the main ingredients is the work [BSS18]
by Burns, Sakamoto, and the second-named author. Another is the work [Kat22] by the first-named
author.

3.4.1 Reformulation using basic elements

The first step is to reformulate Theorem 3.17 in terms of basic elements that are introduced in [Kat22]. It
will be clear that the reformulation has a similar background to that in Remark 3.7.

Recall that the complex RΓ(OK,S,T) is perfect over Λ. By the Euler-Poincare characteristic formula,
the Euler characteristic of RΓ(OK,S,T) equals to the basic rank r = rT .

Definition 3.18 ([Kat22, Def. 3.1 and 3.2]). Suppose that H0(L,T/p) = 0 holds. This implies that, for
each m≥ 1,n≥ 0, the complex RΓ(OK,S,Tm,n) is acyclic outside degrees one and two. Then we have a
natural homomorphism

Πm,n : det−1
Rm,n

(RΓ(OK,S,Tm,n))→
⋂r

Rm,n
H1(OK,S,Tm,n)

for each m,n (see [Kat22, Def. 3.1]). Then an element of
⋂r

Rm,n
H1(OK,S,Tm,n) is called basic (resp. primi-

tive basic) if it is the image of an element (resp. a basis) of det−1
Rm,n

(RΓ(OK,S,Tm,n)) under Πm,n.
Note that, by Sakamoto [Sak23, Lem. B.15] as in Lemma 3.3, we have a natural isomorphism⋂r

Λ
H1(OK,S,T)≃ lim←−

m,n

⋂r

Rm,n
H1(OK,S,Tm,n).

Then, taking the limit of Πm,n, we obtain a natural homomorphism

Π : det−1
Λ
(RΓ(OK,S,T))→

⋂r

Λ
H1(OK,S,T).

In a similar way as above, we define the notion of (primitive) basic elements in
⋂r

ΛH1(OK,S,T).

In fact, the homomorphism Π can be identified with ΘT,L∞
in Remark 3.7. Therefore, we can

reformulate Conjecture 3.4 as follows, respecting the spirit of [Kat22].

Conjecture 3.19. The given canonical element cL∞
∈
⋂r

ΛH1(OK,S,T) as in §3.1 is primitive basic for
RΓ(OK,S,T).

If we assume Hypothesis 3.1 (the weak Leopoldt conjecture), then Conjectures 3.4 and 3.19 are
equivalent. Moreover, as in Remark 3.7, the homomorphism Π is injective if and only if Hypothesis 3.1
holds. In the rest of this section, we do not assume Hypothesis 3.1. In fact, a general strategy to prove it
is to use Theorem 3.20 below and the property of cL∞

that its annihilator ideal vanishes.
In the same way as the equivalence between Conjectures 3.4 and 3.19, we can now restate Theorem

3.17 as follows.
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Theorem 3.20. Assume the same hypotheses as in Theorem 3.17 except for Hypothesis 3.1. Then every
element in the image of the natural map

ESr(T,K)→
⋂r

Λ
H1(OK,S,T)

that sends c to cL∞
is basic.

The rest of this subsection is devoted to the proof of Theorem 3.20. First let us observe that we
may assume that K/L is a pro-p extension. For, writing K′ for the maximal pro-p subextension of
K/L, the extension K′/K also satisfies the conditions in Theorem 3.17, and that the homomorphism
ESr(T,K)→

⋂r
ΛH1(OK,S,T) factors through ESr(T,K′).

Let us outline the proof of Theorem 3.20. We assume that K/L is a pro-p extension. By [Kat22,
Prop. 3.3], the theorem is equivalent to that, for each m≥ 1 and n≥ 0, every element in the image of

ESr(T,K)→ ESr(T,L∞)→
⋂r

Rm,n
H1(OK,S,Tm,n)

is basic. We shall prove this by constructing the following natural commutative diagram whose upper
diagonal arrow is the last displayed map:

ESr(T,K)

))
Dr

��
KSr(Tm,n,P(Tm,n)) // ⋂r

Rm,n
H1(OK,S,Tm,n)

SSr(Tm,n,P(Tm,n))

≃Regr

OO

≃
//

55

det−1
Rm,n

(RΓ(OK,S,Tm,n)).

Πm,n

OO

(3.4.1)

Here KSr denotes the module of Kolyvagin systems, SSr the module of Stark systems, Dr the Kolyvagin
derivative map, Regr the regulator map, and the other unnamed arrows are all natural maps (see the
subsequent discussion for more detailed definitions). It is clear that this diagram proves the theorem.
Basically, the lower triangle is (a direct generalization of) [Kat22, Th. 5.12]. The other triangles are
obtained by applying main results of [BSS18].

Note that we have an advantage in using Π instead of ΘT,L∞
in Remark 3.7; Π has obvious counterparts

Πm,n for zero-dimensional ring Rm,n, for which the above diagram can be constructed.
In the rest of this subsection, fixing m≥ 1 and n≥ 0, we put

R = Rm,n, A = Tm,n.

(Note that A denoted the quotient field of A in §2, but it will never appear in the following and there will
be no danger of confusion.)

3.4.2 Stark systems

Let us define the module of Stark systems and then construct the lower triangle of (3.4.1). We closely
follow [Kat22, §5].
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We set

P(A) = {q ̸∈ S | q splits completely in Kpm and A/(Frq−1)A is free of rank one over R}.

This coincides with the set P in [BSS18, §3.1.2]. Then for each q ∈ P(A), we have submodules

H1
f (Kq,A),H1

tr(Kq,A)⊂ H1(Kq,A),

which are free of rank one, and H1(Kq,A) = H1
f (Kq,A)⊕H1

tr(Kq,A) (see [BSS18, §3.1.3]).
For a subset Q ⊂ P(A), we define N(Q) as the set of square-free products of elements of Q. For

n ∈N(P(A)), we write ν(n) for the number of the prime divisors of n. By convention, for the unit ideal
(1), we have (1) ∈N(Q) for any Q and ν((1)) = 0.

Definition 3.21 ([Kat22, Def. 5.2]). We say that n ∈N(P(A)) is large (for A) if the natural localization
map

H1(OK,S,A∨(1))→
⊕
q|n

H1
f (Kq,A∨(1))

is injective.

For each n ∈N(P(A)), let us put Sn = S∪prime(n), where prime(n) denotes the set of prime divisors
of n. Then, since we have an exact sequence

0→ H1(OK,S,A∨(1))→ H1(OK,Sn ,A∨(1))→
⊕
q|n

H1
/ f (Kq,A∨(1)),

we see that n is large if and only if the map

H1(OK,Sn ,A∨(1))→
⊕
q|n

H1(Kq,A∨(1))

is injective.
The following is a consequence of the Chebotarev density theorem. We make essential use of

Hypothesis 3.14 here.

Lemma 3.22 ([BSS18, Lem. 3.9]). Suppose Hypothesis 3.14 holds. Then there exist infinitely many
elements n ∈N(P(A)) which are large for A.

Proposition 3.23 ([Kat22, Prop. 5.8]). Suppose that Hypotheses 3.12 and 3.13 hold. Let n ∈N(P(A)) be
large. Then H1(OK,Sn ,A) is a free R-module of rank r+ν(n) and we have a quasi-isomorphism

RΓ(OK,S,A)≃

H1(OK,Sn ,A)→
⊕
q|n

H1
/ f (Kq,A)

 , (3.4.2)

where the right hand side is regarded as a complex concentrated in degrees one and two.
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Proof. We shall first show that H1(OK,Sn ,A) is free of rank r + ν(n). By Hypothesis 3.13, we have
H0(OK,Sn ,A) = 0. Since RΓ(OK,Sn ,A) is a perfect complex with Euler characteristic r, it is enough to
show that H2(OK,Sn ,A) is free of rank ν(n).

We use the Poitou-Tate duality:

H1(OK,Sn ,A)→
⊕

q∈Sn\S∞(K)

H1(Kq,A)
∗→ H1(OK,Sn ,A∨(1))∨

→H2(OK,Sn ,A)→
⊕

q∈Sn\S∞(K)

H2(Kq,A)→ H0(OK,Sn ,A∨(1))∨.

By the assumption that n is large, the map with ∗ is surjective. Also, by Hypothesis 3.13, the last term
vanishes. Hence, by Hypothesis 3.12, we obtain an isomorphism

H2(OK,Sn ,A)
∼−→
⊕
q|n

H2(Kq,A), (3.4.3)

which shows that H2(OK,Sn ,A) is free of rank ν(n).
To complete the proof, we need to show the quasi-isomorphism (3.4.2). But this follows immediately

from (3.4.3) and the natural long exact sequence

0→ H1(OK,S,A)→ H1(OK,Sn ,A)→
⊕
q|n

H1
/ f (Kq,A)

→ H2(OK,S,A)→ H2(OK,Sn ,A)→
⊕
q|n

H2(Kq,A).

We shall review the definition of the module of Stark systems.

Definition 3.24 ([BuSa21, §3.2], [BSS18, §4.1], [Kat22, Def. 5.4 and 5.5]). Let Q⊂ P(A) be a subset.
For each n ∈N(Q), we put

X r
n(A) =

(⋂r+ν(n)

R
H1(OK,Sn ,A)

)
⊗R det−1

R

⊕
q|n

H1
/ f (Kq,A)

 .

For each n | n′, by the exact sequence

0→ H1(OK,Sn ,A)→ H1(OK,Sn′ ,A)→
⊕
q|n′/n

H1
/ f (Kq,A),

we have a natural homomorphism X r
n′(A)→ X r

n(A). With respect to these transition maps, we define

SSr(A,Q) = lim←−
n∈N(Q)

X r
n(A).

We shall obtain the lower triangle in the diagram (3.4.1).

JOURNAL OF THE ASSOCIATION FOR MATHEMATICAL RESEARCH, 2(2):154–208, 2024 182

https://jamathr.org


ON EULER SYSTEMS FOR MOTIVES AND HEEGNER POINTS

Theorem 3.25 ([Kat22, Th. 5.12]). Suppose that Hypotheses 3.12, 3.13, and 3.14 hold. Then we have a
commutative diagram

SSr(A,P(A)) //

≃
��

X r
(1)(A)

det−1
R (RΓ(OK,S,A))

Πm,n

// ⋂r
RH1(OK,S,A).

Here, (1) denotes the unit ideal. The upper horizontal map is the canonical projection. The right vertical
equality is by definition.

Proof. The left vertical isomorphism follows from Lemma 3.22 and Proposition 3.23. The commutativity
is a consequence of the actual constructions of maps.

3.4.3 Kolyvagin systems

We introduce the module of Kolyvagin systems and construct the other two triangles of (3.4.1).
First we introduce a Selmer structure F on the Galois representation A = Tm,n (see [BSS18, §3.1.1]

for a general definition of Selmer structures) by

H1
F(Kq,A) =

{
H1(Kq,A) (q ∈ S\S∞(K))

H1
f (Kq,A) (q ̸∈ S).

Then the Selmer group H1
F(K,A) is identified with H1(OK,S,A). More generally, for n ∈N(P(A)), we

have
H1
Fn(K,A) = H1(OK,Sn ,A)

and

H1
F(n)(K,A) = Ker

H1(OK,Sn ,A)→
⊕
q|n

H1
/ tr(Kq,A)


(see [BSS18, §3.1.3] for the definitions of the modified Selmer structures Fn and F(n)).

For each q ∈ P(A), we put Gq = Gal(K(q)/K(1)) (recall that K(q) denotes the maximal p-extension
in the q-ray class field of K). More generally, for n ∈N(P(A)), we put Gn =

⊗
q|n Gq.

Definition 3.26 ([BuSa21, Def. 4.1], [BSS18, §5.1]). Let Q⊂ P(A) be a subset. We define a Kolyvagin
system

κ = (κn)n ∈ ∏
n∈N(Q)

⋂r

R
H1
F(n)(K,A)⊗Gn

by requiring the “finite-singular relation” (we do not recall the precise definition). Let KSr(A,Q) denote
the module of Kolyvagin systems.

Now we consider the middle triangle of (3.4.1).
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Definition 3.27 ([BuSa21, §4.2], [BSS18, §5.2]). Let Q⊂ P(A) be a subset. We define the regulator map

Regr : SSr(A,Q)→ KSr(A,Q)

as follows. For each n ∈N(Q), by the exact sequence defining H1
F(n)(K,A), we have a natural map

⋂r+ν(n)

R
H1(OK,Sn ,A)→

⋂r

R
H1
F(n)(K,A)⊗

⊗
q|n

H1
/ tr(Kq,A).

By combining with the “finite-singular comparison map,” we then obtain a map

X r
n(A)→

⋂r

R
H1
F(n)(K,A)⊗Gn.

These maps for various n define Regr.

By the construction, we obtain the middle commutative triangle in (3.4.1). Then we have to show
that Regr is an isomorphism:

Theorem 3.28 ([BSS18, Th. 5.2(i)]). Suppose that Hypotheses 3.12, 3.13, and 3.14 hold. Suppose p≥ 5.
Then the regulator map

Regr : SSr(A,P(A))
∼→ KSr(A,P(A))

is an isomorphism.

Proof. In order to apply [BSS18, Th. 5.2(i)], we have to check [BSS18, Hyp. 4.2], i.e., that there exist
infinitely many elements n ∈N(P(A)) such that

H1
(F∗)n

(K,A∨(1)) = 0

and that H1
Fn(K,A) is free of rank r+ν(n) over R. By Lemma 3.22, it is enough to show that every n ∈

N(P(A)) which is large for A (in the sense of Definition 3.21) satisfies the conditions. By Proposition 3.23,
the module H1

Fn(K,A) = H1(OK,Sn ,A) is actually free of rank r+ν(n). Moreover, since H1
(F∗)n

(K,A∨(1))
is the kernel of

H1(OK,S,A∨(1))→
⊕

q∈Sn\S∞(K)

H1(Kq,A∨(1)),

it vanishes as n is large.

Finally we consider the upper triangle of (3.4.1).

Theorem 3.29 ([BSS18, Cor. 6.13]). Let K be an abelian extension of K such that K ⊃ L∞ and K/L
is a pro-p extension. Suppose that K ⊃ K(q) for every q ∈ P(A). Suppose that H0(L,T/p) = 0 and
Hypothesis 3.16 hold. Then we have a natural homomorphism

Dr : ESr(T,K)→ KSr(A,P(A)),
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called the derivative operator, such that we have a commutative diagram

ESr(T,K)

((
Dr

��
KSr(A,P(A)) // ⋂r

RH1(OK,S,A),

where the diagonal and the horizontal maps are the natural projection maps.

Proof. We only have to apply [BSS18, Cor. 6.13], taking the following remarks into account. In the
corollary, the Selmer structure is taken as the canonical one Fcan, but that does not matter since our Selmer
structure F is larger. We also removed the latter condition in [BSS18, Hyp. 6.7], that is, “K contains a
Zd

p-extension of K (d ≥ 1) in which no finite place of K splits completely.” For, this condition is only
used in order to check that the Kolyvagin derivative of an Euler system satisfies the unramified condition
outside Sn, which is already assumed in our definition of Euler systems.

Thus we have the upper triangle in (3.4.1). This completes the construction of the commutative
diagram (3.4.1), so we have also finished proving Theorem 3.20 and Theorem 3.17.

4 Derivatives of Euler systems

In this section, we generalize several conjectures and results in [BKS24], where the case of elliptic curves
over Q is considered, to a general motive.

We use notations in §2. Throughout this section, we assume Hypothesis 2.3.

4.1 Bockstein maps

As in §2.5, we set
e := dimA(H2(OK,S,V )) = rankA(H2

Σ(OK,S,T )tf)

and fix an A-basis x ∈
∧e

AH2
Σ
(OK,S,T )tf. In this subsection, we define a “Bockstein regulator map"

BocF = BocT,F,x :
∧r+e

A
H1

Σ(OK,S,T )→
∧r

A
H1

Σ(OK,S,T )⊗A Ie
F/Ie+1

F

for each F ∈Ω(K), where IF denotes the augmentation ideal of A[GF ]:

IF := ker(A[GF ]↠A).

The definition of the map is more or less the same as that in [BKS24, §2.3].
Let

β = βF : H1
Σ(OK,S,T )→ H2

Σ(OK,S,T )tf⊗A IF/I2
F

be the Bockstein map, i.e., the map induced by the connecting homomorphism of the natural exact triangle

RΓΣ(OK,S,T )⊗L
A IF/I2

F → RΓΣ(OF,S,T )⊗L
A[GF ]

A[GF ]/I2
F → RΓΣ(OK,S,T )→ .
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Write x = x1∧·· ·∧ xe and define βi : H1
Σ
(OK,S,T )→ IF/I2

F by

β (a) =
e

∑
i=1

xi⊗βi(a).

The Bockstein regulator map is now defined by

BocF(a1∧·· ·∧ar+e) = ∑
σ

sgn(σ)aσ(e+1)∧·· ·∧aσ(e+r)⊗det(βi(aσ( j)))1≤i, j≤e,

where σ runs over the elements of the symmetric group Sr+e such that σ(1)< · · ·< σ(e) and σ(e+1)<
· · ·< σ(e+ r). Note that BocF depends on the choice of x, but is independent of x1, . . . ,xe.

4.2 Derivatives and extended special elements

We now assume that a canonical Euler system

c ∈ ESr(T,K)

is given. In this subsection, we formulate a conjecture which relates “derivatives" of c with the extended
special element η̃K defined in §2.5. (Here “derivatives" are different from Kolyvagin’s derivatives, which
are considered in the usual Euler system argument [Rub00] as in Theorem 3.29, but similar to those
considered by Darmon [Dar92].) This conjecture is a generalization of the “generalized Perrin-Riou
conjecture" for Kato’s Euler system formulated in [BKS24, Conj. 2.12].

As in Conjecture 2.6, we fix an A[[Gal(K/K)]]-basis

b = (bF)F ∈ lim←−
F∈Ω(K)

∧r

A[GF ]
YF(T ∗(1))∗.

(As Conjecture 2.6 suggests, the Euler system c should depend on the choice of b.)
We fix F ∈Ω(K), which is unramified outside S (so that S(F) = S). Let

ιF :
∧r

A
H1

Σ(OK,S,T )⊗A Ie
F/Ie+1

F ↪→
⋂r

A[GF ]
H1

Σ(OF,S,T )⊗A Ie
F/Ie+1

F

⊂
⋂r

A[GF ]
H1

Σ(OF,S,T )⊗AA[GF ]/Ie+1
F

be the canonical injection defined in the same way as [San14, Lem. 2.11]. (Note that
∧r

AH1
Σ
(OK,S,T ) =⋂r

AH1
Σ
(OK,S,T ) since the A-module H1

Σ
(OK,S,T ) is free.)

Let
η̃K = η̃K,S,Σ(T ) ∈ Cp⊗Zp

∧r+e

A
H1(OK,S,T )

be the extended special element in Definition 2.11 (which depends on the fixed A-bases x∈
∧e

AH2
Σ
(OK,S,T )tf

and bK ∈
∧r

AYK(T ∗(1))∗).
The following conjecture predicts a precise relation between the element

NF/K(cF) := ∑
σ∈GF

σcF ⊗σ
−1 ∈

⋂r

A[GF ]
H1

Σ(OF,S,T )⊗AA[GF ]

and η̃K .
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Conjecture 4.1. Assume Hypothesis 2.3 for F.

(i) We have
NF/K(cF) ∈

⋂r

A[GF ]
H1

Σ(OF,S,T )⊗A Ie
F .

(ii) Assume the integrality of η̃K , i.e.,

η̃K ∈
∧r+e

A
H1

Σ(OK,S,T ).

(This is a consequence of the Tamagawa number conjecture: see Proposition 2.17.) Then we have

NF/K(cF) = (−1)re
ιF (BocF(η̃K)) in

⋂r

A[GF ]
H1

Σ(OF,S,T )⊗A Ie
F/Ie+1

F ,

where
BocF = BocT,F,x :

∧r+e

A
H1

Σ(OK,S,T )→
∧r

A
H1

Σ(OK,S,T )⊗A Ie
F/Ie+1

F

is the Bockstein regulator map defined in §4.1.

Remark 4.2. Conjecture 4.1(ii) in particular predicts the existence of a unique element

κF ∈
∧r

A
H1

Σ(OK,S,T )⊗A Ie
F/Ie+1

F

such that
ιF(κF) =NF/K(cF) in

⋂r

A[GF ]
H1

Σ(OF,S,T )⊗AA[GF ]/Ie+1
F .

We call this conjectural element the Darmon derivative of the Euler system cF . Conjecture 4.1(ii) is then
equivalent to the equality

κF = (−1)reBocF(η̃K).

Remark 4.3. When e = 0 (i.e., H2(OK,S,V ) = 0), Conjecture 4.1(i) is trivially true and (ii) is equivalent
to the equality

cK = ηK ,

where ηK ∈ Cp⊗Zp

∧r
AH1(OK,S,T ) is the special element in Definition 2.7 (in this case we do not need

to assume the integrality). If K = Q, M = h1(E)(1) with an elliptic curve E over Q and c = zKato,
then Conjecture 4.1 is equivalent to [BKS24, Conj. 2.12] and the equality zKato

Q = ηQ is equivalent to
Perrin-Riou’s conjecture (see §2.3.2).

Remark 4.4. In the Gm case (i.e., M = h0(K)(1) and c = ηRS: see §2.3.1), Conjecture 4.1 is equivalent
to the (p-part of the) “Mazur-Rubin-Sano conjecture" formulated in [MaRu16, Conj. 5.2] and [San14,
Conj. 3]. More precisely, Conjecture 4.1 is equivalent to MRS(F/K/K,S,Σ,S∞(K),S\{v0})p in [BKS17,
Conj. 4.2], where we choose a finite place v0 ∈ S. (This choice corresponds to the choice of a Zp-basis
x ∈

∧e
Zp

H2
Σ
(OK,S,Zp(1))tf. See Remark 2.15.)

Remark 4.5. One can show that the equivariant Tamagawa number conjecture for (M⊗K F,A[GF ]) (see
[BuFl01, Conj. 4]) implies Conjecture 4.1 when cF is the special element ηF in Definition 2.7 (see also
Remark 2.9).
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Concerning the existence of Darmon derivatives in Remark 4.2, we have the following result.

Proposition 4.6. Let L∞/K be an extension as in §3.1 and cL∞
∈
⋂r

ΛH1
Σ
(OK,S,T) an Euler system. Assume

Hypothesis 2.3 for K = L∞. If there exists an element zL∞
∈ det−1

Λ
(RΓΣ(OK,S,T)) such that the map

(3.1.2) sends zL∞
to cL∞

, then the Darmon derivative κF of cF exists for any F ∈Ω(L∞).

Proof. Let
zF ∈ det−1

A[GF ]
(RΓΣ(OF,S,T ))

be the image of zL∞
under the natural surjection det−1

Λ
(RΓΣ(OK,S,T))↠ det−1

A[GF ]
(RΓΣ(OF,S,T )).

We have the following commutative diagram:

det−1
A[GF ]

(RΓΣ(OF,S,T ))
ΘT,F //

����

⋂r
A[GF ]

H1
Σ
(OF,S,T )

NF/K // ⋂r
A[GF ]

H1
Σ
(OF,S,T )⊗AA[GF ]/Ie+1

F

det−1
A (RΓΣ(OK,S,T ))

Θx

// ∧r+e
A H1

Σ
(OK,S,T )

(−1)reBocF

// ∧r
AH1

Σ
(OK,S,T )⊗A Ie

F/Ie+1
F .

?�

ιF

OO
(4.2.1)

Here ΘT,F is the F-component of the map ΘT,L∞
mentioned in Remark 3.7, and Θx is the following map:

det−1
A (RΓΣ(OK,S,T )) ≃ detA(H1

Σ(OK,S,T ))⊗A det−1
A (H2

Σ(OK,S,T ))

≃ FittA(H2
Σ(OK,S,T )tors) ·

∧r+e

A
H1

Σ(OK,S,T )⊗A

∧e

A
H2

Σ(OK,S,T )∗tf

≃ FittA(H2
Σ(OK,S,T )tors) ·

∧r+e

A
H1

Σ(OK,S,T )

⊂
∧r+e

A
H1

Σ(OK,S,T ),

where the third isomorphism is defined by using the basis x ∈
∧e

AH2
Σ
(OK,S,T )tf. The commutativity of

the diagram is proved in the same way as [BKS16, Lem. 5.22] or [BKS24, Th. 7.8].
Since we have ΘT,F(zF) = cF , the commutative diagram implies that the element NF/K(cF) lies in

the image of ιF . This shows the existence of the Darmon derivative.

4.3 An Iwasawa theoretic version

As in [BKS24, §4.3], we can formulate a natural Iwasawa theoretic version of Conjecture 4.1.
Let K∞/K be a Zp-extension and consider the case K= K∞. We keep assuming Hypothesis 2.3. Note

that each F ∈Ω(K∞) is of the form Kn (the n-th layer) for some n. We set

In := IKn and I := ker(A[[Gal(K∞/K)]]↠A)≃ lim←−
n

In.

We define the Bockstein regulator map for K∞ by

Boc∞ := lim←−
n

BocKn :
∧r+e

A
H1

Σ(OK,S,T ) →
∧r

A
H1

Σ(OK,S,T )⊗A lim←−
n

Ie
n/Ie+1

n

≃
∧r

A
H1

Σ(OK,S,T )⊗A Ie/Ie+1.
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This map induces

Boc∞ : Cp⊗Zp

∧r+e

A
H1

Σ(OK,S,T )→ Cp⊗Zp

∧r

A
H1

Σ(OK,S,T )⊗A Ie/Ie+1.

(Note that Ie/Ie+1 ≃A and so it does not vanish after taking Cp⊗Zp−.)
For a given canonical Euler system c∈ ESr(T,K∞), we assume the existence of the Darmon derivative

of c
κn := κKn ∈

∧r

A
H1

Σ(OK,S,T )⊗A Ie
n/Ie+1

n

in Remark 4.2 for every n. Then one sees that (κn)n is an inverse system and so we can define the limit

κ∞ := lim←−
n

κn ∈
∧r

A
H1

Σ(OK,S,T )⊗A lim←−
n

Ie
n/Ie+1

n ≃
∧r

A
H1

Σ(OK,S,T )⊗A Ie/Ie+1.

We now propose the following conjecture.

Conjecture 4.7. We have

κ∞ = (−1)reBoc∞(η̃K) in Cp⊗Zp

∧r

A
H1

Σ(OK,S,T )⊗A Ie/Ie+1.

Remark 4.8. Unlike Conjecture 4.1, we do not need to assume the integrality of η̃K in Conjecture 4.7.
This is one of the advantages of taking limits.

Remark 4.9. Conjecture 4.7 is a generalization of [BKS17, Conj. 4.2] and [BKS24, Conj. 4.9]. In
particular, by [BKS17, Th. 4.9] and [BKS24, Cor. 6.7], Conjecture 4.7 constitutes a generalization of
both the Gross-Stark conjecture [Gro82] and the p-adic Birch-Swinnerton-Dyer conjecture [MTT86].

We shall show that Conjectures 4.1 and 4.7 are equivalent under suitable assumptions.

Proposition 4.10. Let L∞/K be an extension as in §3.1 (with d = 1) and cL∞
∈
⋂r

ΛH1
Σ
(OK,S,T) an Euler

system. We assume Hypothesis 2.3 for K= L∞. We also assume the following.

(i) There exists an element zL∞
∈ det−1

Λ
(RΓΣ(OK,S,T)) such that the map (3.1.2) sends zL∞

to cL∞
.

(ii) The map Boc∞ is non-zero.

Then Conjecture 4.1 for any F ∈Ω(L∞) is equivalent to Conjecture 4.7.

Proof. It is obvious that Conjecture 4.1 (for Kn for all n) implies Conjecture 4.7, so we shall prove the
converse.

Let
zK ∈ det−1

A (RΓΣ(OK,S,T ))

be the image of zL∞
. Let

Θx : det−1
A (RΓΣ(OK,S,T ))→

∧r+e

A
H1

Σ(OK,S,T )

be the map defined in the proof of Proposition 4.6. By the commutative diagram (4.2.1) (for F = Kn for
all n), we see that the Darmon derivative of cK∞

exists and it is given by

κ∞ = (−1)reBoc∞(Θx(zK)).
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Since Boc∞ is non-zero by assumption, we see that Conjecture 4.7 is equivalent to the equality

Θx(zK) = η̃K . (4.3.1)

Note that, since Θx(zK) lies in
∧r+e

A H1
Σ
(OK,S,T ), this equality implies the integrality of η̃K , which is

assumed in Conjecture 4.1(ii).
Let F ∈Ω(L∞). By the proof of Proposition 4.6, the Darmon derivative of cF is given by

κF = (−1)reBocF(Θx(zK)).

So Conjecture 4.1 for F is equivalent to the equality

BocF(Θx(zK)) = BocF(η̃K).

This is obviously implied by (4.3.1). Thus we have proved that Conjecture 4.7 implies Conjecture 4.1 for
any F ∈Ω(L∞).

4.4 A strategy for proving the Tamagawa number conjecture

As in the previous subsection, we consider the case K= K∞.

Theorem 4.11. Assume Hypotheses 2.3 and 3.1. If we also assume

• Conjecture 3.9 (the non-equivariant Iwasawa main conjecture) for c,

• Conjecture 4.7 for c, and

• the map Boc∞ is non-zero,

then the Tamagawa number conjecture for M∗(1) (with coefficients in A) is true.

Proof. Conjecture 3.9 implies the existence of a Λ-basis zK∞
∈ det−1

Λ
(RΓΣ(OK,S,T)) such that the map

(3.1.2) sends zK∞
to cK∞

. Let
zK ∈ det−1

A (RΓΣ(OK,S,T ))

be the image of zK∞
, which is an A-basis. By Proposition 2.17, it is sufficient to prove that

Θx(zK) = η̃K ,

where Θx is the map in the diagram (4.2.1). Since Boc∞ is non-zero by assumption, this is implied by
Conjecture 4.7 (as in the proof of Proposition 4.10). So we have completed the proof.

Remark 4.12. Theorem 4.11 is a direct generalization of [BKS24, Th. 7.6], where a strategy for proving
the Birch-Swinnerton-Dyer formula for an elliptic curve over Q is given.

Remark 4.13. In the Gm case, a natural equivariant version of Theorem 4.11 is given in [BKS17, Th. 5.2].
Since the main aim of this paper is to study a general motive, we do not give an equivariant generalization
of Theorem 4.11 in this paper.
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5 Heegner points

The aim of this section is to study how the theory of Heegner points fits in the general framework given in
earlier sections. In particular, we study relations between Perrin-Riou’s “Heegner point main conjecture"
and the (non-equivariant) Iwasawa main conjecture in Conjecture 3.9.

In this section, we consider an imaginary quadratic base field K and the motive M = h1(E/K)(1)
(with coefficients R =Q, A =Qp and A= Zp), where E is an elliptic curve over Q such that K satisfies
the Heegner hypothesis for E (i.e., every prime divisor of the conductor of E splits in K). Let T := Tp(E)
and V :=Qp⊗Zp T . In this case, note that

YK(T ∗(1)) :=
⊕

v∈S∞(K)

H0(Kv,T ∗(1)) = H0(C,T ∗(1)) = T ∗(1)

and so
rankZp(YK(T ∗(1))) = 2,

i.e., the basic rank is two (see Definition 2.1). So Conjecture 2.6 suggests that there should be a canonical
Euler system of rank two in this setting. For this reason, we expect that Heegner points are related with
rank two Euler systems.

5.1 Heegner elements and Euler systems of rank two

In this subsection, we introduce “Heegner elements", which lie in the second exterior power of H1, and
relate them with special elements in Definition 2.7 (see Proposition 5.3). As an application, we construct a
rank two Euler system which is related with Heegner points in the case of analytic rank one (see Theorem
5.5).

We fix a finite set S of places of K containing {∞}∪Sp(K)∪Sram(T ). (Here S∞(K) = {∞}.) We need
the following lemma.

Lemma 5.1. Assume rank(E(K)) = 1 and #X(E/K)[p∞]< ∞. Then H2(OK,S,V ) = 0 and there exists a
canonical exact sequence

0→Qp⊗Z E(K)→ H1(OK,S,V )→Qp⊗Q Γ(E,Ω1
E/K)→Qp⊗Z E(K)∗→ 0.

Proof. We have a canonical exact triangle

RΓ f (K,V )→ RΓ(OK,S,V )→
⊕
v∈S

RΓ/ f (Kv,V )→ .

(See [BuFl01, p. 522] for example.) If v /∈ Sp(K), we know that RΓ/ f (Kv,V ) is acyclic. So we obtain a
long exact sequence

0→ H1
f (K,V )→ H1(OK,S,V )→ H1

/ f (Kp,V )→ H2
f (K,V )→ H2(OK,S,V )→ 0.

Since we assume the finiteness of X(E/K)[p∞], we have

H1
f (K,V ) =Qp⊗Z E(K) and H2

f (K,V ) =Qp⊗Z E(K)∗.
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Also, we have H1
/ f (Kp,V ) = Qp ⊗Zp (lim←−n

E(Kp)/pn)∗, which is canonically isomorphic to Qp ⊗Q

Γ(E,Ω1
E/K) via the dual exponential map. Hence we have an exact sequence

0→Qp⊗ZE(K)→H1(OK,S,V )→Qp⊗QΓ(E,Ω1
E/K)→Qp⊗ZE(K)∗→H2(OK,S,V )→ 0. (5.1.1)

We shall show that H2(OK,S,V ) = 0. Since we assume rank(E(K)) = 1, we see that the map Qp⊗Z
E(K)→ Qp⊗Zp (lim←−n

E(Kp)/pn) is injective. This implies that the map Qp⊗Q Γ(E,Ω1
E/K)→ Qp⊗Z

E(K)∗ is surjective, so we have H2(OK,S,V ) = 0. This completes the proof.

Throughout this subsection, we assume rank(E(K)) = 1 and #X(E/K)[p∞]< ∞. Then, by Lemma
5.1, we obtain a canonical isomorphism

detQp(H
1(OK,S,V ))≃ detQp(Qp⊗Z E(K))⊗Qp detQp(Qp⊗Q Γ(E,Ω1

E/K))⊗Qp det−1
Qp
(Qp⊗Z E(K)∗),

i.e., ∧2

Qp
H1(OK,S,V )≃Qp⊗Q

(
E(K)⊗Z E(K)⊗Z

∧2

Q
Γ(E,Ω1

E/K)
)
. (5.1.2)

Now we fix a modular parametrization φ : X0(N)→ E and let

yK ∈ E(K)

be the associated Heegner point. Let cφ be the Manin constant and set uK := #O×K/2. We fix Néron
differentials ω and ωK of E/Q and EK/Q respectively, where EK be the quadratic twist of E by K.
Then {ω,ωK} is a Q-basis of Γ(E,Ω1

E/K). Let EulS ∈Q× be the product of Euler factors at v ∈ S\{∞}
satisfying

EulS ·L∗(E/K,1) = L∗S(E/K,1).

We now define the Heegner element.

Definition 5.2. Assume rank(E(K)) = 1 and #X(E/K)[p∞]< ∞. Then we define the Heegner element
for E/K

zHg
K ∈

∧2

Qp
H1(OK,S,V )

as the element corresponding to

EulS · (uKcφ )
−2⊗ yK⊗ yK⊗ (ω ∧ω

K) ∈Qp⊗Q

(
E(K)⊗Z E(K)⊗Z

∧2

Q
Γ(E,Ω1

E/K)
)

under the isomorphism (5.1.2).

We choose a Zp-basis

bK ∈
∧2

Zp
YK(T ∗(1))∗ =

∧2

Zp
T (−1) (5.1.3)

in the following way. Let ΩE/K be the Néron period of E/K. We first take a Z(p)-basis

γ
∗ ∈

∧2

Z(p)
H1(E(C),Z(p))

∗
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so that the period map

R⊗Q
∧2

Q
Γ(E,Ω1

E/K)
∼−→ R⊗Q

∧2

Q
H1(E(C),Q)∗ (5.1.4)

sends ω ∧ωK to
1√
|DK |

ΩE/K · γ∗.

(This is possible, since 1√
|DK |

ΩE/K coincides with Ω
+
E Ω

+
EK up to 2-power, where Ω

+
E and Ω

+
EK denote the

real periods of E/Q and EK/Q respectively. See [GrZa86, p. 312].) We then define bK to be the image
of γ∗ under the comparison isomorphism∧2

Zp
H1(E(C),Zp)

∗ ≃
∧2

Zp
T (−1). (5.1.5)

Let
ηK = ηK/K,S, /0(T ) ∈ Cp⊗Zp

∧2

Zp
H1(OK,S,T )

be the special element defined by using bK (see Definition 2.7). A relation between zHg
K and ηK is given

as follows.

Proposition 5.3. Assume ords=1L(E/K,s) = 1 (which implies rank(E(K)) = 1 and #X(E/K)< ∞ by
the well-known theorem of Gross-Zagier-Kolyvagin). Then we have

zHg
K = ηK .

In particular, ηK lies in
∧2

Qp
H1(OK,S,V ).

Proof. Let
λT,K : Cp⊗Zp

∧2

Zp
H1(OK,S,T )

∼−→ Cp⊗Zp

∧2

Zp
YK(T ∗(1))∗

be the period-regulator isomorphism defined in §2.4. By definition, the special element ηK is characterized
by

λT,K(ηK) = L∗S(E/K,1) ·bK .

So it is sufficient to show that
λT,K(z

Hg
K ) = L∗S(E/K,1) ·bK .

Under the assumption, one checks that λT,K coincides with the following composition map:

Cp⊗Zp

∧2

Zp
H1(OK,S,T )

(5.1.2)
≃ Cp⊗Q

(
E(K)⊗Z E(K)⊗Z

∧2

Q
Γ(E,Ω1

E/K)
)

≃ Cp⊗Q
∧2

Q
Γ(E,Ω1

E/K)

(5.1.4)
≃ Cp⊗Q

∧2

Q
H1(E(C),Q)∗

(5.1.5)
≃ Cp⊗Zp

∧2

Zp
T (−1) = Cp⊗Zp

∧2

Zp
YK(T ∗(1))∗,
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where the second isomorphism is induced by the Néron-Tate height pairing

⟨−,−⟩∞,K : E(K)×E(K)→ R.

By the definition of zHg
K , we have

λT,K(z
Hg
K ) = EulS · (uKcφ )

−2 · ⟨yK ,yK⟩∞,K ·
1√
|DK |

·ΩE/K ·bK .

By the Gross-Zagier formula [GrZa86], we know that

L′(E/K,1) = (uKcφ )
−2 · ⟨yK ,yK⟩∞,K ·

1√
|DK |

·ΩE/K ,

so we have
λT,K(z

Hg
K ) = EulS ·L′(E/K,1) ·bK = L∗S(E/K,1) ·bK .

This proves the proposition.

Let Tam(E/K) be the product of Tamagawa factors and RE/K the Néron-Tate regulator for E/K.
Recall that the p-part of the Birch-Swinnerton-Dyer formula for E/K predicts the equality (in Cp)

Zp ·L∗(E/K,1) = Zp ·
#X(E/K) ·Tam(E/K)

#E(K)2
tors

· 1√
|DK |

ΩE/K ·RE/K .

Proposition 5.4. Assume ords=1L(E/K,s)= 1 and E(K)[p] = 0. Then the p-part of the Birch-Swinnerton-
Dyer formula for E/K holds if and only if we have an equality of Zp-modules

Zp · zHg
K = #H2(OK,S,T ) ·

∧2

Zp
H1(OK,S,T ).

In particular, the p-part of the Birch-Swinnerton-Dyer formula for E/K implies the “integrality" of zHg
K :

zHg
K ∈

∧2

Zp
H1(OK,S,T ).

Proof. Note that the assumption E(K)[p] = 0 implies that H1(OK,S,T ) is Zp-free. Since the p-part
of the Birch-Swinnerton-Dyer formula for E/K is equivalent to the Tamagawa number conjecture for
h1(E/K)(1) (with coefficients in Zp), the proposition follows immediately from Propositions 2.17 and
5.3.

The following result gives a connection between Heegner points and rank two Euler systems.

Theorem 5.5. Assume ords=1L(E/K,s) = 1, E(K)[p] = 0 and the p-part of the Birch-Swinnerton-Dyer
formula for E/K holds. Then for any abelian p-extension K/K there exists a rank two Euler system
c ∈ ES2(T,K) such that

cK = zHg
K .
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Proof. Note that we have a canonical isomorphism

ΘT,K : det−1
Zp
(RΓ(OK,S,T ))≃ #H2(OK,S,T ) ·

∧2

Zp
H1(OK,S,T ).

Since we assume the p-part of the Birch-Swinnerton-Dyer formula, Proposition 5.4 implies that there
is a basis zHg

K ∈ det−1
Zp
(RΓ(OK,S,T )) such that ΘT,K(z

Hg
K ) = zHg

K . Let VS(T,K) be the module mentioned

in Remark 3.8, which is defined to be a certain inverse limit lim←−F∈Ω(K)
det−1

Zp[GF ]
(RΓ(OF,S(F),T )) with

surjective transition maps. Then we have a commutative diagram

VS(T,K)
ΘT,K //

����

ES2(T,K)

��
det−1

Zp
(RΓ(OK,S,T ))

ΘT,K

// ∧2
Zp

H1(OK,S,T ),

where the left vertical surjection is the natural projection map and the right vertical arrow sends c to cK .
Take a lift

z ∈ VS(T,K)

of zHg
K ∈ det−1

Zp
(RΓ(OK,S,T )) and put

c := ΘT,K(z) ∈ ES2(T,K).

Then this Euler system has the desired property.

Remark 5.6. The Euler system constructed in Theorem 5.5 is not canonical. A canonical rank two Euler
system should be constructed directly from Heegner points over ring class fields (so that it satisfies the
properties (i) and (ii) in Conjecture 2.6).

5.2 The Heegner point main conjecture

In this subsection, we relate our formulation of the Iwasawa main conjecture (Conjecture 3.9) with the
Heegner point main conjecture formulated by Perrin-Riou [Per87] (which has been studied in many
works including [Ber95], [How04], [Wan21], [Cas17] and [BCK21]).

In the following, we assume E has good ordinary reduction at p and K/Q is unramified at p.

5.2.1 Formulation of the Heegner point main conjecture

We first review the formulation of the Heegner point main conjecture. Let K∞/K be the anticyclotomic
Zp-extension and Kn its n-th layer. We set

Γn := Gal(Kn/K), Γ := Gal(K∞/K) and Λ := Zp[[Γ]]≃ lim←−
n
Zp[Γn].

We also set
T := lim←−

n
IndKn/K(T ), W :=V/T and W := lim−→

n
IndKn/K(W ).
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For X ∈ {T,W}, we define a Λ-adic Selmer group Sel(X) as follows. Note first that, since E has
good ordinary reduction at each v ∈ Sp(K), we have a natural filtration F+X ⊂ X (as GKv-modules). We
set F−X := X/F+X and define

Sel(X) := ker

H1(OK,S,X)→
⊕

v∈Sp(K)

H1(Kv,F−X)⊕
⊕

v∈S\(S∞(K)∪Sp(K))

H1(Kur
v ,X)

 ,

where Kur
v denotes the maximal unramified extension of Kv.

We set
Sel(W)∨ := HomZp(Sel(W),Qp/Zp) and X∞ := (Sel(W)∨)tors.

Let
y∞ ∈ Sel(T)

be the Λ-adic Heegner class, which is denoted by z f in [Cas17, §3.1]. By [Cor02] and [CoVa07], we
know that y∞ is non-torsion.

Lastly, let ι : Λ→ Λ; a 7→ aι denote the involution induced by Γ→ Γ; γ 7→ γ−1.

Conjecture 5.7 (The Heegner point main conjecture). We have

charΛ(Sel(T)/Λ · y∞) · charΛ(Sel(T)/Λ · y∞)
ι = charΛ(X∞).

Remark 5.8. Building on works by many people (including Howard [How06] and Zhang [Zha14]),
Burungale-Castella-Kim has recently proved Conjecture 5.7 under mild hypotheses (see [BCK21, Th. A]).

5.2.2 Selmer complexes

For later purpose, we give another formulation of the Heegner point main conjecture by using Nekovář’s
Selmer complexes [Nek06].

Let
R̃Γ f (T) := R̃Γ f ,Iw(K∞/K,T ) and R̃Γ f (W) := R̃Γ f (KS/K∞,W )

be Selmer complexes defined in [Nek06, (8.8.5)]. We write H̃ i
f (−) for H i(R̃Γ f (−)).

Lemma 5.9.

(i) Let X ∈ {T,W}. There is a canonical exact triangle

R̃Γ f (X)→ RΓ(OK,S,X)→
⊕

v∈Sp(K)

RΓ(Kv,F−X)⊕
⊕

v∈S\({∞}∪Sp(K))

U−v (X),

where U−v (X) is defined by

U−v (X) := Cone
(

RΓ(Kur
v /Kv,XGKur

v )→ RΓ(Kv,X)
)
.

(ii) We have
H̃1

f (T) = Sel(T).
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(iii) There is a canonical surjection
H̃1

f (W)↠ Sel(W)

with finite kernel.

(iv) There is a canonical isomorphism

H̃ i
f (T)≃ (H̃3−i

f (W)ι)∨,

where we write (−)ι for the module on which Λ acts via the involution ι and (−)∨ for the Pontryagin
dual.

(v) There is a canonical map
H̃2

f (T)→ HomΛ(H̃1
f (T),Λ)ι

such that

– the cokernel is pseudo-null,

– the kernel is pseudo-isomorphic to Xι
∞.

Proof. Claim (i) follows from [Nek06, (6.1.3.2)]. Claim (ii) follows from claim (i) by noting that
H0(Kv,F−T) = 0 for v∈ Sp(K) and H0(U−v (T)) = 0 for v /∈ {∞}∪Sp(K). Claim (iii) again follows from
claim (i) by noting that H0(Kv,F−W) is finite for v ∈ Sp(K) and H0(U−v (W)) = 0 for v /∈ {∞}∪Sp(K).
Claim (iv) follows from the duality [Nek06, (8.9.6.2)] and the natural identification W = T∨(1) induced
by the Weil pairing.

We prove claim (v). By [Nek06, Th. 8.9.9], we have a short exact sequence

0→ H̃2
f (T)tors→ H̃2

f (T)→ HomΛ(H̃1
f (T),Λ)ι → 0

modulo pseudo-null. By (iii) and (iv), we see that H̃2
f (T)tors is pseudo-isomorphic to Xι

∞. This proves
the claim.

Remark 5.10. Combining Lemma 5.9(ii), (iii), (iv) and (v), we obtain a canonical isomorphism

Q(Λ)⊗Λ Sel(T)≃ HomΛ(Sel(W)∨,Q(Λ)),

where Q(Λ) denotes the quotient field of Λ. In particular, the Λ-ranks of Sel(T) and Sel(W)∨ are the
same.

We also know the following.

Proposition 5.11. Sel(T) is a free Λ-module of rank one.

Proof. This is proved in [Nek01, Lem. 2.3] (see also [Nek06, Prop. 9.6.7.5]).
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We define a canonical isomorphism

Q(Λ)⊗Λ det−1
Λ
(R̃Γ f (T))≃ Q(Λ)⊗Λ Sel(T)⊗Λ Sel(T)ι (5.2.1)

by the composition

Q(Λ)⊗Λ det−1
Λ
(R̃Γ f (T)) ≃ Q(Λ)⊗Λ detΛ(H̃1

f (T))⊗Λ det−1
Λ
(H̃2

f (T))
≃ Q(Λ)⊗Λ detΛ(Sel(T))⊗Λ detΛ(Sel(T)ι)

≃ Q(Λ)⊗Λ Sel(T)⊗Λ Sel(T)ι ,

where the first isomorphism follows by noting that H̃0
f (T) = 0 and H̃3

f (T) = (H̃0
f (W)ι)∨ is finite (which

follows from the fact that E(K∞)[p∞] is finite, see [Nek01, Lem. 2.1(v)]), the second by Lemma 5.9(ii)
and (v), and the last by Proposition 5.11.

Proposition 5.12. Conjecture 5.7 holds if and only if there is a Λ-basis

z̃∞ ∈ det−1
Λ
(R̃Γ f (T))

such that the map (5.2.1) sends z̃∞ to y∞⊗ y∞.

Proof. By Lemma 5.9(ii) and (v), we have a canonical isomorphism

det−1
Λ
(H̃2

f (T))≃ det−1
Λ
(Xι

∞)⊗Λ detΛ(Sel(T)ι).

Since we have det−1
Λ
(Xι

∞)≃ charΛ(X∞)
ι (see the argument in the proof of Lemma 3.11(ii)), we see that

the image of det−1
Λ
(R̃Γ f (T)) under the map (5.2.1) coincides with

charΛ(X∞)
ι ·Sel(T)⊗Λ Sel(T)ι .

The claim follows easily from this.

5.2.3 Λ-adic Heegner elements

To simplify the notation, we set
Hi := H i(OK,S,T).

We shall define a “Λ-adic Heegner element"

zHg
∞ ∈ Q(Λ)⊗Λ

⋂2

Λ
H1

and compare the Iwasawa main conjecture (Conjecture 3.9) for zHg
∞ with the Heegner point main conjec-

ture.
We fix an isomorphism

detΛ

 ⊕
v∈Sp(K)

RΓ(Kv,F−T)⊕
⊕

v∈S\({∞}∪Sp(K))

U−v (T)

≃ Λ. (5.2.2)

Then the exact triangle in Lemma 5.9(i) induces an isomorphism

det−1
Λ
(R̃Γ f (T))≃ det−1

Λ
(RΓ(OK,S,T)). (5.2.3)
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Definition 5.13. Assume Hypothesis 3.1 (i.e., H2 is Λ-torsion). We define the Λ-adic Heegner element

zHg
∞ ∈ Q(Λ)⊗Λ

⋂2

Λ
H1

as the image of
y∞⊗ y∞ ∈ Sel(T)⊗Λ Sel(T)ι

under the map

Sel(T)⊗Λ Sel(T)ι (5.2.1)→ Q(Λ)⊗Λ det−1
Λ
(R̃Γ f (T))

(5.2.3)
≃ Q(Λ)⊗Λ det−1

Λ
(RΓ(OK,S,T))

(3.1.2)
≃ Q(Λ)⊗Λ

⋂2

Λ
H1.

Remark 5.14. The element zHg
∞ is canonical up to Λ× (it depends on the choice of an isomorphism (5.2.2)).

Remark 5.15. Note that Hypothesis 3.1 is equivalent to

H2(OK,S,W) = lim−→
n

H2(OKn,S,E[p
∞]) = 0.

(See [Per95, Prop. 1.3.2] or [Nek06, Lem. 9.1.5].) The vanishing of H2(OK,S,W) is proved by Bertolini
[Ber01, Th. 5.4] under mild assumptions. Thus Hypothesis 3.1 is known to hold under mild assumptions.

The following is our formulation of the non-equivariant Iwasawa main conjecture (Conjecture 3.9) in
the present setting.

Conjecture 5.16 (The Iwasawa main conjecture for zHg
∞ ). Assume Hypothesis 3.1. Then we have

zHg
∞ ∈

⋂2
ΛH1 and

charΛ

(⋂2

Λ
H1/Λ · zHg

∞

)
= charΛ(H2).

Theorem 5.17. Assume Hypothesis 3.1. Then the Heegner point main conjecture (Conjecture 5.7) is
equivalent to Conjecture 5.16.

Proof. This follows immediately from Propositions 5.12 and 3.10.

The following is an Iwasawa theoretic analogue of Theorem 5.5.

Theorem 5.18. Assume Hypothesis 3.1 and the Heegner point main conjecture (Conjecture 5.7). Then,
for any abelian p-extension K/K containing K∞, there exists a rank two Euler system c ∈ ES2(T,K) such
that

lim←−
n

cKn = zHg
∞ in lim←−

n

⋂2

Zp[Γn]
H1(OKn,S,T )≃

⋂2

Λ
H1.

Proof. The assumed validity of the Heegner point main conjecture implies the existence of a Λ-basis

zHg
∞ ∈ det−1

Λ
(RΓ(OK,S,T))
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such that the map
ΘT,K∞

: det−1
Λ
(RΓ(OK,S,T))→

⋂2

Λ
H1

induced by (3.1.2) sends z
Hg
∞ to zHg

∞ . Similarly to the proof of Theorem 5.5, we have a commutative
diagram

VS(T,K)
ΘT,K //

����

ES2(T,K)

��
det−1

Λ
(RΓ(OK,S,T))

ΘT,K∞

// ⋂2
ΛH1,

where the right vertical arrow sends c to lim←−n
cKn . Take a lift

z ∈ VS(T,K)

of zHg
∞ ∈ det−1

Λ
(RΓ(OK,S,T)) and put

c := ΘT,K(z) ∈ ES2(T,K).

Then this Euler system has the desired property.

Remark 5.19. We expect that the element zHg
∞ coincides with lim←−n

ηKn up to normalization, where

ηKn = ηKn/K,S, /0(T ) ∈ Cp⊗Zp

∧2

Zp[Γn]
H1(OKn,S,T )

is the special element in Definition 2.7. Since lim←−n
ηKn is defined even in the supersingular and bad

reduction cases, we expect there is a construction of zHg
∞ without assuming E has good ordinary reduction

at p.

5.3 Derivatives of Heegner elements

In this subsection, we study Conjecture 4.7 for the Λ-adic Heegner element zHg
∞ in Definition 5.13. We

keep assuming that E has good ordinary reduction at p. In this subsection, we always assume Hypothesis
3.1 (i.e., H2 is Λ-torsion).

We set e := dimQp(H
2(OK,S,V )). We also set

In := ker(Zp[Γn]↠ Zp) and I := ker(Λ ↠ Zp)≃ lim←−
n

In.

Let

ιn := ιKn :
∧2

Zp
H1(OK,S,T )⊗Zp Ie

n/Ie+1
n ↪→

⋂2

Zp[Γn]
H1(OKn,S,T )⊗Zp Ie

n/Ie+1
n

⊂
⋂2

Zp[Γn]
H1(OKn,S,T )⊗Zp Zp[Γn]/Ie+1

n

be the canonical injection in §4.2.
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Proposition 5.20. Assume the Heegner point main conjecture (Conjecture 5.7). Then there exists the
Darmon derivative of zHg

∞ :

κ
Hg
∞ = lim←−

n
κ

Hg
n ∈

∧2

Zp
H1(OK,S,T )⊗Zp lim←−

n
Ie
n/Ie+1

n =
∧2

Zp
H1(OK,S,T )⊗Zp Ie/Ie+1,

i.e., the unique element satisfying

ιn(κ
Hg
n ) = ∑

σ∈Γn

σzHg
n ⊗σ

−1 in
⋂2

Zp[Γn]
H1(OKn,S,T )⊗Zp Zp[Γn]/Ie+1

n

for every n. (Note that Theorem 5.17 implies that zHg
∞ lies in

⋂2
ΛH1 = lim←−n

⋂2
Zp[Γn]

H1(OKn,S,T ), and

zHg
n ∈

⋂2
Zp[Γn]

H1(OKn,S,T ) denotes the element such that zHg
∞ = lim←−n

zHg
n .)

Proof. This follows from Theorem 5.17 and Proposition 4.6.

Remark 5.21. Since zHg
∞ is canonical up to Λ×, its Darmon derivative κ

Hg
∞ is canonical up to Z×p .

In the following, we assume the following hypothesis. (Recall that EK/Q denotes the quadratic twist
of E/Q by K.)

Hypothesis 5.22.

(i) E(K)[p] = 0;

(ii) r+ := rank(E(Q))> 0 and r− := rank(EK(Q))> 0 (in particular, rank(E(K))≥ 2);

(iii) #X(E/K)[p∞]< ∞.

Lemma 5.23. Assume Hypothesis 5.22.

(i) We have canonical isomorphisms

H1(OK,S,V )≃Qp⊗Z E(K)≃Qp⊗Z (E(Q)⊕EK(Q)).

(ii) We have a canonical exact sequence

0→Qp⊗Q Γ(E,Ω1
E/K)→Qp⊗Z E(K)∗→ H2(OK,S,V )→ 0. (5.3.1)

In particular, we have
e := dimQp(H

2(OK,S,V )) = r++ r−−2.

Proof. By (5.1.1), it is sufficient to prove that the map Qp⊗Q Γ(E,Ω1
E/K)→Qp⊗Z E(K)∗ is injective,

or equivalently, the localization map Qp⊗Z E(K)→ Qp⊗Zp (lim←−n
E(Kp)/pn) is surjective. Since we

have
Qp⊗Z E(K) =Qp⊗Z (E(Q)⊕EK(Q))

and
Qp⊗Zp (lim←−

n
E(Kp)/pn) =Qp⊗Zp (lim←−

n
E(Qp)/pn⊕ lim←−

n
EK(Qp)/pn),

it is sufficient to prove the surjectivity of Qp⊗Z A(Q)→ Qp⊗Zp (lim←−n
A(Qp)/pn) for A ∈ {E,EK}.

However, this is true by Hypothesis 5.22(ii).
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Remark 5.24. The Heegner hypothesis implies that ords=1L(E/K,s) is odd, and so by the parity conjecture
[Nek01] we know that rank(E(K)) is also odd. So by Lemma 5.23(ii) we have e > 0 under Hypothesis
5.22.

We shall define a canonical “anticyclotomic Bockstein regulator"

RBoc
K∞
∈
∧2

Qp
H1(OK,S,V )⊗Zp Ie/Ie+1

as follows.
We fix a Zp-basis x ∈

∧e
Zp

H2(OK,S,T )tf, and let

Boc∞ = lim←−
n

BocT,Kn,x :
∧e+2

Qp
H1(OK,S,V )→

∧2

Qp
H1(OK,S,V )⊗Zp Ie/Ie+1

be the limit of Bockstein regulator maps defined in §4.1. By Lemma 5.23, we have rank(E(K)) =
r+ + r− = e+ 2 and we fix a Z-basis {P1, . . . ,Pe+2} of E(K)tf, which is regarded as a Qp-basis of
H1(OK,S,V ) by identifying Qp⊗Z E(K) = H1(OK,S,V ). Let {P∗1 , . . . ,P∗e+2} be the basis of H1(OK,S,V )∗

which is dual to {P1, . . . ,Pe+2}.
Recall that we fixed Néron differentials ω and ωK of E/Q and EK/Q respectively. Then {ω,ωK} is

a Q-basis of Γ(E,Ω1
E/K) and so we can identify Γ(E,Ω1

E/K) =Q2. By the exact sequence (5.3.1), we get
an isomorphism ∧e

Qp
H2(OK,S,V )≃

∧e+2

Qp
(Qp⊗Z E(K))∗ =

∧e+2

Qp
H1(OK,S,V )∗. (5.3.2)

Definition 5.25. Assume Hypothesis 5.22. We define the anticyclotomic Bockstein regulator by

RBoc
K∞

:=Cx ·Boc∞(P1∧·· ·∧Pe+2) ∈
∧2

Qp
H1(OK,S,V )⊗Zp Ie/Ie+1,

where Cx ∈Q×p is the element satisfying

x
(5.3.2)7→ Cx ·P∗1 ∧·· ·∧P∗e+2.

(One checks that RBoc
K∞

is independent of the choice of x and {P1, . . . ,Pe+2}.)

Recall that Conjecture 4.7 for zHg
∞ predicts the equality

κ
Hg
∞ = Boc∞(η̃K) in Cp⊗Zp

∧2

Zp
H1(OK,S,T )⊗Zp Ie/Ie+1,

where η̃K = η̃K,S, /0(T ) ∈ Cp⊗Zp

∧e+2
Zp

H1(OK,S,T ) is the extended special element in Definition 2.11

(with respect to bK ∈
∧2

Zp
YK(T ∗(1))∗ in (5.1.3) and x ∈

∧e
Zp

H2(OK,S,T )tf fixed above).

Proposition 5.26. Assume Hypothesis 5.22. Then Conjecture 4.7 for zHg
∞ holds if and only if we have an

equality

κ
Hg
∞ =

L∗S(E/K,1)
√
|DK |

ΩE/K ·RE/K
·RBoc

K∞
in Cp⊗Zp

∧2

Zp
H1(OK,S,T )⊗Zp Ie/Ie+1.
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Proof. It is sufficient to prove that

η̃K =
L∗S(E/K,1)

√
|DK |

ΩE/K ·RE/K
·Cx ·P1∧·· ·∧Pe+2.

Let
λ̃T,K : Cp⊗Zp

∧e+2

Zp
H1(OK,S,T )

∼−→ Cp⊗Zp

(∧e

Zp
H2(OK,S,T )tf⊗Zp

∧2

Zp
YK(T ∗(1))∗

)
be the extended period-regulator isomorphism defined in §2.5. Since η̃K is characterized by λ̃T,K(η̃K) =
L∗S(E/K,1) · (x⊗bK), it is sufficient to prove that

λ̃T,K(Cx ·P1∧·· ·∧Pe+2) =
ΩE/K ·RE/K√
|DK |

· (x⊗bK).

One checks that λ̃T,K is explicitly given by the following composition map:

Cp⊗Zp

∧e+2

Zp
H1(OK,S,T ) = Cp⊗Z

∧e+2

Z
E(K)

≃ Cp⊗Z
∧e+2

Z
E(K)∗

(5.3.1)
≃ Cp⊗Qp

(∧e

Qp
H2(OK,S,V )⊗Q

∧2

Q
Γ(E,Ω1

E/K)
)

(5.1.4)
≃ Cp⊗Qp

(∧e

Qp
H2(OK,S,V )⊗Q

∧2

Q
H1(E(C),Q)∗

)
(5.1.5)
≃ Cp⊗Zp

(∧e

Zp
H2(OK,S,T )tf⊗Zp

∧2

Zp
YK(T ∗(1))∗

)
,

where the first isomorphism is induced by the Néron-Tate height pairing. The claim follows easily from
this description.

The following result is an analogue of [BKS24, Th. 7.3]. (Recall that EulS is the product of Euler
factors at v ∈ S\{∞} satisfying EulS ·L∗(E/K,1) = L∗S(E/K,1).)

Theorem 5.27. Assume Hypothesis 5.22 and the Heegner point main conjecture (Conjecture 5.7). Then
we have

Zp ·κHg
∞ = Zp ·EulS ·#X(E/K)[p∞] ·Tam(E/K) ·RBoc

K∞
in
∧2

Zp
H1(OK,S,T )⊗Zp Ie/Ie+1.

Proof. The Heegner point main conjecture implies the existence of a Λ-basis z
Hg
∞ such that the map

(3.1.2) sends zHg
∞ to zHg

∞ . Let
z

Hg
K ∈ det−1

Zp
(RΓ(OK,S,T ))

be the image of zHg
∞ , which is a Zp-basis. By the commutative diagram (4.2.1) (for F = Kn), we have

κ
Hg
∞ = Boc∞(Θx(z

Hg
K )).
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So it is sufficient to prove that

Zp ·Θx(z
Hg
K ) = Zp ·EulS ·#X(E/K)[p∞] ·Tam(E/K) ·Cx ·P1∧·· ·∧Pe+2.

By the definition of Θx, we have

Zp ·Θx(z
Hg
K ) = Zp ·#H2(OK,S,T )tors ·P1∧·· ·∧Pe+2,

so it is sufficient to prove that

Zp ·#H2(OK,S,T )tors = Zp ·EulS ·#X(E/K)[p∞] ·Tam(E/K) ·Cx.

It is not difficult to prove this equality, and we leave it as an exercise for the reader.

Remark 5.28. In a forthcoming work, we prove that the formula in Theorem 5.27 implies the conjecture
of Bertolini-Darmon (see [BeDa96, Conj. 4.5(1)] or [AgCa21, Conj. 3.6]) up to Z×p . Furthermore, we
formulate a refinement of Conjecture 4.7 so that it essentially implies [AgCa21, Conj. 3.11].

The following result is an analogue of [BKS24, Th. 7.6] (and a special case of Theorem 4.11).

Theorem 5.29. Assume Hypothesis 5.22. If we also assume

• Conjecture 5.7 (the Heegner point main conjecture),

• Conjecture 4.7 for zHg
∞ , and

• RBoc
K∞
̸= 0,

then the p-part of the Birch-Swinnerton-Dyer formula for E/K holds, i.e.,

Zp ·L∗(E/K,1) = Zp ·#X(E/K)[p∞] ·Tam(E/K) · 1√
|DK |

ΩE/K ·RE/K .

Proof. This is a consequence of Theorems 4.11 and 5.17, but we can also deduce it directly by combining
Proposition 5.26 and Theorem 5.27.
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Abstract: In 1980 J. Powell [Po] proposed that five specific elements sufficed to generate
the Goeritz group for any genus Heegaard splitting of S 3. Here we prove that a natural
expansion of Powell’s proposed generators, to include all eyeglass twists and all topological
conjugates of Powell’s generators, does suffice.

Key words and phrases: Geometric Structures on 3-Manifolds, Goeritz group

1 Introduction

Suppose that M is a closed orientable 3-manifold and M = A∪T B is a Heegaard splitting of M. Following
[JM] the Goeritz group G(M,T ) is the group of isotopy classes of diffeomorphisms (M,T )→ (M,T ) for
which the induced diffeomorphism M→ M is isotopic to the identity. An element of the Goeritz group
can be viewed as the final result of a (possibly non-unique) loop Tθ,0 ≤ θ ≤ 2π of embeddings of T in M,
that is an element in π1(Diff(M)/Diff(M,T )) [JM, Theorem 1]. That is the viewpoint we will take.

Little is known about the Goeritz group, even in the case that M = S 3 and the Heegaard splittings are
fully described [Wa]. In [Po] J. Powell proposed (indeed he believed he had proven) that five specific
isotopies generate the Goeritz group G(S 3,T ) of the 3-sphere. (In [Sc2] one is found to be redundant,
and so the number is reduced to four.) Figures 1 to 4 give important examples of Goeritz elements acting
on the standard Heegaard splitting of S 3.

Powell’s conjecture has been verified for genus ≤ 3 splittings of S 3 [FS1], but even the question of
whether G(S 3,T ) is finitely generated remains open when genus(T ) ≥ 4. Here we define a generalization,
shown in Figure 4 and called an eyeglass twist, of Powell’s proposed generator Dθ. We ultimately show
(Corollary 18.4) that if Dθ is replaced by the collection of all eyeglass twists, and we include also all
topological conjugates of the other three Powell generators (i. e. conjugates by elements of G(S 3,T )), the
subgroup E ⊂G(S 3,T ) thereby generated is all of G(S 3,T ).
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In [Sc3] we show that this leads to the following observation: Suppose T is the standard genus g+1
Heegaard surface in S 3. Any element of G(S 3,T ) that acts trivially on a standard genus 1 summand of
T is a consequence of the Powell generators acting on T . In other words, the Powell Conjecture is true,
stably.

The strategy for the proof of Corollary 18.4 is rather simple: Suppose T is the standard genus g
Heegaard splitting of S 3, and τ ∈G(S 3,T ). In [FS1] it is shown that there is a ‘cycle of weak reductions’
capturing τ. That is, given a loop of embeddings Tθ,0 ≤ θ ≤ 2π of T in S 3 that represents τ, there is a
natural topological way to extract, for generic θ, a pair of properly embedded disjoint essential disks
aθ ⊂ A,bθ ⊂ B that thereby weakly reduce Tθ. Moreover, at the finite number of non-generic points, the
chosen weakly reducing pair does not change much. Since the method of choosing the pair (aθ,bθ) is
topological, it follows relatively easily that (a2π,b2π) = (τ(a0), τ(b0)). A landmark result of Casson and
Gordon [CG] shows that a weakly reducing pair gives rise to a reducing sphere for T ; one might naturally
hope that one could track such a reducing sphere K around θ, as was done for the weakly reducing pairs,
and thereby be able to meaningfully compare K with τ(K) and so understand the action of τ.

Sadly, the transition from a weakly reducing pair (a,b) to a reducing sphere involves much choice, so
there is no naturally derived reducing sphere K for T as hoped for above. The program here is to find one,
via this natural topological method: Let F ⊂ S 3 be the surface obtained from T by weakly reducing along
the pair (a,b). There is a natural and oft-used way to sweep out S 3 by level 2-spheres S s and, given F, a
natural value of s to pick: a value so that the genus of the part of F lying below S s matches the genus of
the part above. Could S s be turned into a viable, topologically defined reducing sphere for T that could
play the role of K above?

It turns out that although S s itself may not play that role, it does give a recipe for weak reduction that is
robust: it doesn’t change abruptly as T moves through S 3. And as the weak reduction proceeds (as guided
by S s) and F becomes more complicated, its complementary components in S 3 (called the chambers) are
more likely to contain reducible components. Reducing spheres in these reducible components naturally
cut off summands of the original Heegaard surface, and these (inductively) determine an isotopy to the
standard picture that is unique, up to action by E. If no complementary component becomes reducible,
then at the end of the process we fall back on S s as the required reducing sphere for T (see the second
bullet in the statement of Proposition 10.2).

One can think of the progression Proposition 3.7→ Corollary 3.9→ Corollary 8.4→ Corollary 8.9
→ Corollary 17.4→ Corollary 18.4 as guideposts for the argument.

Although the program is easy to describe, the technical difficulties encountered below are complex
since, in effect, they will involve 4 dimensions of sweep-outs. Much of the machinery is new, and then
so is the terminology. We call the attention of the reader to the Index at the end of the paper for a guide
to this new terminology. A plausible strategy for a proof is presented in Section 3, including a rough
overview of the final proof in Subsection 3.3. Some of the argument is not restricted to M = S 3, so
perhaps some of the methodology can be useful in understanding stabilized Heegaard splittings of other
3-manifolds as well.

General Remarks: All manifolds will be orientable and, unless obviously not, compact. We mostly
work in the TOP category (locally flat embeddings, homeomorphisms) to avoid discussion of corner
rounding, etc. But at several points (see especially Section 17) we need results from smooth topology.
At those points we will work in the DIFF category. In these dimensions (two and three) the difference
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in categories is immaterial, see for example [Moi]. Unexplained notation in the statement of a Lemma,
Proposition, etc. may well be found in the discussion that immediately precedes it.

2 The eyeglass subgroup

Powell’s proposed generators are expressed in terms of standard genus 1 summands in a canonical picture
of a genus g Heegaard surface in S 3. In [FS1, Section 2] some consequences of these Powell generators
are presented that include the Powell generators themselves, but also include more general moves on the
standard genus 1 summands. These more general moves would make sense on any stabilized Heegaard
splitting of any closed orientable manifold, if we drop the requirement that the summands are ‘standard’,
which is not meaningful in the context of arbitrary stabilized splittings. Below is a brief description of
those generalized moves; more detail can be found in [FS1]. In addition, note that the last move described
(an eyeglass twist) is a significant generalization of Powell’s move Dθ.

For a Heegaard splitting M = A∪T B define a bubble for T to be a 3-ball b in M whose boundary
intersects T in a single essential circle. Via Waldhausen [Wa] we know that any bubble is the boundary
sum of a collection of genus 1 bubbles.

1. A bubble move is an isotopy of b along a closed path in T − b that begins and ends at b, returning
(b,b∩T ) to itself. See Figure 1. Note that if the closed path is null-homotopic in M, which is
automatic if M = S 3, the bubble move is isotopic to the identity on M, so it represents an element
of G(M,T ).

Figure 1: A bubble move

2. Let b be a genus 1 bubble. A flip is the homeomorphism (b,b∩ T )→ (b,b∩ T ) that reverses
orientation of both the meridian and longitude of the summand, as shown in Figure 2. Powell’s
[Po] label for a flip on the first standard summand is Dω. In a genus 1 splitting, where T is a torus,
regard the hyperelliptic involution (S 3,T )→ (S 3,T ) as (a degenerate case of) a flip.

3. Let b1,b2 be disjoint genus 1 bubbles, and let v ⊂ T − (b1∪ b2) be an arc connecting them. Let b be
the genus 2 bubble obtained by tubing together the genus 1 bubbles along v. A bubble exchange
exchanges the two genus 1 bubbles within B, as shown in Figure 3. Powell’s label for a bubble
exchange on the first two standard summands is Dη12 .
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Figure 2: A flip

Figure 3: A bubble exchange

4. An eyeglass is the union of two disks, ℓa, ℓb ( the lenses ) with an arc v (the bridge) connecting their
boundaries. Suppose an eyeglass η is embedded in M so that the 1-skeleton of η (called the frame)
lies in T , one lens is properly embedded in A, and the other lens is properly embedded in B. The
embedded η defines a natural automorphism (M,T )→ (M,T ), as illustrated in Figure 4, called an
eyeglass twist. Powell’s generator Dθ is an example, but topologically special because the lenses
are primitive disks in each handlebody.

Figure 4: An eyeglass twist

Let Mod(M,T ) be the group of path components of Diff(M,T ); it is the Goeritz group G(M,T ) when,
as is the case with S 3, Mod(M) is trivial [JM].
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Definition 2.1. Suppose M = A∪T B is a Heegaard splitting. The subgroup of Mod(M,T ) generated by
the four types of moves just described is called the eyeglass group E ⊂Mod(M,T ). Any finite composition
of these eyeglass generators will be called an eyeglass move.

When M = S 3 call the subgroup of G(S 3,T ) =Mod(S 3,T ) generated by Powell’s proposed generators
the Powell group. Any finite composition of these generators will be called a Powell move.

Remarks: It is shown in [FS1, Section 2] that the Powell group can also be described as the subgroup
of G(S 3,T ) generated by Dθ together with those flips, bubble moves, and bubble exchanges that act on
the standard genus 1 bubbles, not on arbitrary genus 1 bubbles.

It follows that any Powell move (indeed any topological conjugate of a Powell move) is an eyeglass
move. Note also that whereas the Powell group is not known to be normal in G(S 3,T ), the eyeglass group
is normal, since any topological conjugate of a generator is a generator.

The Powell Conjecture is that the Powell group is the entire Goeritz group G(S 3,T ); we will eventually
show the weaker result that the eyeglass group is the entire Goeritz group. If one could show that each
eyeglass twist and any topological conjugate of a Powell generator is in the Powell group, the Powell
Conjecture would follow. This seems unlikely.

Let M = A∪T B be a Heegaard splitting; we briefly review terminology, and make some elementary
observations:

Definition 2.2. A sphere S in M is aligned with the Heegaard splitting if S ∩T is at most one circle.
Similarly, a properly embedded disk (D,∂D) ⊂ (M,∂M) is aligned with the splitting if D∩T is at most one
circle, and, if it is one circle, the annulus component of D−T is a spanning annulus in the compression
body in which it lies. See [Sc1], [FS2].

For example, the boundary of a bubble b is an aligned sphere.
Suppose disjoint spheres S and S ′ are aligned, and α is a properly embedded arc in T so that

α intersects S exactly in one end of α and intersects S ′ only in the other end of α. A thin tubular
neighborhood N � D2× I of α will intersect S ∪S ′ in the two disks D2×{0,1}. Delete those disks from
S ∪S ′ and glue on the annulus ∂D2× I.

Definition 2.3. Call the resulting aligned sphere the tube sum of S and S ′ along α.
The same construction on S and a disjoint aligned disk D results in another aligned disk, called the

tube sum of D and S .
If b and b′ are disjoint bubbles, say of genus p and q then the tube sum of ∂b and ∂b′ naturally bound

a genus p+q bubble, called the tube sum of b and b′.

Since a bubble move is an eyeglass move, the tube sum of a sphere or disk with a bubble, and, in
particular, the tube sum of two bubbles, is well-defined up to eyeglass moves; it does not depend on the
choice of α.

Definition 2.4. For D an aligned disk in M and b a disjoint bubble, the tube sum of D and b is an aligned
disk D′ properly isotopic to D in M. Replacing D with D′ is called a bubble pass of b through D.

Lemma 2.5. Suppose D is an aligned non-separating disk in M, b is a disjoint bubble, and D′ is the disk
obtained from D by a bubble pass of b through D. Then there is an eyeglass move which isotopes D to D′

in M.
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Proof. Let α be the arc between D and ∂b along which the bubble pass is made, and let D′ be the resulting
aligned disk. Since D is assumed non-separating, there is another arc β ⊂ T disjoint from α so that
∂β = ∂α but the end of β at D is on the opposite side of D as the end of α at D. Thus the union γ = α∪β
is a path in T − b that passes exactly once through D. Then a bubble move of b via γ will isotope D to D′

as required. (See Figure 5. The bubble move of b to itself that carries D to D′ is along the concatenation
loop βα.) □

A

B

T
D D′

b
ββ α

Figure 5: A bubble move of b to itself that carries D to D′

3 The search for a plausible strategy

The proof that G(S 3,T ) = E will be by induction on the genus of T ; it is known for genus ≤ 3 by [FS1]. In
this section we lay some groundwork and describe (see Corollary 3.12) a special circumstance that makes
the inductive step straightforward. The goal of the rest of the long and technical argument in Sections 4
through 17 is simply to show that conditions sufficiently similar to this special circumstance always arise.

3.1 A technical lemma

The following technical lemma is needed almost immediately for an inductive step:
Let (S 3,T ) be a genus g ≥ 1 Heegaard splitting and Bp be a small ball around a point p ∈ T that

intersects T in a single disk Dp. Let B− be the 3-ball that remains when int(Bp) is removed, and
T− = T ∩ B− = T − int(Dp). T− is once-punctured genus g surface properly embedded in B−. Let
Mod(B−,T−) be the group of path components of Diff(B−,T−). (We do not require that a diffeomorphism
f : (B−,T−)→ (B−,T−) ∈ Diff(B−,T−) be the identity on ∂Bp = ∂B−.)

Echoing the definition of bubble move above, define a Bp-bubble move βp : (S 3,T )→ (S 3,T ) to be
the result of an isotopy of (Bp,Dp) along a closed path in T− that returns (Bp,Dp) to itself. It is understood
that Dp remains in T throughout the isotopy, so T is preserved throughout the isotopy. This means that
the final map βp : (S 3,T )→ (S 3,T ) still represents the identity in Mod(S 3,T ). However, the restriction
βp|B− : (B−,T−)→ (B−,T−) may not be isotopic to the identity and so may represent a non-trivial element
of Mod(B−,T−)

Define E− ⊂Mod(B−,T−) to be the subgroup generated by Bp-bubble moves, together with the flips,
bubble moves, bubble exchanges and eyeglass twists that generate E and whose associated paths, bubbles,
lenses and bridges are disjoint from Bp, so they all lie in B−.
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Lemma 3.1. If Mod(S 3,T ) = E then Mod(B−,T−) = E−.

This is a natural statement, and is relevant here because G(S 3,T ) =Mod(S 3,T ).

Proof. Let h− : (B−,T−)→ (B−,T−) represents an element of Mod(B−,T−); after an isotopy we can assume
that h− is the identity near ∂Bp = ∂B−. Extend h− to a diffeomorphism h : (S 3,T )→ (S 3,T ) representing
a class in Mod(S 3,T ) by setting h|Bp to be the identity. Under the assumption Mod(S 3,T ) = E there is an
eyeglass move h′ : (S 3,T )→ (S 3,T ) so that h′h−1 : (S 3,T )→ (S 3,T ) is isotopic to the identity. We may
as well take the generators of h′ to lie in B−, since each of these generators has support near a 1-complex
in T and so, by general position, can be chosen to be disjoint from Bp. For example, for an eyeglass twist
choose the frame of the eyeglass disjoint from Bp and it becomes a frame in B−; in a bubble move, regard
the bubble as a thin neighborhood in T of the bubble’s 1-skeleton, which we can also take to be disjoint
from Bp. Once this is done, the generators give a diffeomorphism h′− : (B−,T−)→ (B−,T−) representing
an element of E−. (There is no claim that h′− is well-defined. In fact a particular choice of h− depends on
how the supporting 1-complexes of the generators of h′ have been isotoped away from Bp.)

By construction, the diffeomorphisms h′h−1 and id(S 3,T ), both of which are the identity on Bp, are
isotopic, but such an isotopy might well move Bp, so it does not induce an isotopy from h′−h−1

− : (B−,T−)→
(B−,T−) to the identity. Our intention is to fix this, by suitably altering h′. Denote by θt the isotopy
from θ0 = h′h−1 : (S 3,T )→ (S 3,T ) to θ1 = id(S 3,T ) and view θt as a path in Diff(S 3,T ). The isotopy θt
determines a p-based loop α : [0,1]→ T in T via α(t) = θt(p). Now alter h′ to h′′ : (S 3,T )→ (S 3,T ) by
post-composing with a Bp-bubble move along the loop α defined by α(t) = α(1− t). By definition of
E−, the Bp-bubble move h′′− : (B−,T−)→ (B−,T−) still lies in E−. Furthermore, the maps h′ and h′′ are
isotopic as diffeomorphisms on (S 3,T ), but the isotopy θt is replaced by an isotopy θ′t from h′′h−1 to the
identity for which the loop θ′t (p) in T becomes the concatenation αα, and so is nullhomotopic in T .

Consider the evaluation map ep : Diff(S 3,T )→ T given by ep( f ) = f (p). We can regard T as the space
of embeddings Emb(p,T ) and deduce from [Pa] that ep is a fibration. In particular, the null-homotopy of
αα to p ∈ T just described lifts to a homotopy rel end points from the arc θ′t in Diff(S 3,T ) to an arc in
Diff(S 3,T ) that lies entirely over p. This arc then defines an isotopy θ′′t from h′′h−1 : (S 3,T )→ (S 3,T )
to the identity, but now an isotopy in which the point p is fixed throughout. That is, for every 0 ≤ t ≤ 1
θ′′t (p) = p.

Finally, we will alter below the isotopy θ′′ so that for every 0 ≤ t ≤ 1, θ′′t (Bp) = Bp. This will imply
that the restriction θ′′− = θ

′′|(B−,T−) is an isotopy from h′′−h−1
− : (B−,T−)→ (B−,T−) to the identity, so h′′−

and h− represent the same element of Mod(B−,T−); since h′′ ∈ E− this will conclude the proof.
Here then is a brief sketch of how, using standard tools of differential topology [GP], the isotopy θ′′

can be altered so that not just p, but all of Bp is mapped diffeomorphically to itself during the isotopy.
The first step is to observe that the derivative of any diffeomorphism f : (S 3,T, p)→ (S 3,T, p) determines
a linear automorphism D fp of the tangent space of S 3 at p which also sends the tangent space of T at
p to itself. The space of such linear automorphisms deformation retracts to the subspace in which the
automorphism is orthogonal. (Such a deformation retraction can be easily constructed, for example, from
the proof of [Sp, Theorem 4.2].) Via this deformation retraction, continuously alter θ′′ so that for any
0 ≤ t ≤ 1 the derivative D(θ′′t )p is orthogonal. Once this is done, θ′′ can be further altered near p so that
each map θ′′t becomes itself the orthogonal map D(θ′′t )p near p. In particular it takes a small ball around
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p diffeomorphically to itself while continuing to preserve the Heegaard surface T . The final step is to
deform θ′′ so that the ball on which this is true contains the original Bp.

(Aside: when genus(T ) = 1, Bp-bubble moves are not needed, per [EE, Theorem 1b].) □

A bubble exchange between genus 1 bubbles b1 and b2, as shown in Figure 3, takes place in the
neighborhood of b1∪ b2∪ ν, where ν is an embedded arc in T that connects the bubbles. A more general
operation, which we will call a generalized bubble exchange, isotopes b1 to b2 along an arc ν1 ⊂ T while
simultaneously isotoping b2 to b1 along an arc ν2 ⊂ T disjoint from ν1. A generalized bubble exchange is
a simple bubble exchange if the arcs ν1, ν2 are parallel in T .

Lemma 3.2. Any generalized bubble exchange is an eyeglass move.

Proof. A generalized exchange of bubbles b1 and b2 using arcs ν1 and ν2 (first column of Figure 6) can
be written (see second column of Figure 6) as a composition of the simple bubble exchange along ν1 and
a bubble move of b2 along the closed path ν1∪ ν2. Each of the latter is an eyeglass move. □

Following Lemma 3.2 we will use the term “bubble exchange” to include generalized bubble exchange,
unless the distinction is important.

b1 b2

ν1

ν2

ν1∪ ν2

Figure 6: Generalized exchange as an eyeglass move

3.2 Resuming the search for a strategy

We begin by setting up a standard picture for the genus g Heegaard splitting of S 3 that is somewhat
different than the one used by Powell. Let Tg ⊂ S 3 be the standard genus g Heegaard surface in S 3,
dividing S 3 into the genus g handlebodies Ag and Bg.
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Let {c1, ...,cg−1} be the disjoint separating circles on Tg shown in Figure 7, with each ci separating the
first i standard summands from the last g− i standard summands. Note that each ci bounds a disk in both
A and B and so defines a reducing sphere S i for Tg. Let bi be the genus i Heegaard split 3-ball component
of S 3−S i containing S 1. Both bi and its complement S 3− bi are bubbles.

c1 c2 cg−1

Figure 7: The standard Heegaard surface Tg ⊂ S 3

It is easy to construct a sequence of (generalized) bubble exchanges (and perhaps a flip) that ultimately
moves each bubble bi,1 ≤ i ≤ g−1 to the bubble S 3− bg−i. The sequence is best seen in the elaboration
Figure 8 of Figure 7 that we now describe. The unit sphere S in S 3 is shown intersecting the x-y-plane,
with the z-axis coming out of the page. Denote by C the unit circle in which S intersects the x-y-plane.
For g = 2n or 2n−1 (depending on the parity of g) consider n planes Q1, ...,Qn parallel to the x-z plane
(horizontal planes in the figure) starting at Q1 the x-z plane itself and ascending from there. Each
Qi,1 ≤ i ≤ n−1 intersects S in a circle di; dn = S ∩Qn is either a circle or a point, depending on the parity
of g. Place a genus 1 bubble (shown in green in the figure) on S at each point of di∩C. The curves ci that
separate the bubbles, as shown in Figure 7 may be taken to be the intersection of vertical planes (that is,
planes parallel to the y-z-plane) P1, ...,Pg−1. These planes are distributed symmetrically across the y-z
plane and are shown in red in Figure 8. In this picture, simple π-rotation around the y-axis will take each
ci to cg−i and each genus i bubble bi to the bubble S 3− bg−i, as we seek.

It remains to show that (up to pairwise isotopy of (S 3,Tg)) this π rotation, which we will denote hρ,
can be accomplished by generalized bubble exchanges and perhaps a flip. This is easy to see; for each
1 ≤ i ≤ n do a generalized bubble exchange between the two bubbles that lie in di (or a flip on the single
bubble in dn if g is odd) using the subarc of di having z positive (the front face of the sphere S ) for one
arc of the exchange and the subarc of di on the back face of S (z negative) for the other arc. Since each
generalized bubble exchange (and the flip) is an eyeglass move, hρ is an eyeglass move. (In fact, since the
bubbles are standard, hρ is a Powell move.)

Suppose T ⊂ S 3 is a genus g Heegaard surface, and h,h′ : (S 3,T )→ (S 3,Tg) are two orientation-
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P1 P3

c3

Pg−1

Q1

Q2

d2

Qn

x

y

Figure 8: hρ as sequence of bubble exchanges (g odd)

preserving homeomorphisms.

Definition 3.3. h,h′ are eyeglass equivalent (written h ∼ h′) if the composition h′h−1 : (S 3,Tg)→ (S 3,Tg)
is isotopic in (S 3,Tg) to an eyeglass move.

For example, the argument above shows that hρ is eyeglass equivalent to the identity.
Throughout the remainder of this section we continue to make this inductive assumption:

Assumption 3.4. G(S 3,T ′) = E whenever genus(T ′) ≤ g−1.

Lemma 3.5. Suppose S is a reducing sphere for a genus g Heegaard splitting (S 3,T ). Then there is an
orientation preserving homeomorphism hS : (S 3,T )→ (S 3,Tg) so that hS (S ) ∈ {S i, i = 1, ...,g−1}.

Suppose that S ′ is a reducing sphere for (S 3,T ) that is disjoint from S and hS ′ : (S 3,T )→ (S 3,Tg) is
similarly defined, so that hS ′(S ′) ∈ {S i, i = 1, ...,g−1}. Under Assumption 3.4, the homeomorphisms hS

and hS ′ are eyeglass equivalent. In particular hS is well-defined up to eyeglass equivalence.

Proof. The first statement follows almost immediately from [Wa], as we now describe. S divides T
into surfaces T± of genus g± ≥ 1 respectively, with g+ + g− = g. Choose any orientation-preserving
homeomorphism f : S 3 → S 3 that carries S to S g+ and the complementary ball component of S that
contains T+ to the ball bg+ . Adjust so that the circle T ∩S is sent to cg+ ⊂ S g+ . Then f (T+) and Tg∩ bg+
each determine a genus g+ Heegaard splitting of bg+ and [Wa] then implies that the surfaces are isotopic
rel cg+ . Similarly isotope f (T−) to Tg∩ (S 3− bg+) in (S 3− bg+). The resulting homeomorphism hS takes
S to S g+ and T to Tg, as required.

Note that this construction subtly depends on a choice: if we had reversed the labels g± then the
requirement that T+ be sent to bg+ would have sent S to S g− instead of S g+ . But this could also be
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accomplished by composing with the homeomorphism hρ defined just before this lemma, and we have
shown that hρ ∼ id(S 3,Tg). So the choice of labelling makes no difference in the construction of hS , up to
eyeglass equivalence.

Proceeding then with the second statement, we first claim that hS is well-defined up to eyeglass
equivalence. To that end, suppose another orientation preserving homeomorphism h′ : (S 3,T )→ (S 3,Tg)
has h′(S ) ∈ {S i, i = 1, ...,g−1}. Using possibly hρ as above, we may as well assume hS h′−1(bg+ ,Tg+) =
(bg+ ,Tg+). Noting that g+ < g, apply Lemma 3.1 and Assumption 3.4 to the pair (bg+ ,Tg+) with the goal
of showing that there is an eyeglass move on (S 3,Tg) which, when composed with hS h′−1, is the identity
on bg+ and remains hS h′−1 on S 3− bg+ . Lemma 3.1 says that, under the inductive assumption, this is true
for some move hg+ : (bg+ ,Tg+)→ (bg+ ,Tg+) in E−. By definition, each flip, bubble move, bubble exchange
or eyeglass twist used in the construction of hg+ is also an eyeglass move on (S 3,Tg). On the other hand,
a move in E− corresponding to a Bp bubble move in the proof of Lemma 3.1 here corresponds to a bubble
move on the bubble S 3− bg+ in (S 3,Tg), and this is also an eyeglass move. So indeed there is an eyeglass
move as we seek. Now apply the same argument on the complementary ball S 3− bg+ and deduce that
hS h′−1 is an eyeglass move on (S 3,Tg), so h′ is eyeglass equivalent to hS , as desired.

Now consider the reducing sphere S ′. We may as well choose labels g± so that hS (S ′) ⊂ bg+ . Let
bS = h−1

S (bg+), a genus g+ bubble for (S 3,T ). Apply the first statement again, this time to hS |bS : (bS ,T+)→
(bg+ ,Tg+), and deduce that hS |bg+ could have been chosen so that hS (S ′) = S i for some i ≤ g+, that is
hS (S ′) ∈ {S i, i = 1, ...,g+}. The same is true, by definition, for the given hS ′ . The argument we have just
given that hS is well-defined up to eyeglass equivalence, repeated now for hS ′ , shows that hS ∼ hS ′ as
required.

The last comment, that under the inductive assumption hS is well-defined up to eyeglass equivalence,
follows simply by taking S ′ to be a parallel copy of S in the previous argument. □

Our goal is to show that for any genus g Heegaard surface T in S 3, G(S 3,T ) = E. Another way of
expressing this is that any two orientation preserving homeomorphisms (S 3,T )→ (S 3,Tg) are eyeglass
equivalent.

Suppose F ⊂ S 3 is a possibly disconnected closed surface, dividing S 3 into possibly disconnected
3-manifolds MA and MB. Suppose further

1. Each component C of MA has a Heegaard splitting C = AC ∪TC BC in which AC is a handlebody. In
particular, ∂C = ∂−BC . Here we follow [FS2] and [Sc1] in allowing sphere components of ∂−BC ,
so the compression body BC may be reducible.

2. The symmetric statement is true for each component of MB.

3. The splitting of each ball component of MA or MB has genus ≥ 1. Hence any component that has
a genus 0 splitting is a punctured 3-sphere (since it has genus 0) with more than one boundary
component (since it is not a ball).

4. The Heegaard splitting (S 3,T ) that is obtained by amalgamating all of these Heegaard splittings is
of genus g. (See [La, Section 3] for a description of Heegaard surface amalgamation.)

The defining surface F ⊂ S 3, together with the Heegaard splittings of MA and MB as described above,
will be called a Heegaard split chamber complex that supports the Heegaard splitting (S 3,T ). Each
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component of MA or MB is called a chamber. Heegaard split chamber complexes are formally defined
and explored more extensively in section 5. (See for example Definition 5.9)

Before proceeding we list some Elementary Facts about surfaces and amalgamation that will be
useful:

• EF1: A compact surface is non-planar if and only if it contains two simple closed curves that
intersect in a single point

• EF2: Consequently, if F is subsurface of a compact surface F′ and F is non-planar, then so is F′.

• EF3: If F is a non-planar surface and F′ is obtained by removing a finite number of disjoint disks
from the interior of F (that is F′ is a punctured F), then F′ is non-planar.

• EF4: Suppose Heegaard splittings (M1,T1), (M2,T2) of compact orientable 3-manifolds M1 and M2
are amalgamated along a closed surface F that is a boundary component of each. Then a punctured
copy of F lies in each of T1,T2 and the amalgamated Heegaard surface T ⊂ M = M1∪F M2. See
[La, Figure 12]. In particular, if F is non-planar, so are T1,T2 and T .

• EF5: Under the amalgamation just described, a punctured copy of each Ti, i = 1,2 lies in T . In
particular, if either Ti is non-planar, so is T . Again see [La, Figure 12].

Lemma 3.6. Suppose, in a Heegaard split chamber complex in S 3 as described above, S is a sphere
component of F. Then, after amalgamation, a slight push-off of S becomes a reducing sphere for the
splitting (S 3,T ), intersecting T in a single circle that is essential in T .

Proof. We first show that after amalgamation the part of T lying in each of the ball components of S 3−S
must contain a non-planar surface. There are two cases:

If every chamber within a ball B bounded by S is a punctured 3-sphere, then every component of F
within B is a sphere. Pick a sphere (possibly S itself) that is innermost among these components. The
ball it bounds contains no other component of F and therefore is a ball chamber. By the third property of
Heegaard split chamber complexes described above, the splitting surface for this ball chamber has genus
≥ 1 and so is non-planar. It follows that T ∩B is non-planar, using EF5 above.

On the other hand, if there is a chamber in B that is not a punctured 3-sphere then a boundary
component of the chamber is non-planar, so again T ∩B is non-planar, using EF4 above.

We now follow the methodology of [CG]: after amalgamation S becomes a punctured sphere lying in
T with some of its boundary components bounding disks in A and others bounding disks in B. Choose a
circle c ⊂ S that divides S into two disks: DA that contains all disks of S −T that lie in A and DB that
contains all disks of S −T that lie in B. Push int(DA) slightly into A and int(DB) slightly into B. The
resulting sphere S ′ intersects T only in the circle c. As we have just shown, each of the two components
of T −S ′ contains a non-planar surface, namely the part of T lying in a ball component of S 3−S . Thus
neither component of T −S ′ is planar so, in particular, neither component is a disk. Hence S ′ is a reducing
sphere for T and c = S ′∩T is essential in T . □

Proposition 3.7. Suppose, for the Heegaard split chamber complex above, S is an incompressible sphere
in a chamber of MA or MB. Then there is an orientation preserving homeomorphism hS : (S 3,T )→
(S 3,Tg) so that hS (S ) ∈ {S i, i = 1, ...,g−1}.
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Moreover, suppose for τ ∈G(S 3,T ) a homeomorphism hτ(S ) is similarly defined, for the Heegaard
split chamber complex whose defining surface is τ(F). Then, under Assumption 3.4, hτ(S )τ ∼ hS .

Proof. Let C be the chamber in which S lies, say C ⊂ MA, so C = AC ∪TC BC with AC a handlebody.
The main theorem of [Sc1] says that the Heegaard surface TC in C may be isotoped so that it is

aligned with S , that is so that it intersects S in at most one circle.
Claim: When S is aligned with TC in C and the Heegaard surface T ⊂ S is created by amalgamation

of the splittings of the chambers, S becomes a reducing sphere for the splitting (S 3,T ).
There are three cases to consider:

Case 1: TC cannot be isotoped in C to be disjoint from S .
S is aligned with TC , and in this case TC ∩S cannot be empty, so this intersection must be a single

circle c. Furthermore c must be essential in TC: Indeed, if c bounded a disk DT ⊂ TC then the union of
DT and the disk S ∩AC would be a sphere in the (irreducible) handlebody AC , and the ball the sphere
bounds could be used to isotope DT through S ∩AC and so off of S , contradicting the hypothesis of this
case.

Since S is separating in S 3, the curve c is separating in TC . Since c is essential in TC , neither
component of TC − c is a disk, so both components are non-planar surfaces. By the argument of EF5
above, each side of c in T is then non-planar, so c is essential in T . Under amalgamation, the disk S ∩AC

becomes a disk in A.
It is easy to arrange that, similarly, the disk S ∩BC remains a disk in B after the amalgamation: isotope

the disk S B = S ∩BC so that it intersects the defining B−disks for the amalgamation B ⊂ BC only in arcs.
Then S B intersects BC −η(B), which is a collar of ∂C in BC , only in disks, namely the complement in
S B of the arcs S B∩B. Finally, properly isotope the disks S B−η(B) so that they avoid the A-disks of the
amalgamation, so S B ends up entirely in B. Then S is the union of two disks, S A ⊂ A and S B ⊂ B along
their common boundary c, an essential circle in T . Hence S is a reducing sphere for (S 3,T ).

S

Σ

∂−BC

∂−BC

∂+BC = TC

Σ

S C

Figure 9: A spine Σ (in aqua) of BC intersecting S in a single point.

Case 2: TC can be isotoped in C to be disjoint from S and genus(TC) ≥ 1.
Since the chamber C ⊂ MA, AC is a handlebody and so is irreducible. Hence if S is disjoint from

TC it must lie entirely in the compression body BC . This implies that BC is reducible, so ∂−BC contains
spheres, some of which lie on the other side of S from TC = ∂+BC in BC . Let S C ⊂ ∂−BC be one of them.
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Since S separates S C from TC in BC , any spine of BC intersects S , and there is some spine Σ of BC that
intersects S in a single point (as pictured in Figure 9). Now isotope TC to be a neighborhood of that
spine, so it intersects S in a single circle c. Amalgamation happens well away from S , so S also ends up
intersecting T in c. The circle c divides TC into a disk, on the side of S containing S C , and a positive
genus surface on the other, since by assumption genus(TC) ≥ 1. By Lemma 3.6 the part of T that lies in
the ball in S 3 bounded by S C (not visible in Figure 9) also has genus ≥ 1. Hence each of the surfaces into
which S divides T has genus ≥ 1, so S is a reducing sphere for T . Moreover the spine Σ has been chosen
so that the disk S ∩BC is one of the defining disks for the amalgamation, so it automatically persists as a
disk in B after amalgamation. Thus S becomes a disk intersecting T in the single essential circle c and so
a reducing sphere for (S 3,T ).

Case 3: TC can be isotoped in C to be disjoint from S and genus(TC) = 0.
By assumption (3) on F above, C is a multiply punctured 3-sphere. Since S is incompressible in TC ,

each side of S in TC contains some of the punctures, i. e. some sphere components of ∂−C. Just as in
Case 2, applying Lemma 3.6, TC can be isotoped to intersect S in a single circle and the part of T lying
on each side of S must have positive genus, so S is a reducing sphere.

This establishes the Claim; the proof of the first statement then follows from [Wa].
The proof of the second statement follows from the observation that hS τ

−1(τ(S )) ∈ {S i, i = 1, ...,g−1}
so for hτ(S ) we could take hS τ

−1. So, under the inductive assumption, Lemma 3.5 says that any other
choice of hτ(S ) is eyeglass equivalent to hS τ

−1, or hτ(S )τ ∼ hS . □

Proposition 3.8. Suppose S and S ′ are not necessarily disjoint spheres, each in possibly different
chambers of MA or MB and each is incompressible in the chamber in which it lies. Suppose h = hS :
(S 3,T )→ (S 3,Tg) and h′ = hS ′ : (S 3,T )→ (S 3,Tg) are homeomorphisms as described in Proposition
3.7, so, in particular, S and S ′ are both reducing spheres for (S 3,T ). Under Assumption 3.4, the
homeomorphisms h and h′ are eyeglass equivalent.

Proof. The proof is an examination of interlocking special cases.
Case 1: S and S ′ are isotopic rel T .
In this case S and S ′ both divide T into components T± of genus g± ≥ 1 where g+ + g− = g. It

follows that h(S ) = S g+ or S g− , say the former. After perhaps composing with the homeomorphism
hρ : (S 3,Tg)→ (S 3,Tg) defined before Lemma 3.5, we may as well assume that also h′(S ′) = S g+ , so
h′h−1 leaves S g+ invariant. Apply Lemma 3.5 to two copies of S g+ ; the homeomorphism h′h−1; and the
identity homeomorphism id(S 3,Tg). Deduce that h′h−1 ∼ id(S 3,Tg). Hence h ∼ h′.

Case 2: S and S ′ both lie in the same chamber C of S 3−F and there is an eyeglass move of TC in C
which carries S to S ′.

As discussed in the proof of [FS2, Theorem 5.1], the handle slides that define the eyeglass move in C
determine, up to eyeglass twists, parallel handle slides in T after amalgamation. So in this case there is
also an eyeglass move of T in S 3 that carries S to a sphere isotopic to S ′ rel T . The proof of Case 2 then
follows from Case 1.

Case 3: S and S ′ are disjoint.
Apply Lemma 3.5.
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Case 4: S and S ′ both lie in the same chamber C and are isotopic in C.
The main theorem of [FS2] says that there is a sequence of reducing spheres for TC starting at S and

ending at S ′ so that each successive pair is either isotopic rel TC , differ by an eyeglass move in (C,TC), or
are disjoint, because they differ by a bubble pass in TC . The result then follows from Cases 1, 2 and 3.

Case 5: S and S ′ are isotopic in S 3−F to disjoint spheres.
If S and S ′ lie in different chambers of S 3 −F the result follows from Case 3. Suppose S and S ′

lie in the same chamber C of S 3−F and can be isotoped in C, but not necessarily rel TC , to be disjoint.
According to the main theorem of [Sc1] the Heegaard surface TC can be aligned with the sphere set
S ∪S ′, so that the S and S ′ become disjoint reducing spheres for TC . This new alignment of S and S ′

may change h and h′, but by Case 4 the eyeglass equivalence class of the homeomorphisms will not
change. The result then follows from Lemma 3.5.

The general case If S and S ′ lie in different chambers of S 3 − F the result follows from Case 3.
Suppose they lie in the same chamber C. Ignoring TC for the moment, recall that in classic 3-manifold
theory a standard innermost disk argument shows that there is a sequence of incompressible spheres in C
beginning with S and ending with S ′ so that sequential spheres are isotopic in C to disjoint spheres. The
result then follows from Case 5. □

The following corollary is then a summary:

Corollary 3.9. Suppose in a Heegaard split chamber complex (with notation as in conditions (1)-(4)
preceding Lemma 3.6), the manifold S 3−F contains an incompressible sphere, then under Assumption
3.4, F determines a natural eyeglass equivalence class h̃F of homeomorphisms (S 3,T )→ (S 3,Tg).

Moreover, for τ ∈G(S 3,T ), h̃τ(F)τ = h̃F .

Proof. Choose any incompressible sphere S in S 3−F and let hS : (S 3,T )→ (S 3,Tg) be a homeomorphism
as given by Proposition 3.7. Then Proposition 3.8 shows that, up to eyeglass equivalence, hS is independent
of any choice, including the choice of incompressible sphere S . The last sentence follows from the last
sentence of Proposition 3.7. □

To simplify (but slightly abuse) notation, we will often use hF : (S 3,T )→ (S 3,Tg) to denote any
representative of the eyeglass equivalence class h̃F . With this notation the last sentence of 3.9 would be
hτ(F)τ ∼ hF .

Definition 3.10. Suppose there are two Heegaard split chamber complexes in S 3 with corresponding
associated surfaces F,F′ ⊂ S 3 and each Heegaard split chamber complex supports the same Heegaard
splitting surface T for S 3. Suppose each of S 3−F and S 3−F′ contains an incompressible sphere, so
(eyeglass equivalence classes of) homeomorphisms hF ,hF′ : (S 3,T )→ (S 3,Tg) are defined. If hF ∼ hF′

then F and F′ cocertify.

(This definition will be expanded later, see comments following Definition 8.2.)

Lemma 3.11. Suppose, in Definition 3.10 F ⊂ F′ and a component C′ of S 3 −F′ contains an incom-
pressible sphere S that is also incompressible in the component C ⊃C′ of S 3−F in which it lies. Then F
and F′ cocertify.
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Proof. Via [Sc1] isotope in C the incompressible sphere to a sphere S ⊂C that is aligned with TC . By
the Claim in the proof of Proposition 3.7 S becomes a reducing sphere for the splitting (S 3,T ) after
amalgamation. Similarly isotope S in C′ to a sphere S ′ ⊂C′ that is aligned with TC′ and again conclude
that S ′ upon amalgamation becomes a reducing sphere for (S 3,T ). Then by definition hS ′ ∈ h̃F′ and
hS ∈ h̃F . Since C′ ⊂C, the isotopies of both S and S ′ to alignment take place in C so, by Proposition 3.8,
hS ′ also represents h̃F . Since h̃F and h̃F′ have the representative hS ′ in common, they cocertify. □

Corollary 3.12. Suppose F ⊂ S 3 is the surface associated with a Heegaard split chamber complex that
supports T . Suppose τ ∈G(S 3,T ). If the Heegaard split chamber complexes given by F and τ(F) cocertify,
then τ ∈ E.

Proof. Corollary 3.9 shows that hF ∼ hτ(F)τ. On the other hand, the assumption that F and τ(F) cocertify
implies that hτ(F)τ ∼ hFτ. Hence hF ∼ hFτ or id(S 3,T ) ∼ τ, as required. □

3.3 An overview of the argument

Corollary 3.9 suggests a line of attack towards proving G(S 3,T ) = E: For each τ ∈ G(S 3,T ), find a
Heegaard split chamber complex in S 3 with associated surface F so that

• the Heegaard split chamber complex supports T

• some chamber contains an incompressible sphere and

• hF ∼ hτ(F).

There are three conditions required for this example to work that are difficult to realize:

1. The Heegaard splitting of each ball chamber has genus ≥ 1, as required by the definition of a
Heegaard split chamber complex. This property is needed to show, as in Lemma 3.6 and Proposition
3.7 above, that an incompressible sphere in a chamber determines a reducing sphere for T .

2. Some chamber contains an incompressible sphere

3. The Heegaard split chamber complexes derived from F and τ(F) cocertify.

Section 1 gave a brief description of how the second requirement is addressed in the general case:
given a position of T in S 3, a pair of weakly reducing disks is found for T , with weak reduction defining
a chamber complex. Next a particularly useful level sphere (a ‘guiding sphere’, see Section 9) S is
found, and innermost disks in S −T are used to decompose the chamber complex into a typically more
complex one. The process is repeated until all circles of intersection are removed. It will be shown that
at some stage in this disk decomposition process a chamber will contain an incompressible sphere or a
sphere that is equally useful for determining an eyeglass equivalence class of homeomorphisms from
(S 3,T )→ (S 3,Tg). (See Definition 8.2 of a certificate.)

This process raises many technical questions: How to find a guiding sphere whose associated disk
decomposition sequence must issue a certificate, Section 10. How to ensure, for a given sphere, that the
certificates issued during this process cocertify, Section 8. The most difficult problem is showing that a
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different choice of such a sphere will result in an equivalent certificate. This takes many steps, occupying
Sections 11 through Section 17. The philosophy behind these steps borrows heavily from [FS1] (see next
paragraph): the guiding spheres are isotopic in S 3 through appropriate guiding spheres (Section 17) and
such an isotopy between them can be broken into small steps, each of which either adds to, subtracts
from, or delays a single disk in the associated disk decomposition sequence. We then examine the effect
of each such minimal change. The upshot is that, up to cocertification, the certificate issued depends only
on the Heegaard split chamber complex itself, and not on the choice of guiding sphere.

To address the third requirement, that is, to show that the Heegaard split chamber complexes derived
from F and τ(F) cocertify, we construct a sequence of Heegaard split chamber complexes beginning with
F and ending with τ(F) so that each successive pair cocertify, see Section 18. The heavy lifting for this
part of the argument was done in [FS1]. Recall that a Heegaard split chamber complex is derived from a
Heegaard splitting (S 3,T ) by weak reduction, see Section 5. In [FS1] a series of pairs of weakly reducing
disks is found so that, roughly, the resulting Heegaard split chamber complexes are a series beginning
with some F and ending with τ(F), see Section 18. Moreover, successive pairs of weakly reducing disks
are related in such a way that Proposition 17.8 guarantees the resulting Heegaard split chamber complexes
cocertify. So in the end F and τ(F) cocertify and the third requirement above is satisfied.

This leaves the first requirement, that each chamber in the chamber complex comes with a splitting
surface of genus ≥ 1. Establishing this is particularly vexing, and adds great technical complexity to the
argument, for reasons we now describe:

It is necessary to eliminate, whenever they arise, any ball chambers that have genus 0 splittings. In the
argument below these will be the ball chambers (called goneballs) that are absorbed into the surrounding
chamber and so their bounding spheres disappear from F. Goneballs can arise in troublesome ways: a
chamber that is a handlebody at one stage can be cut up by a disk decomposition to become a collection
of balls; if the handlebody had trivial Heegaard splitting, the resulting balls will be goneballs and their
boundaries need to be deleted from F. Since chambers may be deleted in this way, what is to prevent F
from disappearing entirely, as pieces are cut up in this manner? We will show that unless the chamber
complex is of a particularly simple type, called tiny, its defining surface will never completely disappear,
see Subsection 5.4.

There is an additional but related complication: it is a classical result that a non-trivial Heegaard
splitting of a ball or handlebody chamber is stabilized, that is it will contain bubbles (standard genus
one summands). It follows from [FS2] that disk decomposition of a Heegaard split chamber gives a
Heegaard splitting of the resulting chambers, but it is defined only up to eyeglass moves and passing
bubbles through the decomposing disks. As noted above, it will be important to know if a newly created
handlebody chamber could have trivial Heegaard splitting, so we want to flag handlebody chambers that,
because of how they arise, are known to have non-trivial splittings. This gives rise to the notion of flagged
chamber complexes: the exact Heegaard splitting of each chamber is typically unknown, but certain
handlebody chambers (including ball chambers) are flagged as necessarily having non-trivial splittings.
See Section 7.

Following this informal overview, we begin the more formal argument.
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4 Chamber complexes and disk decomposition

Suppose M is a compact orientable 3-manifold. Let F ⊂ S 3 be a (typically disconnected) closed surface
in int(M) that divides M into two typically disconnected 3-manifolds MA and MB, with each component
of F incident on one side to MA and on the other to MB. Call the collection C = (F,MA,MB) a chamber
complex with defining surface F = F(C). Each component of M−F is called a chamber, with those in
MA called A-chambers and those in MB called B-chambers.

A Heegaard splitting M = A∪T B is a familiar example of a chamber complex in M, with C = (T,A,B).
A Heegaard splitting belongs to a class of chamber complexes, called tiny, that, for our purposes, contain
too little information to be useful. However, a Heegaard splitting together with a pair of weakly reducing
disks (see Section 5 below) does produce a possibly useful chamber complex, through a process called
disk decomposition, or, more formally, chamber complex decomposition, which we now describe.

Phase one of disk decomposition: For C a chamber complex in M, let D be a collection of disjoint
properly embedded disks, some perhaps inessential, in the chambers of C, with ∂D disjoint from ∂W,
so ∂D ⊂ F. We will call D a disk set in C. Let FD ⊂ M be the surface obtained by doing surgery on
F(C) along the disks D, and denote by ĈD the associated chamber complex M−FD. (The reason for the
circumflex will be given shortly.) In particular, the surgery alters MA by deleting a bicollar neighborhood
of each disk in D∩MA and adding a bicollar neighborhood of each disk in D∩MB. The symmetric
statement applies to MB.

Each disk D in D is the core of a 2-handle used in the surgery as just described. The bicollar
neighborhood of ∂D in F will be called the belt annulus of the surgery; the two copies of D in FD that
are the result of the surgery are called the scars of D. Let C′ be a chamber of ĈD and D ∈D a disk which
leaves a scar or two on ∂C′. If the disk D lies outside the new chamber C′ then so does the associated belt
annulus and we call the scars external scars on ∂C′. If the disk lies inside C′ we call the scars internal
scars on ∂C′. Clearly if D leaves one internal scar on ∂C′ it will leave two, since the associated belt
annulus lies in C′, but the two internal scars may be on different components of ∂C′.

One can think of a chamber Ĉ of ĈD as obtained in two stages: it starts as the complement C− of a
bicollar of D∩C in a chamber C of D, a result of surgery on D∩C. Then 2-handles are added along
those disks in D that are incident to ∂C but lie outside C. The chamber Ĉ is called a remnant of C, even
though strictly speaking it doesn’t lie entirely inside of C.

Phase two of disk decomposition: Among the components of the surgered surface FD may be
spheres that bound balls in M. In the second phase of disk decomposition a collection of these balls is
chosen and, for each ball G ⊂ M in the collection (henceforth called a goneball) all components of FD

that lie in G , including the sphere ∂G, are removed from FD. Whether a ball in M bounded by a sphere
in FD will be chosen to be a goneball of the decomposition is a delicate and important part of the theory.
(See, for example, Rules 4.4 and 5.6.) After eliminating all components of FD that lie in goneballs, call
the resulting chamber complex CD (note: no circumflex).

Any chamber CD in the chamber complex CD is obtained from a chamber ĈD in ĈD by attaching
balls, each corresponding to a goneball for the decomposition. We then say that CD is a remnant of the
chamber C in C if ĈD is a remnant of C in ĈD. Notice that a chamber C in C may have no remnants
in CD. For example, C might be handlebody for which D contains a complete collection of meridian
disks, so the remnants in ĈD are all balls. If these all happen to be declared goneballs, then there are no
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remnants of C in CD.

For C,D,F,FD,CD and ĈD as above, suppose F′ is a component of the surface FD such that one
of the complementary components W of F′ in M is a handlebody. (A ball is considered a genus 0
handlebody). W is not necessarily a chamber of ĈD, but rather the union of those chambers that lie within
it.

Definition 4.1. The handlebody W is disky if each component of F ∩ int(W) is a disk.

Lemma 4.2. If W is disky then

1. No component of F lies entirely in the interior of W.

2. Each component of FD that lies in the interior of W is a sphere.

3. Suppose D ∈D lies in the interior of W. Then the corresponding two scars do not lie on the same
component of the surface FD.

Proof. Take the statements in order:
1) Each component of F is a closed surface, so none can be a disk.
2) Suppose F′′ is a component of FD that lies in the interior of W, and let F′′− be the compact surface

obtained from F′′ by deleting the interior of all scars of the disk surgery that lie in F′′. Then F′′− lies in
a component of F ∩ int(W) and, by assumption, this component is a disk. Hence the surface F′′− has no
genus, so neither can F′′. See Figure 10.

3) Suppose the two scars left by surgery on a disk D ∈ (D∩ int(W)) were on the same component F′′

of FD. If F′′ = F′ then the belt annulus for the surgery is a component of F ∩ int(W) that is not a disk,
contradicting our assumption that W is disky. Similarly, suppose F′′ were in the interior of W, and let
α be an arc in F′′ running between the two scars. Then the union of the belt annulus and a collar of α
would be a punctured torus lying in some component of F ∩ int(W), so that component cannot be a disk,
again contradicting our assumption that W is disky. □

W

F′

D0

D F′′−
scars

Figure 10: Construction of F′′− in proof of Lemma 4.2 (2)

Lemma 4.3. Suppose the handlebody W is disky, and F′′ is a component of FD that lies in the interior of
W. Then F′′ bounds a disky ball in W.

JOURNAL OF THE ASSOCIATION FOR MATHEMATICAL RESEARCH, 2(2):209–335, 2024 227

https://jamathr.org


MARTIN SCHARLEMANN

Proof. By Lemma 4.2 any such component F′′ is a sphere and, since the handlebody W is irreducible, it
will bound a ball in W. The issue is to show that such a ball is disky. By assumption, F ∩ int(W) consists
of a collection E of disks; if E = ∅ then there are no components of FD in the interior of W and there is
nothing to prove.

Otherwise, since E lies inside W, the annulus in E adjacent to any circle c ∈ ∂E is a belt annulus for a
surgery disk D ∈D that lies in W, with one of its scars on ∂W. Let D0 ⊂D be the subset of disks that lie
in W; we now induct on n = |D0| > 0.

Let D0 ∈D0 be a disk whose boundary is innermost in E among the circles ∂D0; let E0 be the subdisk
of E that it bounds. Since W is irreducible, the disks D0 and E0 together bound a ball B0 in W. The
ball is disjoint from F by Lemma 4.2, so we can think of D0 as just being parallel to E0, via the ball
B0. Inductively apply the lemma to D′ =D0−D0, creating a collection S ′ of spheres, each of which, by
inductive assumption, bounds a disky ball in W.

Finally, do surgery on the disk D0. The result of the surgery is two-fold: The ball B0 bounded by E0
and a copy of D0 becomes a ball chamber that is disky because it is empty. And the sphere S ′0 in S ′ that
contains E0 is altered, in effect, by isotoping E0 across B0 to the other copy of D0. Depending on which
side of S ′0 the disk D0 lies, this change in S ′0 may add the disk E0 ⊂ F to the ball that S ′0 bounds in W.
But since E0 is a disk, it does not change the fact that the ball is disky. See Figure 11. □

D0

D0 E0

B0

Figure 11: E0 ⊂ F in the interior of ball bounded by S ′0. (Figure not incorporating decomposition by
D′ =D0−D0.)

The decision process that will be used to decide if sphere components of FD in a chamber complex
decomposition bound goneballs will have certain properties. The ultimate decision process is subtle,
but some of those properties can be described already. At this point, view them as rules that disk
decompositions follow; later it will be shown that the decision process that will be used satisfies these
rules. To that end, declare the rule:

Rule 4.4. In a chamber complex decomposition, only disky balls can be goneballs.

Following Lemma 4.3 we then have

Corollary 4.5. In the second phase of a chamber complex decomposition, any component that is removed
from FD is a sphere that bounds a disky ball.
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Continue with C,D,F,FD, ĈD and CD be as above. Denote the two-stage operation of chamber
complex decomposition just described by

C
D
−→ CD.

The next rule limits the amount of disturbance caused by adding or removing a single disk from the
chosen disk set.

Rule 4.6. Suppose D is a disk set in C, D ∈D, and D− is the disk set D−D. Let S be a sphere component
of FD that does not contain either scar from D. Then S bounds a goneball in CD if and only if it bounds
a goneball in CD− .

Corollary 4.7. Suppose D consists of a single disk. Then a sphere in FD that does not contain a scar of
D does not bound a goneball.

Proof. Since D− = ∅ such a sphere would necessarily be a component of F = FD− and so does not bound
a goneball in C = CD− . By Rule 4.6 it does not bound a goneball in CD. □

An example of a decision process that satisfies both rules is to simply declare each disky ball to be a
goneball. For example, it satisfies Rule 4.6 because a sphere S ⊂ FD not containing either scar will also
be in FD− and a ball it bounds is disky in either CD or CD− if and only if F intersects the ball only in
disks. Unfortunately declaring each disky ball to be a goneball would be too broad for our purposes; too
much information would be lost. But the rules so far do suffice to prove an important property:

Proposition 4.8. Suppose C is a chamber of C so that every remnant of C in CD is a disky handlebody.
Then C is a handlebody.

Proof. We proceed by induction on |D|, noting that if D = ∅ there is nothing to prove.
Case 1: There is a disk in D whose boundary is inessential in ∂C.
In this case, let D be a disk whose boundary is innermost among all such disks, let E be the disk

in ∂C−D bounded by ∂D. Push int(E) slightly into the chamber of C on the opposite side of D. That
chamber is either C′ if D lies in C (the top row of Figure 12) or C itself, if D lies in a chamber C′ adjacent
to C (the bottom row of Figure 12). Consider the sphere S = D∪E, lying either in a remnant of C′ or a
remnant of C, and in either case parallel in that remnant to a sphere component S ′ of FD.

Claim 1: With the proper choice of D for the construction above, S bounds a ball BS in M containing
S ′. Moreover, if D lies in C′, so S is in a remnant of C, then the subball of BS bounded by S ′ is a
goneball.

Proof of Claim 1: Suppose first that S lies in a remnant C′r of C′, so D lies inside C, as in the top
panel of Figure 12. Then S ′ is a sphere in the boundary of a chamber Cr of ĈD that is a remnant of C. If
Cr is a goneball the claim follows. If instead Cr remains as a chamber in CD, Cr must be a ball, since
every remnant of C in CD is a handlebody, proving the claim in this case.

Suppose instead that S lies in a remnant Cr of C, so D lies inside C′, as in the bottom panel of Figure
12. Then by hypothesis Cr is a handlebody, and so is irreducible. Hence S bounds a ball BS in Cr. If
BS lies on the side of S containing S ′ the claim is shown. Suppose BS lies on the other side of S , so S ′

bounds a ball in Cr and that ball contains the punctured handlebody ∂C−E. Since each remnant of C
is disky, it follows that ∂C−E must be a disk, so C is a ball. In this case use instead of D a disk D′ in
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D whose boundary is innermost among those in the disk ∂C−E and repeat the construction. The new
sphere corresponding to S lies in BS so it bounds a ball entirely in Cr, a ball that contains the disk E′ in
∂C−E bounded by ∂D′, i. e. the one that now corresponds to E. This proves Claim 1, using the disk D′

instead of D.

C

C′

D

D

E
Cr

Cr

C′r

S S ′

Figure 12: When a disk D ∈D has ∂D inessential in ∂C

Claim 2: The disk D of Claim 1 is inessential in the chamber (either C or C′) in which it lies.
Proof of Claim 2: Suppose instead that D is essential in the chamber in which it lies, so there are

closed components of F lying between D and E, i. e. in the ball BS . By Lemma 4.2 the subball of BS

bounded by S ′ could not then be a disky ball, so by Rule 4.4, S ′ remains as a sphere component of F(CD).
Claim 1 then implies that D lies in C so S is in a remnant of C′. Then, as in Claim 1, S ′ is a sphere in the
boundary of a chamber of ĈD that is a remnant of C. Since S ′ remains in F(CD) the ball it bounds in
BS must be a ball remnant B′ in CD since every remnant of C is a handlebody. But even then there is a
contradiction, for every remnant of C is assumed to be disky, and here B′ contains closed components of
F, contradicting Lemma 4.2, and so proving Claim 2.

Let D− =D−D. Observe that since D is inessential by Claim 2, D− still satisfies the hypotheses of
Proposition 4.8: Indeed, from Case 1 and Rule 4.6, the only difference in the remnants of C if we add D
back to D− before decomposing is:

• possibly adding a disky ball bounded by S ′ to the set of remnants of C or

• isotoping E to D, if the ball that S ′ bounds is a goneball. This is the case when D ∈C′ and may be
the case when D ∈C.
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Neither will affect whether each remnant of C is a disky handlebody. So, by inductive assumption,
replacing D with D− leads to the conclusion of Proposition 4.8, namely C is a handlebody. This
concludes the proof of Proposition 4.8 for Case 1.

Case 2: Any disk incident to ∂C has essential boundary in ∂C. (In particular, any disk incident to ∂C
is essential.)

First consider a remnant Cr of C in CD, which by hypothesis of the Proposition is a disky handlebody.
Since Cr is a remnant of C, each scar on ∂Cr is incident to ∂C, so by the hypothesis of this case its
boundary is essential in ∂C. But since Cr is disky, this implies it can have no internal scars, i. e. F is
disjoint from int(Cr), since the belt annulus for an internal scar lies on a component of ∂C∩ int(Cr) and
these are all disks. This in turn implies that int(Cr) contains no goneballs, so Cr is a remnant of C in ĈD,
before goneballs are absorbed. Thus the remnants of C in ĈD consist of a union of disky handlebodies,
though among these may be balls that become goneballs in CD. See left side of Figure 13.

C
D

D−

D−

D−

C

D D−

CD goneball CD−

Cr

Figure 13: When each disk D ∈D has ∂D essential in ∂C

Let D be any disk in D and, as in Case 1, let D− =D−D. Inductively, it suffices to show that D− still
satisfies the hypotheses of the Proposition, namely that every remnant of C in CD− is a disky handlebody.
If D is not incident to ∂C then removing D from D has no effect on the remnants of C in ĈD− , so the
remnants are the same as those in ĈD. By Rule 4.6, the remnants of C in CD− , are then also the same
as those in CD, namely a union of disky handlebodies. Thus in this case D− satisfies the hypothesis of
Proposition 4.8 as required.

What remains is the case that D is incident to ∂C. See right side of Figure 13. Since there are no
internal scars on remnants of C, the two scars in ĈD left by D are external scars, so D lies in C. Thus
ĈD− is obtained from ĈD by simply attaching a 1-handle dual to D to a component, or between two
components, of ĈD. Since each such component is a disky handlebody, the result of adding the 1-handle
is also a handlebody, and it is disky because its interior is still disjoint from F. Hence ĈD− is a union
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of disky handlebodies. CD− is obtained from ĈD− by removing some ball components (the goneballs).
Hence CD− is also a union of disky handlebodies, so it satisfies the hypothesis of Proposition 4.8 as
required. □

Definition 4.9. A chamber complex C in M, with defining surface F = F(C), is tiny if either

• F = ∅ or

• there is a chamber C of C so that M−C consists of handlebody chambers. These chambers are
called the designated handlebody chambers.

A Heegaard surface in which at least one complementary component is a handlebody is a familiar
example of a defining surface of a tiny chamber complex. On the other hand, a weak reduction of a
Heegaard surface will yield a chamber complex that is not tiny. That fact (see Proposition 5.18) will be
the entryway to our study of Heegaard splittings below. The word “tiny" is used because the tree dual to a
chamber complex is particularly small for tiny chamber complexes: at its most complicated, it is a star
graph with central vertex corresponding to the chamber C.

Proposition 4.10 (Tinyness pulls back). Suppose C
D
−→ CD is a chamber complex decomposition in which

the chamber complex CD is tiny. Suppose further, if the defining surface of CD is not empty, that each of
the handlebody chambers named in Definition 4.9 is disky. Then C is tiny.

Proof. We first consider the case in which the defining surface of CD is not empty. That is, per Definition
4.9, there is a single chamber C′ of CD so that M −C′ consists of a union W′ of disky handlebody
chambers. Without loss, assume C′ is a B-chamber, so each component of W′ is an A-chamber adjacent
to C′ in CD. See Figure 14.

Since each component of W′ is a disky handlebody, any disk D ∈D that lies in int(W′) lies on a disk
in F and so has inessential boundary on F; let D be one whose boundary is innermost on F. Surgery on
D creates a ball in int(W′), which must be a goneball since W′ is irreducible. The effect then of surgery
on D followed by declaring the ball gone is merely to isotope F ∩ int(W′); it has no effect on either the
hypothesis of the proposition or the conclusion. Hence we may inductively assume that D∩ int(W′) = ∅,
so W′ has only external scars.

Let BC denote the collection of B-chambers in C. C′ is a B-chamber in CD, in fact the only B-chamber
in CD. Recall that it is obtained from BC in three steps:

• BC is cut along those disks in D that lie in BC.

• Two-handles are added along those disks in D that lie in the A-chambers

• Goneballs are eliminated.

Towards understanding the third step, eliminating goneballs, notice that no goneball can lie in int(W′)
since W′ has no disks of D in its interior and, in particular, only external scars. Suppose then that U is a
maximal goneball in the B-chamber C′. Since U is maximal and lies in the B-chamber C′, the chamber
of ĈD immediately inside U is an A-chamber. Rule 4.4 says that U is disky. Applying the same argument
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as just applied to W′, we may as well then assume that the only scars on ∂U are external scars, so U
itself is an A-chamber in ĈD. With this simplification, so that the only goneballs of the decomposition are
A-chambers, none of the three steps in the process above decreases the number of B-chambers (though
the first step may increase it). Since, by hypothesis, there is only one B-chamber in CD we conclude that
BC is also a single chamber in C.

D

BC C′

C

C CD

W′

W′W′ W′

Figure 14: Tininess when the defining surface of CD is not empty

Consider any chamber C of C other than BC. C is then an A-chamber in C and so has the property
that each of its remnants in CD is in W′, so each is a disky handlebody. It then follows from Proposition
4.8 that C itself is a handlebody. Hence C consists of a union of handlebodies (the A-chambers) whose
complement BC is a single B-chamber. That is, C is tiny.

The other possibility from Definition 4.9 is that CD is tiny because the defining surface for CD is
empty. This means that in CD, M is entirely a B-chamber, say. This implies that either F was empty
(completing the argument) or surgery on D resulted only in spheres bounding goneballs. In that case,
the argument is basically the same: Rule 4.4 says that each goneball is disky. Then, examining maximal
goneballs as above we can assume without loss that each goneball is an A-chamber with only external
scars. This implies that every A-chamber in C can be recovered from a collection of balls (the maximal
goneballs) by attaching 1-handles, dual to the disks that leave external scars. The result is visibly a
collection of handlebodies. So again C is tiny. □

5 Heegaard splittings and chamber complexes

5.1 Review of weak reduction and amalgamation

Chamber complexes are naturally relevant to weakly reducible Heegaard splittings, as we now describe.
This first subsection is essentially a review of relevant known results; see, for example, [La, Section 3] to
which we refer for relevant notation.

Suppose, in a Heegaard splitting M = A∪T B of a compact 3-manifold M, A,B are disjoint families
of disks, properly embedded in A,B respectively, with ∂A,∂B ⊂ T and at least one member of each disk
family an essential disk. Such a pair of families is called a weakly reducing disk family, a notion with a
long and important history in the study of Heegaard splittings (cf [CG]). Surger T along A∪B and call
the resulting surface F̂.
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F̂ defines a chamber complex Ĉ in M as follows. One set of chambers, called the A-chambers, are
derived from A in two stages: first bicollars of disks in A are removed (so these disks lie outside the
resulting A-chambers) and then bicollar neighborhoods of B are attached (so these are disks that lie
inside the resulting A-chambers). The remaining chambers, the B-chambers are derived from B in the
symmetric fashion. The result is the perhaps counter-intuitive fact that after the surgery, each A-chamber
may contain some disks from B, but none from A, and symmetrically for the B-chambers. In any pair of
adjacent chambers, one is an A-chamber and the other is a B-chamber, since the surface between them is
(except for some disks) a submanifold of T .

Each A-chamber C (and symmetrically for B-chambers) inherits a natural Heegaard splitting C =
AC ∪TC BC . See Figure 15. This can be demonstrated by considering the two-stage construction just
described, see Figure 15 : In the first stage, (NE to SW in Figure 15) the surface T is compressed in A
along A and a component C′ is chosen. Since A was a compression body, so is C′. Let TC ⊂C′ be the
end of a collar of ∂+C′ in C′, so TC ⊂ int(C′) (shown in red in the figure). TC is a trivial Heegaard surface
for C′, dividing it into the collar of ∂+C′ and a copy AC of C′ lying entirely in int(C′). In the second
stage of the construction of C (bottom row of Figure 15) 2-handles lying in B are attached to C′ along
∂+C′, turning the collar of ∂+C′ into a compression body BC . Thus TC remains a Heegaard surface for C.
(Note that, as in the outermost surface in the final panel of Figure 15, C may have spherical boundary
components, so AC and BC would classically be described as punctured compression bodies, as discussed
on [Sc1] and [FS2].). The new boundary components of C, that is ∂C−∂M = ∂C−∂−A are, except for
the scars of the surgery, subsurfaces of T .

∂M

A
T

B

∈A
∈B

C′

TC

∂+C′

CBC

scar

Figure 15: Inherited Heegaard splittings in disk decomposition
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Note that in this construction, the result is technically not a Heegaard split chamber complex as
defined before Lemma 3.6 because that definition requires that in each A-chamber C, AC is a handlebody,
whereas in the construction above ∂−AC may contain components of ∂−A. We will be mostly concerned
with a special form of Heegaard splitting in which this is not an issue:

Definition 5.1. A Heegaard splitting M = A∪T B is called a pure Heegaard splitting if all the components
of ∂M lie in ∂B (or all in ∂A). Put another way, it is pure if either A or B is a handlebody.

Obviously if ∂M has at most one boundary component then the splitting is pure. Moreover,

Proposition 5.2. Suppose C is the chamber complex resulting from weak reduction on a Heegaard
splitting of a closed 3-manifold. Then the Heegaard splitting of each chamber in C is pure, so the result
of the weak reduction is a Heegaard split chamber complex.

Proof. Since M = A∪T B is closed, both A and B are handlebodies. Suppose C is an A-chamber and
consider the construction of its Heegaard structure above. (In Figure 15 take ∂M = ∅.) In the first stage,
A is cut up by A into handlebodies and a component C′ of the result is chosen. Next TC is defined as
the end of a collar of ∂C′ in C′. AC is the complement of the collar, so in particular the surface ∂C′ is
entirely disjoint from the handlebody AC . That doesn’t change when BC is created by adding 2-handles
to ∂C′ to create ∂C. Thus ∂C lies entirely in ∂−BC , as required. □

There is a natural construction that is inverse to weak reduction: Suppose we are given a chamber
complex Ĉ with defining surface F̂ in which we are able to alternately label the chambers A-chambers and
B-chambers, for example when each component of F̂ is separating in M. Pick a pure Heegaard splitting
C = AC ∪TC BC for each chamber C. These Heegaard splittings induce a Heegaard splitting M = A∪T B
by amalgamating the Heegaard splittings along F̂, and the amalgamated Heegaard splitting is unique up
to isotopy, cf [La, Proposition 3.1].

As described in [La], amalgamation in this setting proceeds as follows: for each A-chamber C =
AC ∪TC BC choose a complete set of meridian disks BC for the compression body BC . That is, if BC is cut
along BC the result is a collar of ∂−BC = ∂C−∂M. The disks BC define a natural spine γC for BC ⊂C,
namely the union of the surface ∂C−∂M and a collection of arcs in the interior of C, specifically the arc
cocores of the 2-handle neighborhoods of BC . The arcs are then extended down through the collar using
its product structure. Do the dual construction in each B-chamber. Then A can be recovered from Ĉ by
deleting from each A-chamber C a neighborhood of the graph γC and attaching a neighborhood of the
graph constructed in each B-chamber. (And, as usual, symmetrically for B.)

An important point for our purposes is that it is possible to choose a different spine γ′C for BC in each
A-chamber C, by originally making a different choice B′C of meridian disks. This will result in a different
set of arcs and so a different set of of 1-handles but will not change the recovered Heegaard splitting
(and dually for B-chambers). As argued more formally in [La] one can get from the arcs of γC to those
of γ′C by edge slides, which correspond to handle-slides in B that replace BC with B′C (and dually for
B-chambers).

Two cautionary notes on pure Heegaard splittings:
a). The result of amalgamating pure Heegaard splittings may not be pure. For example, suppose F is

a closed surface and F × I is given a pure Heegaard splitting. Take two copies of this pure Heegaard split

JOURNAL OF THE ASSOCIATION FOR MATHEMATICAL RESEARCH, 2(2):209–335, 2024 235

https://jamathr.org


MARTIN SCHARLEMANN

F × I and attach them along one end of each to get a combined copy of F × I. The Heegaard splitting of
F × I obtained by amalgamating the two splittings will not be pure. See top panel of Figure 16.

A

B

A

B

A

B

Figure 16: Amalgamation and weak reduction may destroy purity

b) Weak reduction, even of a pure Heegaard splitting, may not result in pure Heegaard splittings
in every chamber. For example, in M = F × I consider the following natural splitting: begin with four
horizontal copies of F in the interior of M labeled in order F1, ...,F4, breaking M into 5 copies of F × I,
which we will call collars and which we alternately label A and B, so that both the top and bottom collar
are labeled A. In each of the three collars between Fi and Fi+1, i = 1,2,3 tube Fi to Fi+1 by a vertical tube.
The result is a pure Heegaard splitting M = A∪T B of genus 4 ·genus(F) in which each collar labeled
A becomes part of A, and symmetrically. Now weakly reduce along the meridians of the 3 tubes, two
of them disks in A and one of them in B, creating a chamber complex C with 5 chambers, alternately
A-chambers and B-chambers and each a copy of F × I. The middle 3 chambers all have pure splittings,
but the chambers incident to ∂−M are each copies of F × I split into two copies by a single copy of F,
and so are not pure. See bottom panel of Figure 16.

Here are some useful preliminary results. We use the standard convention that the genus of a surface
is the sum of the genera over all components.

Lemma 5.3. Suppose M = A∪T B is a pure Heegaard splitting of a 3-manifold M. Then for any collection
of components F ⊂ ∂M

• genus(T ) ≥ genus(F).

• genus(T ) = genus(F) only if each component of ∂M−F is a sphere.
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Proof. With no loss assume ∂M = ∂−B. A spine of B consists of the union of ∂−B = ∂M and a graph γ
that intersects ∂−B exactly in some valence 1 vertices. Since B is connected there has to be at least one
such end vertex in each component of ∂−B and, after edge slides, we can assume there is exactly one
in each, and that γ is connected. Recall that for η a regular neighborhood of a graph γ in a 3-manifold,
χ(∂η) = 2χ(γ). T is the boundary of a regular neighborhood of the spine, so it follows immediately from
this construction that if ∂M = ∂−B has n boundary components

χ(T ) = (χ(∂−B)−n)+ (2χ(γ)−n) = (χ(∂−B)−2n)+2χ(γ)

= −2genus(∂−B)+2χ(γ).

Hence
2genus(T ) = 2−χ(T ) = 2+2genus(∂−B)−2χ(γ) ≥ 2genus(∂−B)

(with equality if and only if χ(γ) = 1, i. e. γ is a tree). Hence

genus(T ) ≥ genus(∂−B) = genus(∂M) = genus(F)+genus(∂M−F)

so genus(T ) ≥ genus(F) with equality only if genus(∂M−F) = 0, that is ∂M−F consists of spheres. □

Lemma 5.4. Suppose a closed surface F divides a 3-manifold M into two components C1 and C2, and
each is given a Heegaard splitting Ci = Ai∪Ti Bi. Let T be the Heegaard surface for the splitting of M
obtained by amalgamating the two splittings. Then

χ(T ) = χ(T1)+χ(T2)−χ(F).

In particular, if F is connected, then

genus(T ) = genus(T1)+genus(T2)−genus(F)

Proof. With no loss let A1 (resp B2) be the compression body in the splitting by T1 (resp T2) that is
incident to F. In amalgamation, the construction of the splitting surface T of the amalgamated splitting
replaces a p-punctured copy of F in T1 and a q-punctured copy of F in T2 with a single (p+q)-punctured
copy of F. The p punctures correspond to scars parallel to F of the chosen set of meridian disks in A1,
after F1 is compressed along these disks. A similar and symmetric statement is true for the q punctures.
See [La, Figure 12].

Computing Euler characteristics from this description we have

χ(T ) = χ(T1)+χ(T2)− (χ(F)+ p)− (χ(F)+q)+ (χ(F)+ p+q)

or, more succinctly
χ(T ) = χ(T1)+χ(T2)−χ(F).

Then, if F is connected,

genus(T )+genus(F) = genus(T1)+genus(T2)

follows since all surfaces are connected. □
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Proposition 5.5. Suppose M is a 3-manifold with connected boundary in which each closed surface
separates. Suppose C is a chamber complex in M with defining surface F and each chamber in C has a
pure Heegaard splitting. Let C = AC ∪TC ∪BC be the chamber whose boundary contains ∂M. Suppose
M = A∪T B is the Heegaard splitting of M obtained by amalgamating the Heegaard splittings of all the
chambers. Then

a) genus(TC) ≤ genus(T )

b) If genus(TC) = genus(T ) then TC is isotopic to T and

c) If genus(T ) = genus(∂M) then M = A∪T B is a trivially split handlebody, and F consists entirely
of spheres bounding balls in M. Moreover, amalgamating the Heegaard splittings in each ball
bounded by a component of F gives a trivial splitting of the ball.

Proof. With no loss, assume ∂M ⊂ ∂−BC .
It will be useful to consider the natural graph Γ associated to the chamber complex C, in which each

vertex corresponds to a chamber in C and two such vertices are connected by an edge if they are adjacent,
that is there is a component of the defining surface F = F(C) that is incident to both. Since every closed
surface in M separates, Γ can contain no cycles, so it is a tree; we can take the vertex vC corresponding to
C as the root of the tree.

Case 1: M is a single chamber, so A is a handlebody and Γ is a single vertex.
In this case TC is T , so a) and b) are automatic. For c), assume genus(T ) = genus(∂M). Then no

2-handles could be attached in the construction of BC from ∂+BC = T , for if any attachment circle were
non-separating then genus(T ) > genus(∂M) and if any were separating on T then each component of the
result would be the Heegaard surface for a separate chamber, contradicting the assumption that M has a
single chamber. We conclude that BC is a collar of ∂M. Since AC is a handlebody, so then is M.

Case 2: M has two chambers, C ⊃ ∂M and C′.
Since each component of F separates, F =C∩C′ is connected. By Lemma 5.4

genus(T ) = genus(TC)+genus(TC′)−genus(F).

By Lemma 5.3 genus(TC′)− genus(F) ≥ 0, so genus(T ) ≥ genus(TC), establishing a). Moreover, if
genus(T ) = genus(TC) then genus(TC′) = genus(F) and, by Case 1 applied to C′, C′ is a trivially split
handlebody. But if C′ is a trivially split handlebody then amalgamating it with TC leaves TC unchanged,
so T is isotopic to TC , establishing b) in this case.

For c) observe that we so far have the inequalities

genus(T ) ≥ genus(TC) ≥ genus(∂M).

Hence if genus(T ) = genus(∂M) then both inequalities are equalities. The first equality, by the second
claim, shows TC is isotopic to T . The second equality, by Lemma 5.3 (applied to C and reversing the roles
of F and ∂M) says F is a sphere, and we have already established that C′ is a trivially split handlebody.
Thus C′ is a trivially split ball, as claimed. Moreover, Case 1 applied to the amalgamated splitting of M
shows M is a trivially split handlebody, completing the proof of c) in this case.
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Case 3: Every chamber in M other than C is adjacent to the chamber C. That is, Γ is a star graph: a
collection of edges each of which has a single end incident to vC .

The proof is by induction on the number n of chambers not C. Cases 1 and 2 above apply when
n = 0,1, so we can assume n ≥ 2, that is there are at least 2 chambers other than C. Let C1,C2 be two
of them, separated from C by surfaces F1,F2 respectively. The chamber complex C1 obtained from C
by amalgamating along F1 satisfies the hypotheses of Case 3, but with n reduced. So we inductively
assume that the Proposition is true for C1. But further amalgamation of all of C1 gives Heegaard surface
T and does not change ∂M so conclusion c) applies: If genus(T ) = genus(∂M) then M is a trivially split
handlebody and each Ci, i , 1 is a trivial split ball. Repeating the argument for the chamber complex C2
obtained from C by amalgamating along F2 shows that C1 is also a trivially split ball. Thus c) is true in
this case.

To prove a) observe that the inductive hypothesis applied to C1 shows that the Heegaard surface T1 of
the chamber of C1 containing ∂M has genus(T1) ≤ genus(T ). But that chamber is obtained from C and
C1 by amalgamation along F1 so by Case 2) genus(TC) ≤ genus(T1). Hence genus(TC) ≤ genus(T ) as
required to prove a).

Finally, if genus(TC) = genus(T ) then we have just shown genus(T1) = genus(T ) and genus(TC) =
genus(T1). The first equality shows, by inductive hypothesis, that T1 and T are isotopic; the second
shows, by Case 2), that TC is isotopic to T1. Thus TC and T are isotopic, proving b) in this case.

Case 4: There is an edge in Γ that is not incident to vC .
There is then such an edge so that deleting the edge from Γ leaves two components: one containing

vC and the other a star graph, as in Case 3. (For example, in a path from vC to a most distant vertex in
Γ choose the second to last edge traversed.). The component F′ of F corresponding to that edge then
bounds a submanifold N ⊂ M containing a chamber complex CN that satisfies the hypothesis of Case
3. That is, the chamber adjacent to F′ in N is adjacent to every other chamber in CN . Let TN by the
Heegaard surface obtained by amalgamating the chambers of N. The resulting splitting of N is pure,
since F′ = ∂N is connected.

We induct on the number of chambers in C. Let C′ be the chamber complex in M obtained by
amalgamating the chambers of N. The inductive hypothesis applies then to C′ and, since F′ , ∂M, the
chamber C is unchanged by the amalgamation within N. Moreover, the result of amalgamating the
Heegaard splittings of all the chambers in C′ is the same as amalgamating all those in C, so by inductive
hypothesis genus(T ) ≥ genus(TC) and equality implies that T is isotopic to TC . This verifies a) and b).

For c), suppose genus(T ) = genus(∂M). Again applying the inductive hypothesis to C′ we deduce
that M = A∪T B is a trivially split handlebody, and all components of F, other than those in the interior
of N, are spheres bounding balls in which the amalgamated Heegaard splitting is trivial. In particular, N
is a ball trivially split by TN . Finally, apply Case 3 to CN : all components of F in the interior of N are
also spheres bounding trivially split balls. □

5.2 From weak reduction to chamber complex decomposition

There is a lot of inefficiency in the chamber complex Ĉ obtained by surgery on the weakly reducing
family A,B. For example, if two disks in A are parallel, then surgery as above turns the collar between
them into its own A-chamber, one that is simply a ball with trivial Heegaard splitting. This problem is
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easily addressed by viewing surgery on A,B as the first step in a disk-decomposition of the chamber
complex A∪T B along A,B, and adopting the following rule:

Rule 5.6. Following the weak reduction of A∪T B along A,B, let W be a ball in M bounded by a
component of F̂.

• Declare W to be a goneball if and only if the Heegaard splitting of W obtained by amalgamating
the Heegaard splittings of all the chambers of Ĉ in int(W) gives a trivial Heegaard splitting of W.

• For each goneball G, amalgamate the Heegaard splittings of all the chambers of Ĉ in G (including
amalgamation along ∂G).

Denote the resulting chamber complex C (circumflex removed) and say that it is obtained from the
splitting A∪T B by weak reduction along A∪B. In Proposition 5.10 below we show that Rules 4.4 and
5.6 do not conflict, so weak reduction can be viewed as disk decomposition of the chamber complex
determined by T . Each chamber in C is Heegaard split, and furthermore no chamber in C is a trivially
split ball.

When a goneball G is absorbed into the adjacent A-chamber C (or symmetrically), the effect on the
spine γC of BC is to replace a collar of ∂G in C by a single vertex whose neighborhood is the ball G.
As a result, each A chamber C in C continues to inherit a natural spine γC for BC , but instead of just a
collection of arcs attached to ∂C−∂M the spine is a graph attached to ∂C−∂M, containing vertices as
well as arcs. As before, slides of edges in the graph over other edges and over ∂C−∂M can be used to
replace one spine by another and so a chamber-derived alteration of the disks B.

Proposition 5.7. Following the weak reduction of A∪T B along A,B, let W be a handlebody in M bounded
by a component of F̂. Suppose the Heegaard splitting W = AW ∪TW BW obtained by amalgamating the
splittings of all the chambers in int(W) is trivial. Then

• T ∩ int(W) consists only of disks and

• If W is not a ball after the absorption of the goneballs given by Rule 5.6, then it becomes a single
chamber in C. If W is a ball, it becomes a goneball in C.

Proof. With no loss assume that the chamber in W adjacent to ∂W is an A-chamber, so ∂W = ∂−BW . Since
weak reduction is inverse to amalgamation, it is easy to derive this natural description of the splitting
surface TW : Delete from ∂W the p disks corresponding to internal scars and call the resulting surface
∂W−. Then attach to ∂W− the surface T ∩ int(W), which has p boundary components, each corresponding
to an internal scar in ∂W. Then push the resulting surface into int(W) via a collar of ∂W.

The compression body BW in W has a natural spine: the union of a graph γ ⊂ int(W) with p end-points
attached to ∂−BW = ∂W at the centers of the internal scars. We then calculate as in the proof of Lemma
5.3:

χ(TW) = (χ(∂W)− p)+ (2χ(γ)− p) = χ(∂W)+ (2χ(γ)−2p)

By assumption TW and ∂W are homeomorphic, and this implies χ(γ) = p. Let n be the number of
components of γ. Since TW , hence BW , hence the spine is connected, each component of γ must contain
one of the end points of γ on ∂W. This implies n ≤ p. On the other hand, each component of γ has Euler
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characteristic ≤ 1. Hence p = χ(γ) ≤ n. Together, these inequalities that p = n and each component of γ
has Euler characteristic = 1. In other words, each component of γ is a tree. This in turn implies that each
component of T ∩ int(W) is a disk, verifying the first assertion of the Proposition.

The last assertion c) of Proposition 5.5 further says that each component of F̂ lying in the interior of
W bounds a goneball, establishing the second claim. □

Corollary 5.8. The interior of each goneball, as defined in Rule 5.6, intersects T only in disks.

Proof. Rule 5.6 says that each goneball has trivial Heegaard splitting, so Proposition 5.7 applies. □

The discussion above leads to

Definition 5.9. A Heegaard split chamber complex C for a compact manifold M is a chamber complex so
that:

• Each chamber is labeled as either an A-chamber or B-chamber.

• Adjacent chambers are labeled A and B

• Each chamber has a pure Heegaard splitting

• The Heegaard splitting of each ball chamber is non-trivial.

Note that the last property guarantees that a Heegaard split chamber complex satisfies the troublesome
third requirement of the chamber complexes discussed preceding Lemma 3.6.

Proposition 5.10. Let M = A∪T B be a Heegaard split closed manifold and A,B be a weakly reducing
family of disks for the splitting. Let CT denote the chamber complex in M defined by T . That is, the
chambers are A and B. Then surgery on A∪B followed by goneball removal, as just described, defines a
chamber complex decomposition

CT
A∪B
−−−−→ C,

and C is a Heegaard split chamber complex.

Proof. Surgery on A∪B is the first step in chamber complex decomposition. The next step is goneball
absorbtion, where Rule 4.4 requires that any ball that is declared a goneball must be disky. That Rule
5.6 implies this follows immediately from Corollary 5.8. The construction above describes how each
chamber is endowed with a pure Heegaard splitting.

It remains to show that the Heegaard splitting of each ball chamber in C is non-trivial. Suppose S
is a sphere in F̂ that bounds a ball chamber C in C. Since the ball contains no other chambers, the only
components of F̂ that lie in the interior of C must be goneballs. Rule 5.6 says that these goneballs are
absorbed, so their boundary spheres are removed, by amalgamation of Heegaard splittings. In particular,
the resulting Heegaard splitting of C is obtained by amalgamation of all the chambers in int(C). Since
C is not itself a goneball, it follows again from Rule 5.6 that this Heegaard splitting is non-trivial, as
required. □
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5.3 Heegaard split chamber complex decomposition

Suppose C is a Heegaard split chamber complex in M and M = A∪T B is the Heegaard splitting of M
obtained by amalgamation of the Heegaard splittings of the chambers of C. Then we say that C supports
the splitting M = A∪T B. So a weak reduction of A∪T B as above produces a Heegaard split chamber
complex that supports it. (See the proof of Proposition 5.14 below.)

The process of decomposing chamber complexes, as described in Section 4, extends naturally to
Heegaard split chamber complexes, as we now describe. Suppose C is a Heegaard split chamber complex
with defining surface F, and D is a disk set in C with ∂D ⊂ F. In each A-chamber C = AC ∪TC BC (and
dually for the B-chambers), isotope the splitting surface TC until it is aligned with the disk set DC =D∩C,
as described in [Sc1]. That is, each disk D ∈DC will either

• intersect TC in a single circle, and the complementary component D∩BC of the circle in D will be
a vertical annulus in BC , or

• lie entirely in BC , as D1,D2 do in Figure 17.

(D cannot lie in AC since in an A-chamber AC is disjoint from F.) In either case BC has a spine Σ
(illustrated in Figure 17) that intersects the disks DC exactly in ∂DC . BC is isotopic to a thin regular
neighborhood of the spine Σ, and after the isotopy every disk D ∈DC intersects TC in a single circle, with
the annulus D∩BC vertical in BC . We say then that D is aligned with C.

D1 Σ

∂−BC

D2

∂+BC = TC

Σ

Figure 17: Alignment of disks in DC that lie entirely in BC

The first step in chamber complex decomposition along D is to surger F along D, making the surface
FD. When the Heegaard splittings of the chambers are aligned with D as above, this has two effects on
an A-chamber C:

• Surgery on the B-disks incident to ∂C, lying in adjacent B-chambers, adds 2-handles to C and BC

along ∂−BC; call the results respectively C+ and BC+ . The manifold BC+ is still a compression body
so, in particular, TC remains a Heegaard splitting surface for C+. Note that a B-disk incident to ∂C,
lying in an adjacent B-chamber and inessential in that chamber may become part of an essential
sphere in C+, cutting off a punctured ball from C+
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• Further surgery on the disks DC creates a surface TĈD
, each of whose components is a Heegaard

surface for one of the chambers ĈD obtained from C+ by the surgery on DC . For essential disks,
this observation is familiar in Heegaard theory as ∂-reduction of a Heegaard surface (see [Sc1]).
Thus TĈD

is a collection of Heegaard surfaces for the remnants of C in ĈD.

The result of the operation just described, done simultaneously on all the chambers of C defines a
pure Heegaard splitting of each chamber in ĈD.

Definition 5.11. Let CD be the Heegaard split chamber complex in M obtained from ĈD by the above
process, following Rule 5.6 to declare goneballs. Then CD is obtained from C by Heegaard split chamber
complex decomposition and we write

C
D
−→ CD.

This choice of language implies that the process is indeed a chamber complex decomposition, that is
that following Rule 5.6 to declare goneballs is consistent with Rules 4.4 and 4.6. For example, we need
to show that if G is a goneball as declared by Rule 5.6 then each component of F ∩G is a disk, as was
shown for the case F = T in Corollary 5.8. That indeed both rules 4.4 and 4.6 are satisfied will follow
from the next two more general propositions, see Corollaries 5.13 and 5.15.

Proposition 5.12. Let C be a Heegaard split chamber complex in a 3-manifold M and F = F(C) be its
defining surface. Suppose D is a disk set in C and

C
D
−→ CD

is a Heegaard split chamber complex decomposition. Suppose a component of FD bounds a handlebody
W in M. If the Heegaard splitting of W obtained by amalgamating the splittings of all the chambers
contained in W is trivial then each component of FW = F ∩ int(W) is a disk.

Proof. Denote by M = A∪T B the Heegaard splitting of M obtained by amalgamating all the splittings of
C. Following the argument in Proposition 5.7 we know that TW = T ∩ int(W) consists of disks.

We now exploit the fact that when Heegaard splittings of adjacent chambers are amalgamated to the
defining surface F, F can be viewed as a subsurface of T to which disks are attached. Hence FW is a
subsurface of TW with possibly disks attached, that is FW is a planar surface with at most one boundary
circle per component. FW then consists of properly embedded disks and spheres.

An only slightly more complicated argument rules out the existence of spheres. Suppose there were
closed components of FW , necessarily all spheres. In this case, let F0 be an innermost such sphere, so that
it bounds a ball chamber C containing no other components of FW . Since C is a Heegaard split chamber
complex, C has non-trivial Heegaard splitting, so its Heegaard surface TC contains a non-separating circle.
But when the Heegaard splittings of the chambers are amalgamated, a punctured copy of TC persists
into T , and the non-separating circle can be taken to be disjoint from those punctures. Again this would
contradict the fact that TW consists of disks. We deduce that FW consists entirely of disks. □

Corollary 5.13. Let C be a Heegaard split chamber complex in M, D be a disk set in C and ĈD be the
chamber complex obtained by the process described before Definition 5.11. Then following Rule 5.6 to
declare goneballs is consistent with Rule 4.4.
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Proof. Suppose G is a ball in M that is bounded by a sphere in FD. If G is a goneball under Rule 5.6
then the Heegaard splitting obtained by amalgamating all the splittings of chambers in ĈD that lie in G
is trivial. But by Proposition 5.12 this implies that F = F(C) intersects int(G) only in disks, that is G is
disky. Thus G is also a goneball under Rule 4.4. □

Proposition 5.14. Suppose C is a Heegaard split chamber complex for M that supports the Heegaard
splitting M = A∪T B. Suppose D is an aligned disk set in C .Let ĈD be the chamber complex obtained by
the process described before Definition 5.11. Then amalgamating all the induced Heegaard splittings of
the chamber complex ĈD yields the original Heegaard splitting M = A∪T B.

Proof. We are given that amalgamating all the Heegaard splittings of the chambers in C gives M = A∪T B.
Our assumption is that each disk in D is aligned with the splitting of the chamber in which the disk lies.
Suppose D ∈D lies, without loss, in an A-chamber C = AC ∪TC BC and C′ = AC′ ∪TC′ BC′ is the adjacent
B-chamber on whose boundary ∂D lies. The process described before Definition 5.11 affects a bicollar
neighborhood D× [−1,1] of D as follows (see Figure 18):

• The ball int(D)× (−1,1) is moved from int(C) to int(C′).

• The annulus ∂D× [−1,1] is deleted from the spines of AC′ and BC .

• The disks D×{±1} are added to the spines of AC′ and BC .

• The arc {0}× [−1,1] is added to the spine of AC′ .

On the other hand, amalgamation of the splittings of ĈD does exactly the opposite near D× [−1,1]: a
tube around {0}× [−1,1], which we can take to be ∂D× [−1,1], is added to FD after deleting the disks
D× {±1}, undoing each of the items above. Extending this observation now to all the disks in D, the
result of amalgamating all the Heegaard splittings after the process described before Definition 5.11 is
the same as amalgamating before the process, namely M = A∪T B. □

D

C

C′ C′C

⊂ spine(AC′ )

Figure 18: Decomposition near D ∈D
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Corollary 5.15. Let C be a Heegaard split chamber complex in M, D be a disk set in C and ĈD be the
chamber complex obtained by the process described before Definition 5.11. Then following Rule 5.6 to
declare goneballs is consistent with Rule 4.6.

Proof. Suppose G is a ball in M that is bounded by a sphere in FD. Suppose further that the disk
D ∈D leaves no scar on ∂G, and define D− =D−D. Since D leaves no scar on ∂G, the sphere is also a
component of FD− . Moreover, if we let D∂ ⊂D− be the set of disks in D that do leave scars on ∂G, then
∂G is also a component of FD∂

and, as described before Definition 5.11, G inherits a chamber complex

structure Ĉ∂, in which each chamber is Heegaard split. Let TG be the Heegaard splitting of the ball G
obtained by amalgamating all these splittings. That is, Ĉ∂ supports TG.

According to Proposition 5.14 the chamber complexes in G obtained from Ĉ∂ by decomposition
along D∩G or along D−∩G also support TG. In particular, under Rule 5.6, G is a goneball in CD if and
only if TG is a trivial splitting of G and this is true if and only if G is also a goneball in CD− . Thus Rule
4.6 holds. □

Theorem 5.16. Suppose C is a Heegaard split chamber complex for M that supports the Heegaard
splitting M = A∪T B and D is a disk set in C.After perhaps a proper isotopy of D within the chambers,
not moving T , the chamber complex decompositon

C
D
−→ CD

is a Heegaard split chamber complex decomposition and the resulting Heegaard split chamber complex
CD also supports T .

Proof. This would seem to be a straightforward consequence of Proposition 5.14 and the discussion at
the beginning of Subsection 5.3. Namely:

1. In each chamber C isotope the splitting surface TC until it is aligned with D, as is shown to be
possible in [Sc1].

2. Mimic the handle slides used in the isotopies within each chamber by handleslides on T itself, as
discussed for example in [La].

3. Now that T and D are aligned, apply Proposition 5.14.

This (ultimately successful) strategy has an obvious conceptual weakness: The process requires isotoping
T by various handleslides, so T will typically end up in a different position in M than it began. We will
show that the process above can be reframed so that T is fixed throughout and only the disks D and the
chambers C are allowed to move. We must further ensure that the disks D stay disjoint, in particular that
the boundaries of disks in D that lie in adjacent chambers don’t end up intersecting, after their proper
isotopies, in the component of F = F(C) that lies between them. That is the goal of the argument that
follows.

Claim: There is an isotopy of D, fixed on ∂D ⊂ F, so that afterwards D is aligned with the splitting
surface of each chamber.
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The proof of the Claim is straightforward and well-known: Let C be a chamber, DC be the set of
disks in D that lie in C, and TC ⊂ int(C) be the Heegaard splitting surface of the chamber. Per [Sc1] there
is an isotopy of embeddings ϕt : TC →C so that ϕ0 is the original embedding and ϕ1(TC) is aligned with
DC . By the isotopy extension theorem, ϕt can be extended to an isotopy θt : C→ C in which θ0 is the
identity. Since TC ⊂ int(C), we can also take θt to be fixed on ∂C.

Define an isotopy of embeddings ρt : DC → C by ρt = (θt)−1|DC . Observe that ρ0 is the original
embedding (since θ0 is the identity). Moreover, it is easy to check that ρ1(D) is aligned with TC . Namely,
observe that

θ1(ρ1(DC)∩TC) =DC ∩ θ1(TC) =DC ∩ϕ1(TC)

and the last term consists, by construction, of at most one circle in each component of DC . Hence
ρ1(DC)∩TC consists of at most one circle in each component of DC , that is the disks ρ1(DC) are aligned
with TC . This proves the claim.

We continue our effort to bring D into alignment with T , not by handleslides that move T (mimicking
handleslides within chambers), but by proper isotopies of D. In doing so, we do not use the Claim per se,
but rather note that the proof of the claim implies that we only need to show how to keep T fixed, during
the alignment, in a collar of the boundary of each chamber (i. e. near the defining surface F). Then a way
to keep T also fixed outside the collar, that is away from F, is provided by the proof of the Claim. So we
focus on how handle slides of the original splitting M = A∪T B that mimic handle slides in the splitting
of a chamber C = AC ∪TC BC can be replaced near F by proper isotopies of D.

Consider a bicollar neighborhood F0× [−1,1] of a component F0 of F that separates an A-chamber
C of C from a B-chamber C′. Here we take F0 × [0,1] ⊂ C and F0 × [−1,0] ⊂ C′. F0 itself is a
subsurface of T whose boundary is capped off by disk scars coming from surgery on a collection of disks
(B,∂B) ⊂ (BC ,∂BC) and disk scars coming from surgery on a collection of disks (A,∂A) ⊂ (AC′ ,∂AC′).
B intersects F0 × [0,1] in vertical cylinders, the “legs" of 1-handles in BC , one for each scar of B on
F0. We denote the leg correspoinding to a scar b by b× [0,1]. (The symmetric statement is true for
A∩ (F0× [−1,0]).)

Let DC =D∩C and DC′ =D∩C′. Also spanning the collar F0× [0,1] are vertical annuli, each of
them a collar neighborhood of the boundary of a disk in DC . The symmetric statement is true in the collar
F0× [−1,0]. By general position in the surface F0 we can take take the legs to be disjoint from the annuli,
and, since D is embedded, we have that ∂DC and ∂DC′ are disjoint in F0.

Consider how a handle slide in B that mimics a handle slide of BC in C appears in this collar. As it
begins, the end of a leg b1× [0,1] is slid via a path γ ⊂ F0 to the end of a leg b2× [0,1] and then up and
out of view. At the end of the handle slide the same thing occurs elsewhere in the collar. So it is only this
initial move that needs to be understood. By general position we may assume that the path γ is disjoint
from all scars. Here are possibilities:

1. the path γ is disjoint from both ∂DC and ∂DC′ , as in the left side of Figure 19.

2. the path γ is disjoint from ∂DC but not ∂DC′ .

3. the path γ intersects ∂DC and possibly also ∂DC′ .
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In the first case, where γ is disjoint from ∂D, this first stage of the handle slide can be accomplished,
leaving T fixed, by just replacing the disk in B whose scar is b2 by the disk b′ in B obtained by band-
summing b1 to b2 along γ. This new disk is disjoint from other scars and, by the assumption of this case,
still disjoint from ∂D. See right side of Figure 19.

F0

F0×{−1}

a
b2 b1

b′
γ

Figure 19: When γ is disjoint from both ∂DC and ∂DC′

In the second case, γ may intersect only ∂DC′ . These intersection points can be removed by isotoping
∂DC′ along γ towards and then across the disk b1 ⊂ F0 ⊂ ∂C′. See Figure 20. (Another description is that
we band sum DC′ at the points it crosses γ to copies of b1 by bands around subsegments of γ). Such a
proper isotopy of DC′ is allowed, and reduces this case to the previous case.

D ∈DC′

Figure 20: When γ is disjoint from ∂DC but not ∂DC′

In the third case, the slide of b1× [0,1] can be broken up into a series of slides along γ, each successive
one across a single intersection of γ with ∂DC . For example, let γ1 be the segment of γ lying between b1
and the closest point p of γ∩∂DC . Just as in step 2, DC′ can be properly isotoped across b1 so that it
is disjoint from γ1. The slide of the leg of b1× [0,1] along γ1 creates a disk intersection of the leg with
DC; as the leg is then straightened from below the disk intersection moves upwards out of view. There
is an obvious reinterpretation of this step that keeps the leg (hence T ) fixed: instead slide p ∈ ∂DC and
neighboring points of DC along γ1 and across the leg b1× [0,1]. See Figure 21. Again this creates an
intersection disk and again, as the annulus that contains p is made vertical from below, the disk ascends
out of view. Note that because we have already cleared all points of ∂DC′ from γ1, ∂DC′ and ∂DC remain
disjoint, as required. Continue the slide of the leg along the rest of γ, proceeding as just described across
each successive segment of γ−∂DC , eventually reducing this case to the second case, which we have
already considered. □
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D ∈DC

γ1

p
p

Figure 21: When γ intersects ∂DC and possibly also ∂DC′

5.4 Tiny Heegaard split chamber complexes

Proposition 4.10 has an analogue in Heegaard split chamber complex decompositions, as we now describe:

Definition 5.17. A Heegaard split chamber complex C is tiny if C is tiny as a chamber complex, and each
designated handlebody has a trivial Heegaard splitting.

Note that in a tiny Heegaard split chamber complex no designated handlebody can be a ball, since,
by definition, no chamber in a Heegaard split chamber complex is a trivially split ball. Also, since each
designated handlebody has only one boundary component, each must be adjacent to the unique chamber
C that is not a designated handlebody. Hence if C is a B-chamber, all the designated handlebodies are
A-chambers, and symmetrically.

Proposition 5.18. Suppose C is a Heegaard split chamber complex obtained from a Heegaard splitting
M = A∪T B by weak reduction. Then C is not tiny.

Proof. Let A,B be the weakly reducing family of disks, and DA be an essential disk in A. Then after
surgery on A∪B, DA lies in a B-chamber C, with ∂DA on a component of T ∩ int(C). But that component
can’t be a disk, since ∂DA is essential on T . Hence C is not a disky handlebody and so, by Proposition
5.7 it is not a trivially split handlebody. To summarize: some B-chamber of C is not a trivially split
handlebody.

The symmetric argument on a disk DB ∈ B shows that there is some A chamber of C that is not
a trivially split handlebody. This immediately implies that the defining surface F(C) , ∅ and also
contradicts the consequence of Definition 5.17 that either all A-chambers or all B-chambers are designated
handlebodies, and so must be trivially split. □

Proposition 5.19 (Tinyness pulls back). Let C
D
−→ CD be a Heegaard split chamber complex decomposi-

tion as given in Definition 5.11, If CD is a tiny Heegaard split chamber complex, so is C.

Proof. Proposition 4.10 and most of its proof apply in this situation: We are given that the designated
handlebodies of CD have trivial Heegaard splitting so, per Proposition 5.12, each such chamber is disky,
and Proposition 4.10 applies. That is, C is tiny as a chamber complex. What remains to be shown is
that the designated handlebodies of C have trivial Heegaard splittings. The proof of Proposition 4.10 is
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also valid in this setting; that proof invokes Proposition 4.8 to conclude that all but one chamber of C is
a handlebody, and these become the designated handlebodies of C. Then this strengthened version of
Proposition 4.8 implies, in our setting, that each such designated handlebody is trivially split:

Lemma 5.20. Suppose C is a chamber of C so that every remnant of C in CD is a handlebody with trivial
Heegaard splitting. Then C is a handlebody with trivial Heegaard splitting.

Proof. Proposition 4.8 suffices to conclude that C is a handlebody and the proof of that proposition
continues to apply here. According to that proof, all that is required to complete the proof of Lemma 5.20
is this additional claim:

Claim: Suppose C is a handlebody chamber in C and the disks DC in D that are incident to ∂C all lie
within C. Then C is trivially split.

Proof of Claim: Without loss suppose C is an A-chamber and denote by Cr the collection of remnants
of C, by hypothesis each a trivially split handlebody A-chamber. Let F = ∂C and let TC be the chamber’s
Heegaard surface. Then, by Propositiono 5.5c), χ(TC) ≤ χ(F), with equality only if the Heegaard splitting
of C is trivial.

Let T̂D be the union of the Heegaard surfaces for the chambers of ĈD that are remnants of C (some
of which may be goneballs). When aligned, as described at the beginning of Subsection 5.3, each disk
in DC intersects F in a single circle (its boundary) and intersects TC either in a single circle or not at
all. In the latter case, the disk lies entirely in BC and, since ∂−BC is incompressible in the compression
body BC , the boundary of the disk is inessential in ∂−C. Hence surgery on such a disk creates a new
sphere component of FD bounding a trivially split ball, so such a surgery adds a sphere component both
to T̂D and to FD . Similarly, surgery on a disk in D that intersects T in a single circle raises the Euler
characteristic of both T̂D and F by 2. So in the end, surgery on D raises the Euler characteristic of both
T̂D and F by 2|DC |. (That is, χ(FD)−χ(F) = 2|DC |.) Consequently, χ(T̂D) ≤ χ(FD), again with equality
only if C is trivially split.

Consider next what happens when the bounding sphere of a goneball is removed from FD, and T̂D is
altered by amalgamation along that sphere. Since goneballs are exactly those balls that are trivially split,
the result is to remove exactly a sphere from both FD and T̂D, lowering the Euler characteristic of both by
2. Once all spheres bounding goneballs are removed, we then have χ(TD) ≤ χ(∂Cr), again with equality
only if C is trivially split. (Here TD is the union of all the Heegaard surfaces of the chambers of Cr.) By
assumption, each component of Cr is trivially split. This means that χ(TD) = χ(∂Cr), so χ(TC) = χ(F)
and indeed C is trivially split. This proves the Claim, hence the Lemma and so the Proposition. □

□

6 Sequences of aligned chamber complex decompositions in S 3

There is an important caveat about the structure of a Heegaard split chamber complex decomposition:
Typically the Heegaard splitting of a specific chamber of CD will not be well-defined. Indeed, even the
genus of the chamber may be ambiguous, since, in the process described before Definition 5.11 there is a
choice of how to align DC with TC in a chamber C of C. One aspect of this choice (see [FS2]) is that a
bubble may be moved across a disk in DC; if, for example, the disk is separating, this changes the genus
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of the chambers on each side of the disk. One result of this ambiguity is that CD may not be well-defined
even as a chamber complex: depending on alignment, a ball chamber in ĈD may or may not be trivially
split, and therefore may or may not appear as a chamber in CD.

Soon (see Section 7) this ambiguity will be directly addressed, by describing a preferred way of
aligning disks, a way that will eventually suffice to certify unambiguously a chamber complex obtained
by weak reduction of a Heegaard splitting of S 3. In this section we avoid much of this ambiguity by
oversimplifying the full theory. The section is motivational and transitional: We present an application
of the theory of disk decompositions developed in Sections 4 and 5, one that extends Proposition 3.8
and so connects to our previous discussions. It also is a model for later arguments we will need in a
more complicated setting. We begin with a definition that will only be used in this section, as a way of
illustrating and simplifying the full argument that will eventually follow.

Definition 6.1. In the setting of Definition 5.11, suppose CD is a Heegaard split chamber complex
obtained from ĈD by declaring as goneballs all disky balls. Then

C
D
−→ CD

is an aligned chamber complex decomposition.

Definition 6.2. Suppose C is a Heegaard split chamber complex, that supports a genus g Heegaard
splitting M = A∪T B; C is a chamber in C; and b is a genus g′ < g bubble in the Heegaard splitting
C = AC ∪TC BC . Let C/b be the chamber complex, with Heegaard splittings of each chamber, obtained by
destabilizing C = AC ∪TC BC along b, replacing b with a neighborhood of a point ∗ in the splitting surface.

Amalgamating all Heegaard splittings of C/b gives a genus g−g′ Heegaard splitting of M obtained
by destabilizing T along b.

Although every chamber in C/b is Heegaard split, C/b may fail to be a Heegaard split chamber
complex for a somewhat technical reason: when C is a ball and b is a maximal bubble in C, the chamber
C in C/b becomes a trivially split ball chamber and this is not allowed in a Heegaard split chamber
complex. Nonetheless, any disk set D in C/b can be aligned with the Heegaard splittings of the chambers,
the construction described in Subsection 5.3 carried out, and all disky balls declared goneballs. Denote
this aligned chamber complex decomposition

C/b
D
−→ (C/b)D.

Lemma 6.3. Suppose, in the setting of Definition 6.2, D is a disk set in C. Then D can be aligned in C
and in C/b so that b remains a bubble in a chamber of CD and CD/b = (C/b)D.

Proof. This is immediate from the definitions: Align the disks D in C/b so that, by general position, they
do not contain the point ∗. This defines also an alignment of D in C. Following surgery on D absorb
goneballs in both Ĉ and ˆC/b. They are the same goneballs because in both cases the goneballs are exactly
the disky balls. These are defined at the level of chamber complexes, and do not depend on the Heegaard
splittings of the chambers. □
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Call an alignment as in Lemma 6.3 a b-wise alignment.
Suppose a Heegaard split chamber complex C0 supports T . For example C0 could be the Heegaard

splitting A∪T B itself. Let

C⃗ : C0
D0
−−→ C1

D1
−−→ C2

D2
−−→ ...

Dn−1
−−−−→ Cn

be a sequence of chamber complex decompositions.

Proposition 6.4. Suppose chambers C0 ∈ C0 and Cn ∈ Cn contain, respectively, incompressible spheres
S and S ′. Then, for iteratively 0 ≤ i ≤ n−1 each disk set Di can be aligned in Ci, so that C0 and the
resulting Heegaard split chamber complex structure on Cn cocertify.

Proof. We induct on n ≥ 1.
A standard innermost disk argument shows that there is an incompressible sphere S 0 in the chamber

C0 that is disjoint from the disks D0. This implies that S 0 will lie in a single chamber C1 of the chamber
complex C1. Align the disks D0 as in Theorem 5.16 so that

C0
D0
−−→ C1

is an aligned disk decompositon. More specifically, in chamber C0 choose an alignment, per [Sc1], so
that the incompressible sphere S 0 is also aligned with the Heegaard splitting surface of the chamber and
hence, after amalgamation, also aligned with T , per Proposition 3.7. Following Proposition 3.8 we may
as well substitute S 0 for S .

If S 0 is incompressible in C1, then, according to Propositions 3.7 and Corollary 3.9, hS 0 : (S 3,T )→
(S 3,Tg) defines both hF(C0) and hF(C1). Thus hF(C0) ∼ hF(C1). By inductive assumption hF(C1) ∼ hF(Cn),
completing the proof in this case.

However, it is possible that the sphere S 0 is compressible in the chamber C1. (For example, the
interior of a ball W that S 0 bounds in C1 could have contained a single handlebody chamber of C0, one
that disappears in C1 because it is decomposed by D0 into a ball that is a goneball.) If S 0 is compressible
in C1 then it bounds a non-trivial bubble b in (S 3,T ), by [Wa], one that already appears as a bubble in
the induced Heegaard splitting of C1. (The bubble is non-trivial because the presence in int(W) of other
chambers means that W is not a trivially split ball, per Proposition 5.12.) In this case, we argue as follows:

For the rest of the decompositions

C1
D1
−−→ C2

D2
−−→ ...

Dn−1
−−−−→ Cn

in the sequence, choose b-wise alignments. Then the bubble b (bounded still by S 0) arrives intact in a
single chamber of Cn. In Cn/b, S ′ can be taken to be disjoint from ∗, simply by general position. Then
in Cn, b is disjoint from S ′. Then Lemma 3.5 shows that hS 0 and hS ′ are eyeglass equivalent. Hence
hF(C0) ∼ hS 0 ∼ hS ′ ∼ hF(Cn) as required. □

Having shown there exists a choice of alignment for which C0 and Cn cocertify, we next show that
any choice of alignments will do. The critical point is that we understand how different alignments of
disk-sphere sets in a Heegaard split 3-manifold are related: By [FS2] they differ by a sequence of eyeglass
moves and passing bubbles through the disk-sphere set. We begin with a lemma and proposition that are
not specific to Heegaard splittings of S 3.
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Lemma 6.5. Suppose C0 is a Heegaard split chamber complex in M that supports the splitting M = A∪T B,
and

C0
D0
−−→ C1

is a chamber complex decomposition. Suppose E ⊂ C1 is a disk-sphere set.
Let Dx

0 and D
y
0 be possibly different alignments of the disk set D0 in C0, with resulting Heegaard

split chamber complexes Cx
1 and Cy

1 respectively, and similarly let Ex,Ey be alignments of the disk-sphere
set E in Cx

1 and Cy
1 respectively. Then a sequence of bubble passes and eyeglass moves will change the

alignment Dx
0 to D

y
0 and Ex to Ey.

Proof. By [FS2] there is a series of bubble passes and eyeglass moves that change the alignment Dx
0 to

D
y
0. The proof of the Lemma is by induction on p, the number of bubble passes required. If p = 0 then,

after an eyeglass move, we can take Dx
0 =D

y
0, so Cx

1 = C
y
1 and then apply [FS2] to the disk sets Ex and Ey

in Cx
1 = C

y
1.

So suppose p ≥ 1 and assume the Lemma is true whenever the number of bubble passes needed to
change the alignment Dx

0 to D
y
0 is less than p. Let b be the first ball that is passed, through a disk D ∈Dx

0,
in changing the alignment Dx

0 to D
y
0. Say b is passed from a chamber C ∈ Ĉx

1 to a chamber C′ ∈ Ĉx
1, with

possibly C =C′. (Enthusiasts will note that if C =C′ then the bubble pass is also an eyeglass move, by
Lemma 2.5, so p can be reduced and we are done.)

Consider the subset EC of the aligned disk set Ex that lies in C. As aligned, EC may well intersect
the interior of b. However there is some alignment Eb of EC in C that is disjoint from the bubble b. This
follows from general position and [Sc1] applied to EC in Ĉ1/b. Then by [FS2] the alignment Eb can be
obtained from EC by eyeglass moves and bubble passes through E in C. Thus we may as well assume
that EC = Eb.

By further bubble passes of b through EC we can move b adjacent to the disk D ∈Dx
0 and complete

the pass of b through D. Then only p−1 further bubble passes are needed to move Dx
0 to D

y
0, completing

the inductive step. □

This argument generalizes, though the statement and argument become more complex. Let C0 be a
Heegaard split chamber complex in M that supports the Heegaard splitting M = A∪T B. Suppose

C⃗ : C0
D0
−−→ C1

D1
−−→ C2

D2
−−→ ...

Dn−1
−−−−→ Cn

is a sequence of chamber complex decompositions and E is a disk-sphere set in Cn.
Suppose that the disks Di are aligned at each successive stage of the decomposition, that

C⃗x : C0
Dx

0
−−→ Cx

1

Dx
1
−−→ Cx

2

Dx
2
−−→ ...

Dx
n−1
−−−−→ Cx

n

is the resulting aligned chamber complex decomposition sequence, and that E is aligned with the resulting
Heegaard splitting of Cx

n. Suppose further that for some 0 ≤ i ≤ n there is a bubble b in one of the chambers
C of Ci and the bubble b remains disjoint from each set of disks D j, j ≥ i and from E ⊂ Cn. That is, the
alignment of the disks in the remainder of the sequence is b-wise. Then say that b is an intact bubble for
the sequence of aligned chamber complex decompositions.
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Suppose next that the alignment of some disk set Di is altered simply by a bubble pass of b to another
chamber C′ of Ci+1, and each successive alignment of the D j, j ≥ i+1 and the alignment of E all are
b-wise, so that b remains an intact bubble for the resulting aligned chamber complex decomposition

C⃗y : C0
D

y
0
−−→ C

y
1

D
y
1
−−→ C

y
2

D
y
2
−−→ ...

D
y
n−1
−−−−→ C

y
n

and alignment of E. (By construction Cx
k = C

y
k and Dx

k−1 =D
y
k−1 for 1 ≤ k ≤ i.) Denote the two alignments

of E by Ex and Ey respectively.

Definition 6.6. In the construction above, the aligned chamber complex decomposition sequence C⃗y and
the alignment Ey of E are said to be obtained from C⃗x and Ex by an ancestral bubble pass. This includes
the degenerate case, in which C⃗x = C⃗y but the alignments Ex,Ey differ by a bubble pass in Cn.

Proposition 6.7. Suppose aligned chamber complex decomposition sequences C⃗x and C⃗y and alignments
Ex,Ey are chosen for the chamber complex decomposition sequence C⃗ and the disk-sphere set E in Cn.
Then there is a sequence of ancestral bubble passes and eyeglass moves that changes the pair (C⃗x,Ex) to
(C⃗y,Ey).

Proof. The proof begins much as the proof of Lemma 6.5. By [FS2] there is a series of bubble passes
and eyeglass moves that change the alignment Dx

0 to D
y
0. The proof is by induction on the pair (n, p),

lexicographically ordered, where p is the minimal number of bubble passes in such a series. Lemma 6.5
covers the case n = 1, so assume n ≥ 2. In case p = 0, we can take Dx

0 =D
y
0, so Cx

1 = C
y
1 and then apply

the inductive assumption to the shorter sequences

Cx
1

Dx
1
−−→ Cx

2

Dx
2
−−→ ...

Dx
n−1
−−−−→ Cx

n ⊃ Ex

and

C
y
1

D
y
1
−−→ C

y
2

D
y
2
−−→ ...

D
y
n−1
−−−−→ C

y
n ⊃ Ey.

So we may suppose p ≥ 1 and, as in the proof of Lemma 6.5, let b be the first bubble that is passed,
through a disk D ∈ Dx

0, from a chamber C ∈ Ĉx
1 to a chamber C′ ∈ Ĉx

1. Let Dw
0 be the disk set D0 as

realigned by this bubble pass. Let

Cx
1

Dz
1
−−→ Cz

2

Dz
2
−−→ ...

Dz
n−1
−−−−→ Cz

n ⊃ Ez

and

Cw
1

Dw
1
−−→ Cw

2

Dw
2
−−→ ...

Dw
n−1
−−−−→ Cw

n ⊃ Ew

be b-wise alignments of the aligned chamber complex sequences, with b ⊂C in Cx
1 (as is given) and b ⊂C′

in Cw
1 . (Here the significant difference between the given Dx

i and the new Dz
i , i ≥ 1, is that each Dz

i is
b-wise aligned.) By definition, the two sequences differ by an ancestral bubble pass and by inductive
assumption (on n) the former sequence differs from

Cx
1

Dx
1
−−→ Cx

2

Dx
2
−−→ ...

Dx
n−1
−−−−→ Cx

n ⊃ Ex
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by a sequence of ancestral bubble passes and eyeglass moves. Extending to the left we then have
sequences

C⃗x : C0
Dx

0
−−→ Cx

1

Dx
1
−−→ Cx

2

Dx
2
−−→ ...

Dx
n−1
−−−−→ Cx

n ⊃ Ex,

C⃗z : C0
Dx

0
−−→ Cz

1

Dz
1
−−→ Cz

2

Dz
2
−−→ ...

Dz
n−1
−−−−→ Cz

n ⊃ Ez,

C⃗w : C0
Dw

0
−−→ Cw

1

Dw
1
−−→ Cw

2

Dw
2
−−→ ...

Dw
n−1
−−−−→ Cw

n ⊃ Ew

C⃗y : C0
D

y
0
−−→ C

y
1

D
y
1
−−→ C

y
2

D
y
2
−−→ ...

D
y
n−1
−−−−→ C

y
n ⊃ Ey

and we have shown that any pair of the first three (C⃗x, C⃗z, and C⃗w) differ by a sequence of ancestral
bubble passes and eyeglass moves. Now notice that, by construction, the two aligned chamber complex

decompositions C0
Dw

0
−−→ Cw

1 and C0
D

y
0
−−→ C

y
1 differ by a sequence of eyeglass moves and at most p− 1

bubble passes. Hence, by inductive assumption (on p), the last two sequences (hence also the first and the
last) differ by a sequence of ancestral bubble passes and eyeglass moves, as required. □

We now turn to S 3. Throughout the remaining part of this section, make the inductive Assumption
3.4. That is, the Goeritz group of S 3 is the eyeglass group on splittings of genus < g.

Suppose a Heegaard split chamber complex C0 supports the genus g Heegaard splitting S 3 = A∪T B
and

C⃗ : C0
D0
−−→ C1

D1
−−→ C2

D2
−−→ ...

Dn−1
−−−−→ Cn

is a sequence of chamber complex decompositions. Suppose further that Cn contains an incompressible
sphere S .

Lemma 6.8. Suppose

C⃗x : C0
Dx

0
−−→ Cx

1

Dx
1
−−→ Cx

2

Dx
2
−−→ ...

Dx
n−1
−−−−→ Cx

n ⊃ S x

and

C⃗y : C0
D

y
0
−−→ C

y
1

D
y
1
−−→ C

y
2

D
y
2
−−→ ...

D
y
n−1
−−−−→ C

y
n ⊃ S y

are sequences of aligned chamber complex decompositions resulting from possibly different choices of
alignment at each stage. Suppose further that the sequences differ by an ancestral bubble pass, of the
bubble b. (In particular S is aligned with Cx

n and Cy
n and is disjoint from b.) Denote S as so aligned S x

and S y respectively. Then Cx
n and Cy

n cocertify.

Proof. We sketch the proof; more detail appears in the earlier proof of Proposition 3.8.
Let S b be the sphere ∂b, defining, after amalgamation, a reducing sphere for the original Heegaard

splitting A∪T B . By Lemma 3.5 hS x ∼ hS b ∼ hS y : (S 3,T )→ (S 3,Tg) as required. □

Now return to the setting of Proposition 6.4: Suppose S 3 = A∪T B is a genus g Heegaard splitting of
S 3, a Heegaard split chamber complex C0 supports T and

C⃗ : : C0
D0
−−→ C1

D1
−−→ C2

D2
−−→ ...

Dn−1
−−−−→ Cn

is a sequence of chamber complex decompositions.
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Proposition 6.9. Suppose chambers C0 ∈ C0 and Cn ∈ Cn each contain incompressible spheres. Then,
for any alignment of each disk set Di in Ci, the Heegaard split chamber complexes C0 and Cn cocertify.

Proof. By Proposition 6.4 there is some alignment C⃗x for the sequence so that C0 and Cx
n cocertify. By

Proposition 6.7 any other alignment C⃗y can be obtained from C⃗x by a sequence of ancestral bubble passes
and eyeglass moves. Lemma 6.8 shows that then Cx

n and Cy
n cocertify. Hence C0 and Cy

n cocertify. □

Corollary 6.10. Suppose (S 3,T ) is a genus g Heegaard splitting of S 3 and

C0
D0
−−→ C1

D1
−−→ C2

D2
−−→ ...

Dn−1
−−−−→ Cn

is a sequence of aligned chamber complex decompositions of Heegaard split chamber complexes support-
ing T . If S and S ′ are each incompressible spheres in possibly different chambers of the sequence, then
those Heegaard split chamber complexes cocertify. □

Unfortunately, declaring every disky ball to be a goneball, as is done throughout this Section, erases
too much information. A critical example is this: consider a sequence of two aligned chamber complex
decompositions of Heegaard split chamber complexes

C0
D0
−−→ C1

D1
−−→ C2

and suppose that a chamber C1 of C1 is a handlebody that is not disky in the first decomposition. We
know from Proposition 5.12 that the Heegaard splitting of C1 is non-trivial. Now suppose that the disks
of D1 that are incident to the handlebody C1 are a complete set of meridians for C1. The result is a ball
chamber of C2 that has non-trivial Heegaard splitting. As shown in the proof of Proposition 3.7, this is
(under the inductive Assumption 3.4) enough information to determine an eyeglass equivalence class
(S 3,T )→ (S 3,Tg). But if we take all disky balls to be goneballs, this ball would be absorbed because it is

disky under the decomposition C1
D1
−−→ C2. Thus we lose the information it contains.

Motivated by this example, we will use a more complicated rule to declare that, under certain
conditions, a disky ball should not be declared a goneball. The rule will focus on how handlebodies are
treated in a disk decomposition. The critical step is to be more restrictive in how we allow disks to be
aligned.

7 Preferred alignment and flagged chamber complexes

Return now to the general case, which we briefly review: M = A∪T B is a Heegaard splitting of a compact
3-manifold; C is a Heegaard split chamber complex in M that supports T ; D is an aligned disk set in C;
ĈD is the chamber complex obtained by surgery on D; and CD is the Heegaard split chamber complex
obtained by using Rule 5.6 to declare goneballs. Thus

C
D
−→ CD

is a Heegaard split chamber complex decomposition.
Because the disks are aligned, each chamber inherits a Heegaard splitting, as described before

Definition 5.11. We consider 3-balls to be (genus 0) handlebodies and introduce the terminology:
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Definition 7.1. A Heegaard split handlebody chamber in C is empty if the Heegaard splitting is trivial. If
the Heegaard splitting is non-trivial, the handlebody chamber is called occupied. A flagged chamber
complex is a Heegaard split chamber complex in which each handlebody chamber is labelled either empty
or occupied.

Two flagged chamber complexes are the same as flagged chamber complexes if they are the same as
chamber complexes and the flagging of each handlebody chamber is the same. The Heegaard splittings of
any given chamber are not necessarily isotopic, nor even of the same genus.

Definition 7.2. The alignment of a disk set D in C is a preferred alignment if, in each chamber C of C, it
has these properties:

1. If any remnant of C is not a disky handlebody, then each disky handlebody remnant is empty.

2. If every remnant of C is a disky handlebody, then, per Proposition 4.8, C is a handlebody. In this
case:

(a) If C is empty, so is every remnant

(b) If C is occupied, then exactly one remnant of C is occupied.

Corollary 7.3. Suppose D is a disk set that is in preferred alignment in a flagged chamber complex C.
Suppose C has no occupied handlebody chambers. Then, under the decomposition

C
D
−→ CD

each handlebody chamber in CD is empty if and only if it is disky.

Proof. If a handlebody chamber in CD is not disky, then it is occupied per Proposition 5.12, so the interest
is in the other direction. Suppose C′ is a disky handlebody chamber in CD, a remnant of a chamber C in
C. By hypothesis, C is not an occupied handlebody so, per Definition 7.2(2a), if every remnant of C is a
disky handlebody then every remnant, including C′, is empty. On the other hand, if not every remnant of
C is a disky handlebody then per 7.2(1) C′ is empty. Thus in every case C′ is empty, as required. □

We will first show that any disk set has a preferred alignment. A critical fact from Heegaard theory is
that any Heegaard splitting of a handlebody is standard, that is it is a stabilization of the trivial splitting.
(See, for example, the discussion at the end of Section 6 or, in more detail, the proof of Proposition 8.1
below.) In particular, if H = AH ∪TH BH is a Heegaard split handlebody with non-trivial splitting then
there is a bubble b for the splitting so that if the bubble is destabilized (for example by replacing b with
a ball containing just a properly embedded equatorial disk), the splitting becomes trivial. That is, the
splitting surface becomes parallel to ∂H. Such a bubble will be called a maximal bubble in H.

Lemma 7.4. Suppose

C
D
−→ CD

is a Heegaard split chamber complex decomposition and H = AH∪TH BH is an occupied disky handlebody
remnant of a chamber C ∈ C, with C = AC ∪TC BC . Then there is an isotopy of TH in H so that afterwards

JOURNAL OF THE ASSOCIATION FOR MATHEMATICAL RESEARCH, 2(2):209–335, 2024 256

https://jamathr.org


GENERATING THE GOERITZ GROUP OF S 3

TC

BC

γH ⊂ γC

∂C

scars
E∂

EA

TH

EBH

∂b

Figure 22: Case 1 of Lemma 7.4

• There is a disk E ⊂ TH so that TH −E ⊂ TC and

• There is a maximal bubble b, disjoint from E, in the splitting of H that is also a bubble in the
splitting of C.

Proof. With no loss assume C and hence H are A-chambers. We briefly set terminology and review the
results of Heegaard split chamber complex decomposition from Subsection 5.3. Let ΣC be a spine for BC

consisting of the union of ∂C and a graph γC ⊂C incident to ∂C only in its ends. We may as well focus
on those disks in D that are incident to C and retreat to denoting these as D. Since D is aligned, each
disk D ∈D intersects the spine ΣC only in ∂D; the interior of D lies either in C or in a chamber adjacent
to C. In particular, D is disjoint from the graph γC . Except for scars left on ∂H by D, ∂H ⊂ ∂C. If D ∈D
leaves an external scar on ∂H then D lies in C; if it leaves an internal scar then int(D) lies in an adjacent
chamber. There is a spine ΣH for BH which consists of the union of ∂H with two graphs in H (whose
union we denote γH): the graph γC ∩H and a graph γI ⊂ H determined by the internal scars in ∂H and
goneballs in the interior of H. Each edge in γI is dual to a disk in D whose interior lies outside C. More
specifically, each end of an edge of γI lies either on an internal scar in ∂H or on a vertex in γI ∩ int(H)
that corresponds to a goneball. Because the compression body BH is connected, each component of γH

has at least one end on ∂H.
We consider increasingly complicated cases:

Case 1: H is a ball and has no internal scars or goneballs. That is γI = ∅.
Connect the (external) scars of D on ∂H by a collection of arcs in ∂H which, by general position, can

be taken to be disjoint from the ends of γH in ∂H. Viewing these arcs as edges and the scars as vertices
of a graph in ∂H, choose the arcs so that the resulting graph is a tree. Let E∂ ⊂ ∂H be a (disk) regular
neighborhood in ∂H of the union of the scars and arcs. Since that union is disjoint from the ends of γH

we can take E∂ also to be disjoint from the ends of γH .
The compression body BC is a regular neighborhood of the spine ΣC . Since D is aligned and so

disjoint from γC , D intersects BC only in a collar of ∂BC . Hence BC intersects each scar s on ∂H in a
collar of ∂s in ∂H. A regular neighborhood of ΣH , to which we can isotope BH , can then be constructed
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from BC in an obvious way: take the union of BC ∩H and a collar in H of each scar on ∂H. See Figure
22. With this construction, TH lies in TC except for the collection of disks in TH that are parallel to the
scars. If we then take E to be the disk in TH parallel to E∂, we have TH −E ⊂ TC , verifying the first
assertion of the lemma in this case.

Since E is disjoint from γH , the interior of E can be pushed, rel ∂E, into AH . Call the result EA. Since
H is a ball, the complement of E∂ in ∂H is also a disk; let EB be a copy of the disk ∂H−E∂ pushed up
into the compression body BH until its boundary lies on ∂E = ∂EA in TH . The union of EA and EB is a
sphere bounding a ball in H that contains all of TH −E. That ball is then a maximal bubble for H that is
also a bubble for the splitting of C, verifying the lemma in this case.

Case 2: H is a ball that may contain internal scars and goneballs.
Suppose s is an internal scar on ∂H, a scar left by a disk in D that lies in an adjacent chamber C′. See

Figure 23. Since by assumption H is a disky remnant, ∂s bounds a disk component Es of ∂C∩ int(H).
Since H is irreducible, the disks s and Es are isotopic rel ∂ in H, and all ball components of ĈD must be
goneballs and therefore trivially split. In particular the Heegaard splitting surface of the adjacent chamber
C′ does not contribute any genus to TH .

Let ∂Hs be the copy of ∂H obtained by replacing each interior scar s with the corresponding disk
Es ⊂ ∂C. Now apply the argument of Case 1 to the ball in H bounded by ∂Hs instead of ∂H, with the arcs
in ∂H between external scars in that construction chosen to avoid also internal scars. This completes the
proof in this case. (Note that with this construction, TH is disjoint from the ball in H between the scar s
and the disk Es.)

Es ⊂ ∂C

∂C

C

C′
s TH

Figure 23: Case 2 of Lemma 7.4

Case 3: The general case.
Define the disk E ⊂ TH parallel to a disk E∂ ⊂ ∂H as in Case 1, with arcs chosen in its construction

to also be disjoint from internals scars. Essentially the same argument as in Cases 1 and 2 shows that we
can ensure that TH −E ⊂ TC . So we proceed to the second assertion of the Lemma: there is a maximal
bubble in H that is disjoint from E and is also a bubble for C.

Let D+ be a minimal complete collection of meridian disks in H. That is, D+ is a properly embedded
collection of disks in H so that the closed complement of a collar of D+ in H is a single ball W. By
general position, we may take ∂D+ ⊂ ∂H to be disjoint from E and all internals scars, and per [Sc1] we

JOURNAL OF THE ASSOCIATION FOR MATHEMATICAL RESEARCH, 2(2):209–335, 2024 258

https://jamathr.org


GENERATING THE GOERITZ GROUP OF S 3

can take D+ to be aligned with the Heegaard surface TH . This means in particular that the graph γH ⊂ ΣH

can be taken to be disjoint from the meridian disks D+, so it lies entirely in the ball W.
Let E∂+ be the disk in ∂W obtained by band summing E∂ to each copy of D+ in ∂W. (For each disk

D ∈D+ there are two copies D± in ∂W.) See Figure 24. The complement in the sphere ∂W of E∂+ is a
disk that lies entirely in ∂H. In parallel fashion expand the disk EA (per Case 1 a copy of E with interior
pushed into A) to a disk EA+ properly embedded in A by band summing EA to each disk D±∩A,D ∈D+.
Since ∂W −E+ is a disk in ∂H, it follows as in Case 1 that ∂EA+ ⊂ TH bounds a disk in BH . The union of
the two disks is then a sphere parallel to ∂W and the ball b it bounds in W is disjoint from E and contains
all but the ends of γH . So b is a maximal bubble, as required. □

W D+TC

TH

EA+

E∂+ E

∂b

Figure 24: Case 3 of Lemma 7.4

Proposition 7.5. Suppose C is a Heegaard split chamber complex in M = A∪T B that supports T , and D

is a disk set in C. Then D has a preferred alignment.

Proof. As discussed in Subsection 5.3, D can be aligned. The strategy will be to begin with any alignment
and alter it to a preferred alignment.

We first describe how to realign D so as to achieve Definition 7.2(1). Suppose some remnant C′ ∈ CD
of a chamber C ∈ C is not a disky handlebody, and let H = {H1, ...,Hk} be the collection of occupied
disky handlebody remnants of C. If H = ∅ there is nothing to prove. Otherwise, let γ = {γ1, ...,γk} be a
collection of arcs in C with the following properties:

• Each γi is a path in the Heegaard surface TC that is transverse to D and runs from a point in int(C′)
to a point in int(Hi).

• Among all such families of arcs, |γ∩D| ≥ k is minimized.

Let D ∈ D be the disk containing the closest intersection point on γ1 to its endpoint in H1. Let
C′′ be the remnant that is on the other side of D. Since |γ∩D| is minimized, γ1 is otherwise disjoint
from D and C′′ , H1. H1 is assumed to be occupied; let b be a maximal bubble for the splitting
H1 = A1 ∪T1 B1 satisfying the conclusion of Lemma 7.4. That is, b is also a bubble for the Heegaard
splitting C = AC ∪TC BC .
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Take the endpoint of γ1 in H1 to be a point in the circle cb = ∂b∩TC , so the subpath γH = γ1∩H1
is an arc in TC from D to the sphere ∂b. Tube sum D to ∂b along the path γH , creating a new disk D′.
Observe that D′ intersects TC in a single circle, namely the band sum along γH of the circles D∩TC

and ∂b∩TC . Thus D′ is an aligned disk, and is isotopic to D in C because b is a ball. Moreover, the
bubble b lies on the same side of D′ as C′′, not H. Thus D′ is a realignment of D that makes H an empty
handlebody. If C′′ is not a handlebody, or is a handlebody that was already occupied, then k is reduced
by 1. If C′′ was an empty handlebody then after the realignment C′′ becomes an occupied handlebody,
leaving k unchanged. But the path γ1 now has its endpoint in C′′ and no longer intersects the realigned
D′, so |γ1∩D| (with D realigned) is reduced by 1. Continue the realignment of disks until k = |γ∩D| = 0
as required.

To establish Definition 7.2(2a) note that if any remnant of C is a disky occupied handlebody then
Lemma 7.4 shows C contains a bubble and so cannot have trivial splitting; it is occupied. To establish
7.2(2b), use the same argument as for 7.2(1) above, but make an arbitrary choice of any remnant for
C′. □

Definition 7.6. Suppose C is a flagged chamber complex, D is a disk set in C with a preferred alignment,
and ĈD is the chamber complex obtained by surgery on D. Let CD be the flagged chamber complex
obtained by using Rule 5.6 to declare goneballs. Then the Heegaard split chamber complex decomposition

C
D
−→ CD

is called a flagged chamber complex decomposition.

For much of our argument, simply keeping track of the flagging of the chamber complexes (that is,
whether a handlebody chamber is empty or occupied) will suffice.

Proposition 7.7. Suppose, for D a disk set in C,

C
D
−→ CD

is a flagged chamber complex decomposition.

1. Any ball chamber in CD is occupied. (That is, CD is a Heegaard split chamber complex.)

2. If any remnant of a chamber C in C is an occupied disky handlebody then C is an occupied
handlebody and every remnant of C in CD is a disky handlebody.

3. Suppose D is given a different preferred alignment and C′
D

is the resulting flagged chamber
complex structure. If C′

D
and CD differ as flagged chamber complexes, then C contains an occupied

handlebody chamber whose remnants in CD and C′
D

are all disky handlebodies.

Proof. (1) If a ball chamber were not occupied, it would be empty so, by Definition 7.1, it would have
trivial Heegaard splitting. But then, by Rule 5.6, it would have been a goneball.

(2) The proof is essentially the same as that of Corollary 7.3: If a remnant of C is an occupied disky
handlebody then from the contrapositive of Definition 7.2(1) every remnant of C is a disky handlebody.
Then the contrapositive of Definition 7.2(2a) says that C must be an occupied handlebody.
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(3) In a flagged chamber complex decomposition, the flagging of the chambers after surgery, as
described in Definition 7.2, depends only on the disks D and not on how they are aligned with the
Heegaard surfaces in the chamber, except in satisfying Definition 7.2(2b): If C is an occupied handlebody
chamber of C and each remnant of C is a disky handlebody, then a choice of alignment is made to ensure
that exactly one remnant (of possibly several) is occupied. Hence if C′

D
and CD differ, so ĈD and Ĉ′D

differ, it must be because of a different such choice. That is, in ĈD one remnant is an occupied handlebody,
and in Ĉ′D a different remnant is. Thus, per statement (2), C is the required occupied handlebody chamber
of C. □

Suppose, as described in the proof of Proposition 7.7(3), two flagged chamber complex decomposi-

tions C
D
−→ CD and C

D
−→ C′

D
differ only because, for some occupied handlebody chambers in C, different

alignments of the disks D in the chambers result in different remnants being occupied.

Definition 7.8. The decompositions C
D
−→ CD and C

D
−→ C′

D
are sibling decompositions, and the occupied

handlebody chambers in C are called parent chambers in the sibling decompositions.

Proposition 7.5. is an existence statement; we now move towards a parallel uniqueness statement.

Lemma 7.9. Suppose H = A∪T B is a Heegaard split handlebody. Suppose bp and bq are not necessarily
disjoint bubbles for T of genus p ≤ q respectively. Then

• There is a genus (q− p) bubble b′ for T that is disjoint from bp, and a homeomorphism h : (H,T )→
(H,T ) so that h is the identity on ∂H, and bq is the tube sum of h(bp) and h(b′).

• Under Assumption 3.4, if genus(T )−genus(H) ≤ g−1 then we may take h to be an eyeglass move.

Proof. Pick an aligned disk set D in H so that H − η(D) is a single ball. This implies |D| = genus(H)
and each disk is non-separating. Then surgery on D gives a genus g′ = genus(T )−genus(H) Heegaard
splitting of the ball which, by [Wa], is unique. More explicitly, echoing the notation surrounding Figure
7, there is a nested sequence of g′ bubbles b1 ⊂ ... ⊂ bg′ for T so that each sphere S i = ∂bi intersects T in
a single circle ci, and T/bg′ is parallel to ∂H.

More specifically, align D first with T/bq so that in the associated alignment of D with T , bq is
disjoint from D. Then with no loss of generality we may assume that bq = bq. For the first statement above,
it then suffices to find a homeomorphism h(H,T )→ (H,T ) so that h(bp) = bp. Denote this alignment of
D by Dq.

Similarly, let Dp be an alignment of D found by first aligning with T/bp and then observing that the
associated alignment of Dp with T is disjoint from bp. According to [FS2] there is a sequence of bubble
passes and eyeglass moves that will take Dp to Dq and, since each disk in D is non-separating disk, it
follows from Lemma 2.5 that even the bubble passes are eyeglass moves. (To pass a bubble through
a disk D ∈D choose the arc β in the proof to be disjoint from all other disks in D.) Thus there is an
eyeglass move that takes Dp to Dq. Put another way, there is an eyeglass move h1 : (H,T )→ (H,T ) so
that h1(bp) lies in the ball H−η(Dq). By [Wa] there is then a homeomorphism h2 : (H,T )→ (H,T ) so
that h2(h1(bp)) = bp. This completes the proof of the first statement, with h = h2h1.

To prove the second statement, just note that T induces a genus g′ splitting on H − η(Dq), so if
g′ ≤ g−1 then we may take h2 to be an eyeglass move, so h2h1 is also an eyeglass move. □
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Throughout the remainder of this section C is a flagged chamber complex in M supporting a genus g
Heegaard splitting, with D a disk set in C. We further continue with Assumption 3.4. Let D± denote two

preferred alignments of D that result in the same flagged chamber complex decompositions C
D
−→ CD± .

That is, to repeat from Definition 7.1, CD± are identical chamber complexes with identical flagging
(handlebody chambers either empty or occupied), though the underlying Heegaard splittings of each
chamber may differ.

Proposition 7.10. There is a sequence of preferred alignments of D in C

D− =D0,D1,D2,D3...,Dn =D+

so that

a) for each 1 ≤ i ≤ n, Di is obtained from Di−1 by eyeglass moves and a single bubble pass, possibly
through multiple disks of Di−1.

b) The result CDi of each flagged chamber complex decomposition

C
Di
−−→ CDi

is the same flagged chamber complex as D±.

Proof. The central theorem of [FS2] is that there is such a sequence of alignments, but without the
condition that each Di is in preferred alignment and that each resulting Heegaard split chamber complex
CDi has the same flagging. We begin with such a sequence and alter it to achieve these conditions.

Claim: It suffices to find a sequence of (not necessarily preferred) alignments satisfying a) and b) so
that each disky handlebody chamber of CD that is empty in CD− is also empty in each CDi .

Proof of claim: We will assume we have found such a sequence of alignments and show how the
proof of the proposition follows.

First observe that by Proposition 5.12 any handlebody chamber of CD that is not disky is occupied
regardless of alignments, so the only difference in possible flaggings of the CDi is in the flagging of
disky handlebodies. Since CD− has a preferred alignment, it satisfies Definition 7.2(1), namely that if
any remnant of C is not a disky handlebody, then each disky handlebody remnant is empty. But by the
assumption, each disky handlebody remnant is then empty in CDi , so each CDi also satisfies Definition
7.2(1).

Similarly, if each remnant of a chamber C is a disky handlebody (so C is a handlebody, per Proposition
4.8), then Definition 7.2(2a) says that if C is empty, every remnant is empty in CD− and so, by assumption,
also in each CDi . Thus each CDi satisfies Definition 7.2(2a). On the other hand, if C is occupied,
Definition 7.2(2b) says that exactly one remnant, say C′ ∈ CD− is occupied, so the others are all empty. By
assumption, all remnants of C in each CDi , except possibly C′, are then empty. But since C is occupied
it has non-trivial splitting, that is the genus of its Heegaard splitting surface is greater than that of its
boundary. So decomposition cannot leave only trivially split handlebodies. Thus some remnant of C must
be empty in each CDi , and C′ is the only possibility. Thus exactly one remnant of C (namely C′) in each
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CDi is occupied, and so each CDi also satisfies Definition 7.2(2b), with the same flagging as CD− . Thus
each Di is in preferred alignment, as required.

Having established the claim, we proceed to show that in fact there is a sequence of alignments
satisfying a) and b) so that each disky handlebody chamber of CD that is empty in CD− is also empty in
each CDi . This follows from a min-max argument that we now describe.

Let H be the collection of disky handlebodies in CD that are designated as empty in CD− and so by
assumption, also in CD+ . Since these are flagged chamber complexes, no chamber in H is a ball.

Consider any sequence of (not necessarily preferred) alignments, given by [FS2], that begins with
D− and ends with D+ so that each alignment in the sequence differs from the previous alignment by
eyeglass moves before and after a single bubble pass, possibly through multiple disks. For each 0 ≤ i ≤ n,
let σi ≥ 0 be the difference between the sum of all the genera of the Heegaard surfaces for H in CDi and
the sum of the genera of ∂H. If we can find a sequence so that each σi = 0, then each Heegaard splitting
would be trivial, so each chamber in H would continue to be empty in each CDi . Following the claim
above, this would conclude the proof of the lemma.

In search of a sequence of alignments for which σi = 0, let

D− =D0,D1,D2,D3...,Dn =D+

be one that minimizes, in lexicographic order, the pair (m, x), where m is the maximum of σi throughout
the sequence, and x is the number of integers i for which σi = m. The aim is to show that m = 0. Towards
a proof by contradiction, suppose m ≥ 1 and let i be the smallest integer for which σi = m. We know that
1 ≤ i ≤ n−1 since σ0 = σn = 0.

So we have

1. σi−1 < m

2. σi = m

3. σi+1 ≤ m.

The first statement implies that the realignment of Di−1 to Di moves a bubble from a remnant R1 < H
to a remnant R2 ∈ H. The third statement means that in the realignment of Di to Di+1, which moves a
bubble from remnant R3 to remnant R4, we cannot have both R3 < H and R4 ∈ H.

Suppose that R2 , R3. In this case, the bubble in R3 could be passed to R4 before the bubble passes
from R1 to R2. This does not affect σi−1 or σi+1 but may change σi, say to σ′i . Since we cannot have
both R3 < H and R4 ∈ H, σ′i ≤ σi−1. (1) then implies σ′i < m. Thus we have reduced x (or m if always
j > i =⇒ σ j < m).

Next suppose R2 = R3, and just call it R. We have already seen that this remnant must be in H, and
so a disky handlebody. Since bubbles can only be passed between remnants of the same chamber, we
deduce that R1,R,R4 are all remnants of the same chamber of C. In particular, it is possible to directly
pass a bubble from R1 to R4. Let g1,g4 be respectively the genera of the bubble b1 that is moved into R
from R1 and the bubble b4 that is moved from R into R4. There are two cases to consider:

Case 1: g1 ≤ g4
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Let D1 ⊂ ∂R be the disk through which b1 is passed into R from R1 as it lies in Di−1. We proceed
as though D1 is the only disk through which b1 is passed, so it is passed from one remnant of C to an
adjacent one; if it is passed through multiple chambers the argument only needs to be altered by taking
multiple parallel copies of D1, corresponding to how the thin tube from R to b1 passes through other
disks in Di−1 in the bubble pass. Similarly let D4 ⊂ ∂R be the disk (or parallel copies of the disk) in Di−1
through which b4 is passed into R4. (Possibly R1 = R4 and D1 = D4.)

Let (Ds,∂Ds) ⊂ (R1,∂D1) be a disk parallel to D1 obtained by tube-summing b1 to D1. Similarly,
let H+ be the handlebody obtained from R by the same tube-summing, replacing D1 with Ds. Then H+
contains both b1 and b4. According to Lemma 7.9 there is an eyeglass move h : H+→ H+ and a bubble b′

of genus g4−g1 so that b4 is the tube sum of b′ and h(b1). Replace by an eyeglass move D1 ∈Di−1 with
D′1 = h(D1). See the highly schematic Figure 25.

R1 R R4

Ds D1 D4

b1

R

Di−1

σi−1

Di

σi

σi−g4

Di+1

σi+1

b4

h(b1)

D′i−1 D′i D′i+1 =Di+1

D′1

Figure 25: Case 1 when R2 = R3 = R

Do the transition from the alignment of Di−1 to that of Di+1 with these bubble passes instead of the
given two: Tube sum D′1 to b′, after which b4 lies entirely in R1. This changes σ to σi−g4, since R1 < H.
Then pass the bubble b4 directly from R1 into R4. This realignment leaves D4 aligned so that R4 contains
b4. The upshot of this replacement of D1 with D′1 in Di−1 is that the first occurrence of σi = m in the
sequence is replaced with m−g4. Thus x is reduced by one (or m is reduced, if always j > i =⇒ σ j <m).

Case 2: g4 ≤ g1

The argument is much the same, using H+ as defined above, with the following alteration: According
to Lemma 7.9 there is a homeomorphism h : H+→ H+ and a bubble b′ of genus g1−g4 so that h(b1) is
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the tube sum of b′ and b4.
Do the transition from the alignment of Di to that of Di+1 with these bubble passes instead of the

given two: First replace D1 with h(D1). After this realignment b4 ⊂ h(b1) lies entirely in R1. Next move
b4 directly to R4. This move does not raise σ = σi−1 and may lower it by g4 if R4 < H. Next move b′

into R, returning the alignment to Di+1. This transition replaces the first occurrence of σi = m in the
sequence with a term no larger than σi−1. Thus again x is reduced by one (or m is reduced, if always
j > i =⇒ σ j < m).

In any case we have contradicted the assumption that (m, x) is minimal. We conclude that m = 0, as
required. □

Definition 7.11. A flagged chamber complex is tiny if it is a tiny chamber complex, as in Definition 4.9,
and, in the case that F(C) , ∅, each of the designated handlebodies is empty.

In particular, if F(C) is a single component dividing M into two handlebodies, so either of them can
play the role of designated handlebody, the flagged chamber complex is tiny unless both handlebodies are
occupied.

Proposition 7.12 (Tinyness pulls back). Suppose

C
D
−→ CD

is a flagged chamber complex decomposition. If CD is tiny, so was C.

Proof. This is essentially a restatement of Proposition 5.19. □

Corollary 7.13. Suppose

C0
D0
−−→ C1

D1
−−→ C2

D2
−−→ ...

Dn−1
−−−−→ Cn

is a sequence of flagged chamber complex decompositions. Then if C0 is not tiny, neither is Cn. In
particular, F(Cn) , ∅.

8 Occupied handlebodies and certification

In this section we demonstrate that the principal results from Section 6 continue to apply in the context of
flagged chamber complexes, and with a broader version of certification. Continue with Assumption 3.4,
that G(S 3,T ′) = E whenever genus(T ′) ≤ g−1.

Proposition 8.1. Let C be a flagged chamber complex for S 3 that supports the genus g Heegaard splitting
(S 3,T ). Suppose C = AC ∪TC BC is an occupied handlebody chamber of C.

1. There is a reducing sphere S for the Heegaard surface TC and a corresponding homeomorphism
hC : (S 3;T )→ (S 3;Tg) so that hC(S ) ∈ {S i, i = 1, ...,g−1}. Moreover, the eyeglass equivalence class
of hC is independent of S .

2. If C′ is another occupied handlebody chamber of C then hC and hC′ are eyeglass equivalent.
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3. If S is an incompressible sphere in a chamber of C then hC is eyeglass equivalent to the homeomor-
phism hS given in Proposition 3.7.

4. Suppose D is a disk set in C in preferred alignment, and C
D
−→ CD is the corresponding flagged

chamber complex decomposition. Suppose all remnants of C are disky handlebodies and C′ is the
chamber in CD that, per Definition 7.2, is the unique remnant of C that is occupied. Then hC and
hC′ are eyeglass equivalent.

5. For any τ ∈G(S 3,T ) and hτ(C) similarly defined, hτ(C)τ ∼ hC .

Proof. We prove each statement in turn:

1. Since C is an occupied handlebody, TC is a non-trivial Heegaard splitting. That is, b = genus(TC)−
genus(∂C) ≥ 1. Following Lemma 7.9 there is a genus b bubble b in TC and, so long as b < g, b is
unique up to eyeglass moves.

We have
g = genus(T ) ≥ genus(TC) = b+genus(∂C)

so indeed b < g unless C is a ball and TC is genus g. But this is impossible, for the complement of
C in S 3 would then be a trivially split ball, and so a goneball, so ∂C could not be a component of F.
We conclude that b is unique up to eyeglass moves and take ∂b for the required reducing sphere.

2. This follows from Lemma 3.5.

3. This again follows from Lemma 3.5, since the handlebody chamber C cannot be the same as the
chamber with incompressible sphere.

4. For the non-trivial Heegaard splitting of handlebody C′, let b′ be a bubble whose boundary defines
hC′ , as we have just described. According to Lemma 7.4, b′ can be placed so that it is also a bubble
for TC . According to Lemma 7.9 an eyeglass move will put b′ inside the bubble b whose boundary
defines hC . The result then again follows from Lemma 3.5.

5. This follows from the second statement in Proposition 3.7.

□

Motivated by Proposition 8.1(1-3), we have

Definition 8.2. A flagged chamber complex C in S 3 certifies if some chamber contains an incompressible
sphere or some chamber is an occupied handlebody. An incompressible sphere in such a chamber, or the
boundary of a bubble in an occupied handlebody, is called a certificate issued by C.

Corollary 8.3. Let C be a flagged chamber complex for S 3 that supports the genus g Heegaard splitting
(S 3,T ). If C certifies then all homeomorphisms (S 3,T )→ (S 3,Tg) determined by certificates in C are
eyeglass equivalent.

JOURNAL OF THE ASSOCIATION FOR MATHEMATICAL RESEARCH, 2(2):209–335, 2024 266

https://jamathr.org


GENERATING THE GOERITZ GROUP OF S 3

Let hC : (S 3,T )→ (S 3,Tg) denote any homeomorphism given by such a certificate; by Corollary 8.3
hC is well defined up to eyeglass equivalence. If C′ is another flagged chamber complex that certifies and
the homeomorphisms hC and hC′ are eyeglass equivalent, then we say that C and C′ cocertify and write
C ∼ C′ .

Corollary 8.4. If C certifies and τ ∈G(S 3,T ) then hτ(C)τ ∼ hC.

Proof. This follows from 8.1(5). □

Suppose S 3 = A∪T B is a genus g Heegaard splitting of S 3, the Heegaard split chamber complex C0
supports T , and we are given a sequence of flagged chamber complex decompositions

C⃗ : C0
D0
−−→ C1

D1
−−→ C2

D2
−−→ ...

Dn−1
−−−−→ Cn

Suppose further that both C0 and Cn certify.
In analogy to Proposition 6.4 we have.

Proposition 8.5. For iteratively 0 ≤ i ≤ n there is a preferred alignment of each Di so that C0 and Cn

cocertify.

Proof. The proof is by induction on n.

Initial Case: n = 1
Following Proposition 7.5, take any preferred alignment of D0 in C0.

One possibility is that in the flagged chamber complex decomposition C0
D0
−−→ C1 there is an occupied

handlebody chamber in C0 for which every remnant in C1 is a disky handlebody. Then the result follows
from Proposition 8.1(4). So assume that this is not the case. Then by Proposition 7.7(2) a handlebody in
C1 is empty if and only if it is disky. This implies that different choices of preferred alignment of D0
have no effect on the flagging of C1. In particular, every disky ball in Ĉ1 is a goneball.

Consider a chamber C = AC ∪TC BC in C0 that certifies. There is a (reducing sphere) certificate S ⊂C
for TC that is either incompressible in C or, if C is an occupied handlebody, bounds a bubble b for TC . In
either case there is a realignment of D0 in C that is disjoint from S , in the former case by the proof of
Proposition 6.4 and in the latter case by considering the Heegaard splitting C0/b. We first need to show
that this realignment of D0∩C can be done in a way that is still a preferred alignment and then show that
the homeomorphisms hS and hS ′ determined by S and some certificate S ′ for C1 are eyeglass equivalent.

Consider the remnant C′ of C in Ĉ1 that contains S .

Subcase 1: C′ is not a disky handlebody. (In particular, C′ is not a goneball, and so C′ remains a
chamber in C1.)

For example, this is always the case if S is incompressible in C and so is either incompressible in C′

or bounds a ball containing components of F.
The disk set D0∩C can be given a preferred alignment by emptying any remnant of C that is a disky

handlebody by passing bubbles to C′, see Definition 7.2. If S is incompressible in C′ then it is a certificate
for C1 and we are done. If there is a certificate S ′ for C1 in a chamber of C1 other than C′, then S and S ′
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are disjoint, so hS and hS ′ are eyeglass equivalent by Lemma 3.5. This implies hC1 ∼ hS ′ ∼ hS ∼ hC0 and
again we are done.

So we are reduced to the case where C′ is the only certifying chamber in C1 and S bounds a bubble b
in C′. If C′ contains an incompressible sphere, then aligning it with the Heegaard surface for C′ in C1/b

gives a certificate S ′ for C1 that is disjoint from b and we are done as above. If C′ does not contain an
incompressible sphere then, since it contains a certificate for C1, it must be an occupied handlebody in
which S ′ bounds a bubble. By Lemma 7.9 the spheres S and S ′ can be made disjoint by an eyegelass
move. By Lemma 3.5 this again implies hC1 ∼ hS ′ ∼ hS ∼ hC0 . This concludes the argument in this
subcase.

Subcase 2: C′ is a disky handlebody.
In this case, to obtain a preferred alignment of D0 in C we may need to empty C′, see Definition 7.2.

Recall that this is done by finding a maximal bubble in C′, one that is also a bubble for TC , and tube
summing its boundary to a possible series of disks in D0. Lemma 7.9 shows that such a maximal bubble
can be found that contains b within it, so b ends up in a remnant of C that is not a disky handlebody. Then
Subcase 1 applies. This concludes the argument for Subcase 2 and hence the Initial Case n = 1.

The inductive step, n ≥ 2:
Inductively suppose the result is known for any sequence of length ≤ n−1. Then we may as well

assume that Ci does not certify for 1 ≤ i ≤ n−1, else we could break the sequence into two sequences
of smaller length. In particular, in none of the decompositions does an occupied handlebody have all
remnants disky handlebodies, for when that occurs in a flagged chamber complex decomposition both the
occupied handlebody and one of the remnants certify, see Definitions 7.6 and 7.2. So, just as in the case
n = 1, the alignment of each Di is preferred if and only if it has this property: each handlebody remnant
is empty if and only if it is disky. As a result, different choices of preferred alignment throughout the
decomposition sequence have no effect on the flagging of the flagged chamber complexes.

Since C1 does not certify, no chamber in C1 contains an incompressible sphere. Also, no occupied
handlebody in C0 has only handlebody remnants in C1, since at least one such remnant would certify.
There is a certificate for C0 in some chamber C of C0. As in the case n = 1 we can find such a certificate
S and realign D0 ∩C so that the sphere S is disjoint from D0. Then, regardless of whether S is an
incompressible sphere or bounds a bubble in C, S must compress in the chamber of C1 that contains it, so
it bounds a bubble b in that chamber.

Following further the case n= 1, the disks D0∩C can be further realligned so that all disky handlebody
remnants of C are emptied, by bubble passes to a remnant C′ of C that is not a disky handlebody, and this
can be done in a way that leaves the bubble b intact. The result is that the first decomposition again has
a preferred alignment, but now with b lying intact in the remnant C′ ∈ C1. Finally note that C′ cannot
be a handlebody at all: by construction it is not a disky handlebody and if it were not disky it would be
occupied and so it would certify.

Consider the flagged chamber complex C1/b. Since b does not lie in a handlebody, there is no change
in flagging. Via Proposition 7.5 there is a preferred alignment for the disks D1 so that

C1/b
D1
−−→ C2/b

is a flagged chamber complex decomposition. Since C′ is not a handlebody, not every remnant of C′ in C2
is a disky handlebody and, unless n = 2, C2 does not certify, so in fact not every remnant is a handlebody
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at all. By isotoping ∗ in C1/b (or, equivalently, passing the bubble b in C1) we can ensure that ∗ lies in a
remnant of C′ in C2/b that is not a handlebody. Continue in this manner until ∗ reaches Cn/b and lies
in a chamber C′′ that is not a disky handlebody (but may be an occupied handlebody). The proof now
concludes as it did for of n = 1, Subcase 1. □

Just as Proposition 8.5 for flagged decompositions parallels Proposition 6.4, we now work towards
finding a parallel of Proposition 6.9 for flagged decompositions. The argument is mostly just a reprise of
the previous argument. We begin with an analogue of Lemma 6.5.

Lemma 8.6. Suppose C0 is a flagged chamber complex in S 3 that supports the splitting S 3 = A∪T B, and

C0
D0
−−→ C1

is a flagged chamber complex decomposition.
Let Dx

0 and D
y
0 be possibly different preferred alignments of the disk set D0 in C0, with resulting

flagged chamber complexes Cx
1 and Cy

1 respectively. Then if C0 and Cx
1 cocertify, so do C0 and Cy

1.

Proof. If any occupied handlebody chamber C in C0 is decomposed entirely into disky handlebody
chambers in C1, then from Proposition 8.1(4) C0 and C1 cocertify in any preferred alignment and we are
done. So we will assume there is no such decomposition of a chamber. Then by Proposition 7.7(2) a
handlebody in C1 is empty if and only if it is disky. This implies that Cx

1 and Cy
1 have the same flagging.

In the case that Cx
1 certifies because a chamber contains an incompressible sphere, the proof is the

same as that of Lemma 6.5, with this augmentation: Following Proposition 7.10, the various bubble
passes that are needed can be done in such a way that at every stage the disk alignments are preferred and
give the same flagging.

In the case that Cx
1 certifies because a chamber is an occupied handlebody, the proof is similar. From

[FS2] there is a sequence of bubble passes and eyeglass moves that change the alignment Dx
0 to D

y
0.

From Proposition 7.10 this can be done so that in the sequence the alignments are always preferred and
the flagging never changes. So it suffices to consider the case of a single bubble pass. With no loss of
generality then assume that Cx

1 and Cy
1 differ by a single bubble pass. If the bubble pass does not involve

an occupied handlebody, there is nothing to prove. So assume that Cy
1 is obtained from Cx

1 by passing a
bubble b out of an occupied handlebody chamber C′ of C1.

Since the flagging remains the same after the bubble passes out of C′, b is not a maximal bubble for
C′ in Cx

1. Following Lemma 7.9 there is a bubble by in C′ that is disjoint from b and the tube sum of the
two bubbles bx is a maximal bubble for C′ in Cx

1. In particular, by is a maximal bubble for C′ in Cy
1. Since

the spheres S x = ∂bx and S y = ∂by are disjoint, it follows from Lemma 3.5 that the homeomorphisms
hS x ,hS y : (S 3,T )→ (S 3,Tg) are eyeglass equivalent, so Cx

1 and Cy
1 cocertify, as required. □

Continue with the hypotheses of Proposition 8.5:

Proposition 8.7. No matter which preferred alignment occurs at each step in C⃗, the flagged chamber
complexes C0 and Cn cocertify.

Proof. The case n = 1 is Lemma 8.6, so assume n ≥ 2. We can further inductively assume that none of
the Ci,1 ≤ i ≤ n−1 certify, so each handlebody chamber is empty. In this case, the argument proceeds
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essentially as in Proposition 6.9: Proposition 6.7 and Lemma 6.8 remain true for flagged chamber complex
decompositions, using Proposition 7.10 to ensure that throughout the argument all decomposing disks
are in preferred alignment. Then the proof of Proposition 6.9 suffices if Cn contains an incompressible
sphere. If instead Cn certifies because it contains an occupied handlebody, the proof concludes as does
the proof of Lemma 8.6. □

Following Proposition 8.7 it is possible to make the following definition:

Definition 8.8. Suppose (S 3,T ) is a genus g Heegaard splitting of S 3, and

C⃗ : C0
D0
−−→ C1

D1
−−→ C2

D2
−−→ ...

Dn−1
−−−−→ Cn

is a sequence of flagged chamber complex decompositions supporting T . If any chamber complex Ci

certifies we say that the sequence C⃗ certifies and let h
C⃗

: (S 3,T )→ (S 3,Tg) be (the eyeglass equivalence
class of) any homeomorphism given by a certifying flagged chamber complex in the sequence.

Two flagged chamber complex sequences C⃗ and C⃗′ cocertify (written C⃗ ∼ C⃗′) if both sequences certify
and h

C⃗
∼ h
C⃗′
.

For example, suppose τ ∈G(S 3,T ) and C⃗ is a flagged chamber complex decomposition sequence
supporting T as above. There is a natural way to define a similar flagged chamber complex decomposition
sequence τ(C⃗), namely

τ(C⃗) : τ(C0)
τ(D0)
−−−−→ τ(C1)

τ(D1)
−−−−→ τ(C2)

τ(D2)
−−−−→ ...

τ(Dn−1)
−−−−−−→ τ(Cn)

Corollary 8.9. If C⃗ certifies and τ ∈G(S 3,T ) then h
τ(C⃗)τ ∼ h

C⃗
.

Proof. This follows immediately from Corollary 8.4. □

9 Guiding spheres

Suppose C is a flagged chamber complex in S 3 with defining surface F = F(C), and S ⊂ S 3 is an
embedded sphere transverse to F. In this and following sections we intend to associate to each such
sphere S a sequence

−−−−→
(C,S ) of flagged chamber complex decompositions so that:

1. For C not tiny and S t,0 ≤ t ≤ 1 a sweep-out of S 3 by spheres, there is a non-empty interval (a,b) ⊂ I
so that, for each t ∈ (a,b), C⃗S t certifies.

2. For any t, t′ ∈ (a,b) the sequences C⃗S t and C⃗S t′ cocertify.

3. If, at any point Ci
Di
−−→ Ci+1 in the sequence

−−−−→
(C,S ), a disk E, disjoint from S , is added to Di, the

resulting sequence of flagged chamber complex decompositions and the sequence C⃗S cocertify.
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Figure 26: S ∩F and its associated tree

Let F = F(C) be the defining surface of C and, in the standard way, associate to S and F a tree
Y , in which each vertex corresponds to a component of S −F and each edge corresponds to a (circle)
component of S ∩F. An edge associated to a circle c ⊂ S −F connects the two vertices that correspond
to the components of S −F that are incident to c. Then the leaves of Y correspond to the disk components
of S −F, and the outermost edges in Y correspond to innermost circles in S of F ∩S . See Figure 26.

Definition 9.1. For any edge e ∈ Y, with end vertices v±, Y − e consists of two trees Y±, with v± ∈ Y±. Let

m± = max{d(v±,vℓ)|vℓ a leaf in Y lying in Y±}

and ρY (e) = min{m+,m−}. See Figure 27.

e
v+v− Y−

Y+

Figure 27: Edge e and its trees Ypm; m+ = 4,m = m− = 2

For example, for e an outermost edge, one of its incident vertices, v− say, is a leaf, so Y− = v− and
ρY (e) = m− = 0.

Lemma 9.2. Suppose e is an edge in a tree Y.

1. Suppose, with no loss of generality, that ρY (e) = m− ≤ m+ and e′ is an edge in Y−. Then ρY (e′) <
ρY (e).
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2. Let Y ′ be the tree obtained from Y by trimming: that is, removing all leaves and outermost edges
from Y. For e ∈ Y ′, ρY′(e) = ρY (e)−1.

3. 0 ≤ ρY (e) ≤ ⌊ diam(Y)−1
2 ⌋

Proof. We prove the items in turn:

1. Let Y ′− be the component of Y − e′ that is contained in Y− and v′− the end of e′ in Y ′−. For any leaf
v′ℓ of Y ′− that lies in Y , the path from v− to v′ℓ in Y− passes through e′, so

ρY (e) = m− ≥ d(v−,v′ℓ) ≥ d(v′−,v
′
ℓ)+1.

Since this is true for each leaf v′ℓ of Y ′−,

ρY (e) ≥ max{d(v′−,v
′
ℓ)|v
′
ℓ a leaf in Y ′− lying in Y}+1 ≥ ρY (e′)+1

2. Note that any leaf v′ℓ in Y ′+ that lies in Y ′ is necessarily incident to some outermost edges of Y , so
d(v+,v′ℓ) ≤ m+−1. This implies that

m′+ = max{d(v+,v′ℓ)|v
′
ℓ a leaf in Y ′+ lying in Y ′} ≤ m+−1.

On the other hand, if vℓ is the most distant leaf from v+ in Y+ that lies in Y then the outermost edge
incident to vℓ is incident to a leaf v′ℓ in Y ′+, so m′+ ≥ m+ − 1. Together these imply m′+ = m+ − 1.
Similarly m′− = m−−1. Hence

ρY′(e) = min{m′+,m
′
−} = min{m+,m−}−1 = ρY (e)−1,

as required.

3. Repeat the process of trimming ⌊ diam(Y)−1
2 ⌋ times. Each step reduces the diameter of the tree by 2

and, by conclusion (2), reduces the maximum of ρ on any remaining edge by 1. Thus it suffices to
verify the case in which diam(Y) = 1 or 2, i. e. Y is a single edge or a star graph, depending on the
parity of diam(Y). In both these cases, ρ(e) = 0 as required.

□

Partition the collection of circles S ∩F as follows: For 0 ≤ i ≤ ⌊diam(Y)−1
2 ⌋ let ci be the set of all circles

for which the corresponding edge e in Y has ρY (e) = i.

Lemma 9.3. Suppose c ∈ ci. Then c bounds a disk D in S such that each circle c′ ⊂ int(D)∩F lies in
some c j, j < i.

Proof. Let Y be the tree corresponding to S ∩F and apply Lemma 9.2(1) to the edge in Y corresponding
to c. The trees Y± are trees describing the circles S ∩F lying in the complementary disks D± of c in S ,
with v± corresponding to the components of D± −F that are adjacent to c. With no loss of generality
suppose D− corresponds to Y− with i = ρY (e) = m−. Then Lemma 9.2(1) says that any component c′ of
int(D−)∩F has corresponding edge e′ in Y ′ with ρY (e′) < ρY (e) = i. Setting j = ρY (e′) we have c′ ∈ c j. □
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Each circle in c0 corresponds to a leaf in Y , so each c ∈ c0 bounds a disk in S −F. Let D0 be the
collection of disks, viewed as a disk set in C. Choose a preferred alignment for D0 and consider the

flagged chamber complex decomposition C
D0
−−→ C1. Before the decomposition each circle in c1 bounded

a disk in S that intersected F only in components of c0, by Lemma 9.3. So after the disk decomposition
along D0, which surgers away all components of c0, each circle in c1 bounds a disk in S that is disjoint
from the defining surface F1 = F(C1). More correctly, this is true of each remaining circle in c1, for some
circles in c1 may lie on the boundary of goneballs of the decomposition by D0, and so not still appear in
F1∩S . In any case, the collection of disks in S −F1 bounded by (remaining) circles in c1 will be denoted

D1 and a choice of preferred alignment defines a flagged chamber complex decomposition C1
D1
−−→ C2.

Continue in this manner through Cn−1
Dn−1
−−−−→ Cn, where n−1 = ⌊ diam(Y)−1

2 ⌋ or n = ⌊ diam(Y)+1
2 ⌋. In the end,

Fn = F(Cn) is then disjoint from S .
There are potentially two sources of ambiguity in this construction:

One ambiguity is this: in the last decomposition in the sequence, Cn−1
Dn−1
−−−−→ Cn, it’s possible that the

defining surface Fn−1 = F(Cn−1) intersects S in a single circle, so |cn−1| = 1. This circle divides S into
two disks, one lying in the incident A-chamber of Cn−1 and the other lying in the incident B-chamber.
The description above would allow either of these disks to be used as the disk set Dn−1 in the last
decomposition. Will it make a difference which one we use? This issue will be addressed later - see
Lemma 10.4.

The second potential source of ambiguity is that prima facie the construction above depends at each
stage on the choice of preferred alignment of the disks Di. So the process is more accurately described
as defining a family of decomposition sequences, which may differ at several points in the choice of
preferred alignment. We will now show that if any sequence in the family certifies, then they all cocertify.

Definition 9.4. Given C a flagged chamber complex in S 3, S a sphere transverse to F(C), and Y the tree
associated to the circles F ∩S in S , a sequence of flagged chamber complex decompositions

C⃗ : C = C0
D0
−−→ C1

D1
−−→ C2

D2
−−→ ...

Dk−1
−−−−→ Ck

as constructed above is said to be guided by the sphere S . If k = n = ⌊ diam(Y)+1
2 ⌋ the sequence is complete.

The collection of all complete sequences will be denoted
−−−−→
(C,S ).

Continue with Assumption 3.4, that G(S 3,T ′) = E whenever genus(T ′) ≤ g−1.

Proposition 9.5. If
−−−−→
(C,S ) contains more than one complete sequence of flagged chamber complex

decompositions then each sequence in
−−−−→
(C,S ) certifies and all sequences cocertify.

Proof. Suppose

C⃗ : C0
D0
−−→ C1

D1
−−→ ...

Dn−1
−−−−→ Cn

and

C⃗′ : C0
D0
−−→ C′1

D′1
−−→ ...

D′n−1
−−−−→ C′n
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are any two sequences in
−−−−→
(C,S ). and i ≥ 1 is the smallest value for which Ci , C

′
i . Then Ci−1 = Ci−1

and Di−1 =D
′
i−1 are the same as disk sets but are given different preferred alignments. In particular, by

Proposition 7.7(3), the decompositions Ci−1
Di−1
−−−→ Ci and Ci−1

D′i−1
−−−→ C′i contain sibling decompositions.

That is, there is at least one parent chamber C in Ci−1 so that C is an occupied handlebody and Di−1 is
given a different preferred alignment in C for the two decompositions. Then C certifies for both C⃗ and
C⃗′ □

If C⃗ ∈
−−−−→
(C,S ) certifies, denote a homeomorphism h

C⃗
: (S 3,T )→ (S 3,Tg) (see Definition 8.8) by h(C,S ).

By Proposition 9.5 h(C,S ) is well-defined up to eyeglass equivalence; that is, it does not depend on the

choice of decomposition sequence C⃗ ∈
−−−−→
(C,S ).

Corollary 9.6. If C⃗ ∈
−−−−→
(C,S ) certifies and τ ∈G(S 3,T ) then h(τ(C),τ(S ))τ ∼ h(C,S ).

Proof. This follows immediately from Corollary 8.9. □

10 Balanced and almost balanced spheres

Definition 10.1. Suppose S ⊂ S 3 is a sphere transverse to F = F(C) in a flagged chamber complex
C ⊂ S 3, with X, Y the complementary components of S .

Then S is balanced for C if the compact surfaces F ∩X and F ∩Y are either both planar (planar
balanced) or both non-planar (non-planar balanced).

S is almost balanced if genus(F ∩X) = 0 and genus(F ∩Y) = 1 or vice versa.

Proposition 10.2. . Suppose

C⃗ : C = C0
D0
−−→ C1

D1
−−→ ...

Dn−1
−−−−→ Cn

is a complete flagged chamber complex decomposition sequence guided by S ⊂ S 3. That is, C⃗ ∈
−−−−→
(C,S ).

Then

• If S is planar (resp non-planar) balanced in any chamber complex in the sequence, then it is in
every chamber complex in the sequence. In this case, call S planar (resp non-planar) balanced for
the sequence.

• If S is balanced for the sequence and C is not tiny, then Cn certifies, so C⃗ certifies.

Proof. For the first statement, note that the effect on F ∩X, say, of decomposing along Di is 2-fold:

1. Cap off some of boundary components of F ∩X with disks.

2. Delete some spheres from F (the boundaries of the goneballs).
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Neither of these steps affects the genus of F ∩X or F ∩Y .
For the second statement, note that since C is not tiny, Cn is not empty (Corollary 7.13). Let

F = F(Cn) , ∅ be the defining surface for Cn. When the sequence is non-planar balanced, there are
(non-planar) closed components of F in both X and Y . This implies that S is a reducing sphere for the
chamber of Cn in which it lies, so S itself is a certificate. If the sequence is planar balanced, then each
component of F is a closed planar surface, i. e. a sphere. Since there are no empty balls in a flagged
chamber complex, an innermost sphere in F bounds an occupied ball, which certifies (see Definition
8.2). □

Similarly we have:

Proposition 10.3. Suppose

C⃗ : C = C0
D0
−−→ C1

D1
−−→ ...

Dn−1
−−−−→ Cn

is a complete flagged chamber complex decomposition sequence guided by S ⊂ S 3. That is, C⃗ ∈
−−−−→
(C,S ).

Then

• If S is almost balanced in any chamber complex in the sequence, then it is in every chamber
complex in the sequence. In this case, call S almost balanced for the sequence.

• If S is almost balanced for the sequence and C is not tiny, then Cn certifies, so C⃗ certifies.

Proof. The proof of the first statement is unchanged.
For the proof of the second, observe that since the sequence is complete, Fn = F(Cn) is disjoint from

S , so both Fn∩X and Fn∩Y are closed surfaces. Since Fn is almost balanced, Fn∩X has genus 0 and
Fn∩Y has genus 1, or vice versa. In any case Fn is the union of a torus and some spheres. If there are
spheres, at least one must bound an occupied ball and so certifies. If F is just a torus it bounds a solid
torus Y in S 3, or perhaps complementary solid tori Y±. Since C is not tiny, Cn is not tiny (Corollary 7.13),
so Y cannot be empty nor, in the second case, can both solid tori Y± be empty. Hence one of these is an
occupied solid torus and so is a certificate for Cn. □

We now briefly return to what was described, preceding Definition 9.4, as the first source of ambiguity
in the construction of a sequence of flagged chamber complex decompositions guided by S . Suppose
C is a flagged chamber complex supporting the genus g splitting S 3 = A∪T B and S is a sphere in S 3

intersecting C in a single circle c and dividing S 3 into two 3-balls, X and Y . The circle c divides S into
two disks DA lying in an A-chamber CA of C and DB lying in a B-chamber CB.

Lemma 10.4. Let CA and CB be the flagged chamber complexes that result from the decompositions

C
DA
−−→ CA and C

DB
−−→ CB respectively. Suppose S is balanced or almost balanced for C so both CA and

CB certify. Then CA and CB cocertify.

Proof. Let c be the circle described before the statement of the lemma.
Case 1: c is essential in F = F(C).
Then c divides F into two non-planar components and F is non-planar balanced. We show that our

rule for certifying a non-planar balanced chamber complex cocertifies CA and CB:
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As usual, align DA in CA and DB in CB, via an appropriate choice of spine for the compression bodies
BCA in CA and ACB in CB. Since c is essential in F it is essential in the Heegaard surface T of S 3 that the
chamber complex supports. Hence S is a reducing sphere for T . In particular there is a homeomorphism
h : (S 3,T )→ (S 3,Tg) as described before Definition 3.3 in which h(S ) = S i for some 1 ≤ i ≤ g−1. But
this coincides with the definition of the homeomorphism hS : (S 3,T )→ (S 3,Tg) in Proposition 3.7, and
that is the homeomorphism which certifies S in both CA and CB. So CA and CB cocertify in this case.

Case 2: c bounds a disk DF ⊂ F ∩X but does not bound a disk in F ∩Y (or vice versa).
Let S A be the sphere DA∪DF , a component of F(ĈA) and, symmetrically, S B be the sphere DB∪DF ,

a component of F(ĈB). One possibility is that S A is essential in CA∩X, perhaps because the ball BX∩A in
X bounded by S A contains other components of F(CA) or because it is occupied, and so not a goneball
in ĈA. Then S A, pushed slightly out of BX∩A, is also essential in CA because it separates BX∩A from the
(non-spherical) component of F(CA) that contains the circle c. Thus it certifies for CA. See Figure 28.

FA B

DB ⊂ SDA ⊂ S c

DF ⊂ F ∩XS A

X
Y

Figure 28: Case 2: c bounds a disk in F ∩X but not in F ∩Y

If S B similarly certifies for CB then S A and S B define disjoint reducing spheres for T and the result
follows from Lemma 3.5. On the other hand, if S B does not certify for CB then BX∩B is a goneball. In this
case, decomposing by DB has no effect, that is CB and C are isotopic, so C also certifies. By Proposition
8.7, CA ∼ C ∼ CB as required.

Finally, if S A is inessential in CA∩X and S B is inessential in CB∩X, so BX∩B and BX∩A are goneballs,
then CA and CB are isotopic to C, so CA and CB again cocertify.

Case 3: c lies on a sphere component S F of F, dividing it into disks DX ⊂ X and DY ⊂ Y .
Since S F does not bound a goneball in C, it either divides S 3 into two occupied balls or is parallel

to an incompressible sphere in an adjoining chamber of C. Thus S F is a certificate for C. Then, per
Proposition 8.7 , CA ∼ C ∼ CB as required. □

This dispenses with the “first ambiguity” preceding Definition 9.4.

Suppose C ⊂ S 3 is a flagged chamber complex, with F = F(C) in general position with respect to the
height projection p : S 3→ [−1,1]. Recall that S 3−{poles} is swept out by the family of level spheres
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S s, where S s = p−1(s), s ∈ (−1,1). We will consider these level spheres as potential guiding spheres for
decomposition of C.

Definition 10.5. Let F = F(C), g = genus(F).
For each s ∈ (−1,1) that is a regular value of p|F, let Fa(bove)(s) be the part of F lying above

S s, that is Fa(s) = F ∩ p−1([s,1]). Similarly, let Fb(elow)(s) be the part of F lying below S s, that is
Fb(s) = F ∩ p−1([−1, s]). Finally, let ga(s) = genus(Fa(s)) and gb(s) = genus(Fb(s)).

Lemma 10.6. The functions ga,gb have these properties:

1. As s ascends from −1 to 1, gb ascends from 0 to g and ga descends from g to 0.

2. As s ascends through a critical point of p|F : F→ [−1,1], gb(s) may increase by 1 but it will not
decrease. Symmetrically, ga(s) may decrease by 1 but it will not increase.

3. As S s ascends through a critical point of p|F, at most one of ga(s),gb(s) will change.

Proof. The first statement follows from the definition.
For the second and third statements, observe that passing through a critical point on F of index 0 (a

minimum) or 2 (a maximum) simply adds or subtracts a disk from Fa and Fb, which has no effect on
genus. So the interest is in index 1 critical points, that is saddle points of tangency.

Suppose, with little loss in generality, that as s ascends through a saddle tangency, two circles in
F ∩ S s fuse into one. See Figure 29. (If instead one circle is divided in two, just turn the following
argument upside down.) Thus a band is added to Fb with its ends on two different boundary circles. If the
two circles lie on different components of Fb, the genus of Fb does not change. If the two lie on the same
component, gb ascends by 1. This proves the second statement. For the third statement, consider Fa: the
effect on Fa is to cut out a band between two boundary components, effectively replacing a pair of pants
in Fa with an annulus. This has no effect on ga. This proves the third statement. □

Corollary 10.7. Let

sb = sup{s ∈ [0,1]|gb(s) = 0} sa = inf{s ∈ [0,1]|ga(s) = 0}.

Then

1. sa , sb.

2. If sa < sb then for all sa < s < sb, S s is planar balanced.

3. If sb < sa then for all sb < s < sa, S s is non-planar balanced.

4. If sa < sb then for s just below sa and s just above sb, S s is almost balanced.

5. If sb < sa and p|F has no index 1 critical points for s ∈ (sb, sa) then for s just below sb and s just
above sa, S s is almost balanced.
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ga = 2Fa(s)

Fb(s)

Fa(s+ ϵ)

Fb(s+ ϵ)

ga = 2

S s

S s+ϵ

gb = 1 gb = 2

Figure 29: s ascends through a saddle and two circles fuse

Proof. All but the last two statements follow directly from the definitions and Lemma 10.6; the last two
require little more:

It follows from Lemma 10.6(2) that for s just above sb, gb(s) = 1 and, if sa < sb, s ∈ {s|gs(a) = 0} so
also ga(s) = 0. So S s is almost balanced. A symmetric argument shows that it is also almost balanced for
s just below sa. This proves (4).

Suppose sb < sa. Then for s just above sb, gb(s) = 1 and ga(s) ≥ 1; similarly for s just below sa,
ga(s) = 1 and gb(s) ≥ 1. Since p|F has no index one critical points in (sb, sa), neither ga or gb changes in
that interval. Hence for any s ∈ (sb, sa), ga(s) = 1 = gb(s). It follows from Lemma 10.6(3) that for s just
above sa, ga(s) = 0 and gb(s) = 1 so S s is almost balanced. The symmetric argument shows that for s just
below sb, S s is almost balanced. This proves (5). □

Suppose that the chamber complex C is not tiny. Then for any s between sa and sb it follows from
Corollary 10.7 and Propositions 10.2 and 9.5 that the homeomorphism

hs = h(C,S s) : (S 3,T )→ (S 3,Tg)

is well-defined up to eyeglass equivalence. What remains unclear is whether the eyeglass equivalence
class of hs depends on s. The central issue is whether the eyeglass equivalence class can change as s
passes through a critical point of p|F. We will show (Theorem 16.2) that in fact the eyeglass equivalence
class does not change. The proof is technically complex; it occupies the next five sections.

11 Deflation and bullseyes

Suppose C ⊂ S 3 is a flagged chamber complex supporting the genus g Heegaard splitting S 3 = A∪T B.
We continue under the inductive Assumption 3.4.
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Let H be an occupied handlebody chamber of C that is not a ball. In the following description we
assume that H is an A-chamber, but everything can also be taken symmetrically, see Definition 11.1. Let
C be the B-chamber adjacent to H and CA be an A-chamber adjacent to C so that CA , H. Since the
associated Heegaard splitting of C = AC ∪TC BC is pure, there is a spine for the compression body AC in
which an edge e is incident to ∂H on one end and ∂CA on the other.

Let (De,∂De) ⊂ (AC ,TC) be the disk dual to e in AC , that is a meridian of the tube in AC that
corresponds to a regular neighborhood of the edge e, so the tube runs from H to CA. Alter De by
tube-summing with a maximal bubble b in H and let Cd be the resulting flagged chamber complex. (More
precisely, after amalgamation of C to the original splitting, De becomes a disk in A and b a bubble for T ;
it is these that are tube-summed to create the disk D′e that replaces De in Cd.) In effect, the bubble b has
been moved from H to the chamber CA. See Figure 30. Since b is maximal in H, H changes from an
occupied handlebody in C to an empty handlebody in Cd. It is natural to call this process a deflation of H.
That is, the flagged chamber complex Cd is obtained from C by deflation (of H to CA) . Note that the
process is well-defined up to eyeglass equivalence by a choice of H and CA, since a bubble move is an
eyeglass move.

e H
b

C

C

C

Cd

CA De

D′e

Figure 30: Simple deflation

More generally, the process can be applied to a collection of edges in a spine of AC , each of which
is incident to ∂H and an A-chamber adjacent to C, but not necessarily the same A-chamber for all the
edges. That is, redefine the meridian A-disks dual in AC to the collection of edges by tube-summing
them with disjoint non-trivial bubbles in H, bubbles which together constitute a maximal bubble in H.
Generalizing further, bubbles from H may be sent to further A-chambers {CAi} throughout C, not just
A-chambers adjacent to C, by further tube-summing to A-disks in B-chambers. See Figure 31. The only

JOURNAL OF THE ASSOCIATION FOR MATHEMATICAL RESEARCH, 2(2):209–335, 2024 279

https://jamathr.org


MARTIN SCHARLEMANN

requirement is that in the resulting flagged chamber complex Cd, the chamber H is empty. In this general
form we have:

H

CA1

CA3

CA2

C Cd

Figure 31: General deflation

Definition 11.1. The flagged chamber complex Cd is obtained from C by handlebody deflation (of H to
the collection of chambers {CAi}). Deflation of an occupied handlebody B-chamber of C that is not a ball
is defined symmetrically.

As is true for CA a single chamber, the change of flagged chamber complex from C to Cd is well-
defined up to eyeglass equivalence by a choice of H, the collection {CAi}, and the genus of the bubbles
moved into each. The effect of deflation on the flagging of C is to change H to an empty handlebody
chamber in Cd (hence the term deflation) and, for those chambers in {CAi} that are empty handlebodies,
to change the flagging to occupied.

Proposition 11.2. Suppose the flagged chamber complex Cd is obtained from C by deflating an occupied
non-ball handlebody H. If Cd certifies then Cd and C cocertify.

Proof. The occupied handlebody H is a certificate for C so C certifies. With no loss assume, as above,
that H is an A-chamber deflated into the set of A-chambers {CAi}. Suppose Cd certifies and let Cd be a
certifying chamber of Cd. Since H is empty in Cd, Cd , H. The only other chambers whose flagging
is affected by the deflation of H are {CAi} so, unless Cd ∈ {CAi}, the chamber Cd also certifies for C, as
required. So suppose Cd ∈ {CAi}, i. e. after the bubble pass one or more of the chambers in {CAi}, call it
Ca, certifies for Cd.

The only change in Ca from C to Cd is that a bubble b from H has been passed into it. Since the
chamber Ca certifies in Cd, it is either an occupied handlebody or it contains an incompressible sphere. If
Ca is an occupied handlebody then, per Proposition 8.1(1), ∂b ⊂ Ca is a certificate for Cd as well as C
completing the proof. Suppose, on the other hand, that the chamber Ca contains an incompressible sphere
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S . By [Sc1] S can be aligned with the Heegaard surface Ta for Ca in C, so S becomes a certificate for C.
In constructing Cd pass the bubble b into the chamber Ca so that b remains disjoint from the aligned S .
Then the sphere S certifies for both C and Cd, as required. □

The same construction can be done when H is an occupied ball, but an important difference is that
once the occupied ball is deflated, so H has a genus 0 splitting, H must be declared a goneball, else Cd

is not a flagged chamber complex. That is, the sphere ∂H is removed from the defining surface F and
H is absorbed into its neighboring chamber (the chamber C in the construction above). This difference
requires a change in strategy to arrive at the equivalent of Proposition 11.2.

A set of disjoint spheres in a ball B3 is nested if only one complementary component is a ball.

Definition 11.3. Suppose Fb is a nested set of spheres in a 3-ball B3, with ∂B3 the outermost sphere. Call
the collar between any pair of spheres a shell. A bullseye is the flagged chamber complex in B3 whose
defining surface is Fb, each shell has a genus 0 (pure) Heegaard splitting, and the ball Bb bounded by the
innermost sphere is occupied with maximal bubble b.

A bullseye in a chamber complex C is maximal if it is not contained in any larger bullseye.

We now extend the notion of deflation to include bullseyes, not just occupied non-ball handlebodies.
Suppose Fb is a bullseye in a chamber complex C and, with no loss of generality, the chamber adjacent
to Fb and outside it is a B-chamber C. Let {CAi} (resp. {CBi}) be a collection of A-chambers (resp.
B-chambers) in C, other than those contained in Fb. Use the same process as described above for deflating
a handlebody to deflate b either into the chambers {CAi}, if the ball chamber of Fb is an A-chamber, or
into {CBi}, if the ball chamber in Fb is a B-chamber. (In the former case, the number of nested spheres in
Fb is odd; in the latter it is even.) After the deflation, each sphere in Fb bounds a goneball, so the spheres
in Fb disappear in the resulting flagged chamber complex.

Definition 11.4. The flagged chamber complex Cd is obtained from C by bullseye deflation (of Fb to
{CAi} or {CBi}) or, informally, deleting a bullseye. Similarly, we informally say that C is obtained from Cd

by inserting a bullseye into C.

Proposition 11.5. Suppose the flagged chamber complex Cd is obtained from C by deflating a bullseye
Fb. If Cd certifies then Cd and C cocertify.

Proof. The proof proceeds as for Proposition 11.2, with one difference. In the case of bullseye deflation,
the chamber C changes, because all the spheres in Fb disappear. That is, the bullseye becomes a nested
set of goneballs that are absorbed into C to become a chamber we denote Cd. See Figure 32. The proof
then proceeds much as in Proposition 11.2 except, unlike the situation in Proposition 11.2, it is possible
that C turns into the lone certifying chamber Cd for Cd. We examine this possibility:

If Cd certifies because it contains an incompressible sphere, let S ⊂ Cd be such an incompressible
sphere. By general position (with a point in the center of the ball chamber of Fb) S can be isotoped to be
disjoint from Fb and so lie in C. Align S with the Heegaard splitting of C. Then it is aligned also with
the Heegaard splitting of Cd regardless of whether C ∈ {CBi}. The sphere S then certifies for both C and
Cd as required.

Finally, suppose Cd certifies because it is an occupied handlebody. There are two possibilities:
C ∈ {CBi} and C < {CBi}. If C ∈ {CBi} then a sub-bubble b′ of b becomes a bubble in Cd. ∂b′ is disjoint
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Fb

C CdC Cd

Figure 32: A nested set of goneballs absorbed into C

from ∂b, which certifies for C, so by Lemma 3.5 ∂b′ also certifies for C. After deflation, the sphere
∂b′ ⊂Cd, may be taken to be disjoint from the boundary of the maximal bubble of Cd, by Lemma 7.9, so
∂b′ also certifies for Cd. Hence C and Cd cocertify, as required.

On the other hand, if C < {CBi}, so the entire bubble b is dispersed away from Cd and still Cd is
occupied, the maximal bubble bd of Cd must have come from the chamber C in C. Since, in C, bd lies in
C, it is disjoint in C from b. Hence, by Lemma 3.5, ∂bd and ∂b cocertify, as required. □

Suppose C is a flagged chamber complex in S 3 and Cd is a flagged chamber complex obtained by
(non-ball) handlebody deflation. Suppose D is a disk set in C in preferred alignment and

C
D
−→ CD

is the resulting flagged chamber complex decomposition. Similarly construct the flagged chamber
complex decomposition

Cd
D
−→ (Cd)D

Proposition 11.6. If Cd does not certify, then either (Cd)D = CD or (Cd)D is obtained from CD by
handlebody deflation or by bullseye deflation.

Proof. With no loss of generality assume the deflated non-ball handlebody H is an A-chamber and the
chambers C and {CAi} are as described preceding Definition 11.1. The chambers {CAi} cannot contain
a handlebody because when H is deflated into {CAi} the result would be an occupied handlebody in
Cd, contradicting the assumption that Cd does not certify. So the only difference between C and Cd

as flagged chamber complexes is that H is occupied in the former but is empty in the latter. Thus the
difference between CD and (Cd)D, if any, is in the flagging of the remnants of H, perhaps including the
disappearance of remnants as goneballs. So we examine these remnants:
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Unless each remnant of H is a disky handlebody, the flagging of the remnants in both CD and (Cd)D
is determined by Definition 7.2: Each handlebody remnant of H is empty if and only if it is disky. Hence
in this case CD = (Cd)D as flagged chamber complexes. On the other hand, if each remnant of H is a
disky handlebody then, per Definition 7.2, in CD there is exactly one handlebody remnant H′ (possibly a
ball) that is occupied, while in (Cd)D each remnant is empty. We examine this situation more closely:

Since {CAi} contains no handlebodies, some remnant in CD of each CAi is not a disky handlebody, by
Proposition 4.8. Let R be such a remnant of some CAi . Consider the flagged chamber complex obtained
from CD by deflating H′ into R. Since R is not a disky handlebody it is either not a handlebody or it is an
occupied handlebody; in either case moving a bubble into R will not change the flagging of R. Thus this
deflation changes CD to the same flagged chamber complex as (Cd)D, as required.

If H′ is non-ball handlebody then the deflation is a handlebody deflation. If H′ is a ball then its
deflation turns it into a goneball, so (Cd)D is a bullseye deflation of CD, where the bullseye is centered on
the ball H′. (In fact, it is not hard to see that the bullseye consists only of H′.) □

There is a similar result for bullseye deflation, but it is a bit more difficult to state and prove. Suppose
C is a flagged chamber complex in S 3 and Cd is the flagged chamber complex obtained by deflating a
bullseye Fb in C. Suppose D is a disk set in C in preferred alignment and

C
D
−→ CD

is the resulting flagged chamber complex decomposition. Similarly construct the flagged chamber
complex decomposition

Cd
D′

−−→ (Cd)D′ ,

where D′ ⊂D is the subcollection of disks not incident to any sphere in Fb. (Since the spheres in Fb
disappear in Cd it would not make sense to include disks incident to them among the decomposing disk
set in Cd.)

Proposition 11.7. Continue with the notation just given. If Cd does not certify, then either (Cd)D′ = CD
or (Cd)D′ is obtained from CD by bullseye deflation.

Proof. As usual, without loss of generality, assume the chamber in C adjacent to Fb is a B-chamber C
which, after deflation and absorption of the nested set of goneballs into C, becomes a chamber we denote
Cd ∈ Cd. Let Db =D−D′, the subcollection of disks that are incident to spheres in Fb. The boundary ∂D
of any disk D ∈Db divides the sphere S ⊂ Fb in which it lies into two disks E±. If D lies in the occupied
ball or a shell of Fb then it is parallel to one or both of E± and so is inessential in C. If (D,∂D) ⊂ (C,∂Fb)
and neither sphere D∪E± bounds a ball in C, then the two spheres (which become parallel spheres in Cd,
where Fb is gone) would be essential in Cd, and so would certify for Cd, contradicting our assumption.
We conclude that each disk in Db is inessential in the chamber of C in which it lies.

Claim: The remnants of Fb in CD consist of a bullseye F′
b

that intersects C only in a collar of ∂Fb.
The occupied ball component of F′

b
still has b as a maximal bubble.

The proof of the claim is straightforward but a bit tedious - here is a sketch of the major steps: Since
each disk of D that is incident to ∂Fb and lies in C is inessential, there is a collar of ∂Fb that contains
them all. Then each remnant of Fb in ĈD lies in a ball F+

b
, the union of Fb and the collar, and is bounded
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by spheres, so it is a punctured ball. Among the remnants of each shell in Fb is one containing an
incompressible sphere, so that remnant is not a handlebody; similarly the adjacent remnant of the chamber
C is not a handlebody. Hence, per Definition 7.2, each ball remnant in CD of each shell and of C is a
goneball. This implies that each remnant of the ball Bb in CD is a ball and, per Definition 7.2, exactly one
is occupied, and so must contain all of b.

Each component of FD that lies in F+
b

is a sphere; the ball it bounds in F+
b

is a goneball in CD unless
it contains b. Hence the components of F(CD) that lie in F+

b
consist of a collection of nested spheres

centered on a ball containing b; in other words, they define a bullseye F′
b
, as claimed. See Figure 33.

Db ⊂ F+
b
⊂ C ĈD CD

Figure 33: From bullseye to bullseye

Since each ball remnant of C in F′
b

is a goneball, the Heegaard surface TC for C (as well as the
splittings of other chambers in C) is unaffected by decomposition along Db. So the original preferred
alignment of D in C remains an alignment of D′ in C. That alignment is easily made into a preferred
alignment of D′ in Cd as follows: D′ is already in preferred alignment in chambers not Cd nor among the
chambers {CAi} (say) into which b is deflated, since these are the only chambers changed by the deflation.
Whichever chamber, in {CAi} or Cd, that b is deflated into cannot be a handlebody, since Cd does not
certify, so there is some remnant of that chamber that is not a disky handlebody; choose the alignment of
D′ in that chamber so that b appears in a remnant that is not a disky handlebody. This does not change
the flagging and thereby ensures that D′ is in preferred alignment with Cd.

Now consider the effect of D surgery away from the bullseye Fb, that is surgery via D′ on the surface
F −Fb. The resulting surface F̂ can be viewed in two ways: Since F −Fb is also the defining surface for

Cd, F̂ can be described as the first (surgery) step in the construction of the decomposition Cd
D′

−−→ (Cd)D′ .
And F̂ is also that part of the surface FD that lies outside the new bullseye F′

b
.

It remains only to understand the effect of the second step in disk decomposition - eliminating
goneballs after surgery. We have already determined that eliminating goneballs from surgery on Fb results
in the bullseye F′

b
⊂ CD. So we need only consider sphere components of F̂. Any such sphere bounds a

ball (in fact two balls) in S 3. If such a ball is a goneball in CD then that ball is unaffected by a deflation
of F′

b
(since F′

b
is necessarily outside the goneball) so it remains a goneball in (Cd)D′ .

Consider the symmetric question: if a sphere component of F̂ bounds a goneball in (Cd)D′ , does it
bound a goneball in CD? The goneball in (Cd)D′ may or may not contain the deflated F′

b
. If the goneball

does not contain F′
b

then the goneball lies also in CD and so the sphere does not appear in either CD
or (Cd)D′ . Suppose, on the other hand, that there is a sphere component of F̂ that bounds a goneball in
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(Cd)D′ and that goneball does contain the deflated F′
b
. Let S be an innermost one. Since the ball it bounds

contains F′
b

it is not a goneball in CD, so S persists as a sphere in the defining surface of CD. On the
other hand, observe this: since a goneball must have genus 0 splitting, the region between S and ∂F′

b

in CD, a collar of ∂F′
b
, must have genus 0 splitting. Hence the region is a genus 0 shell. We can then

regard S as yet another nested sphere component in F′
b

and continue the argument. In the end, the only
components of F̂ that appear in CD but not in (Cd)D′ are spheres that just add shells to F′

b
. In particular,

they are all eliminated by a bullseye deflation, in this case of of a bullseye that properly contains F′
b
. So

(Cd)D′ is obtained from CD by bullseye deflation, as required. □

Digressing momentarily, Proposition 11.7 gives an easy and early example of a guiding set of disks.
These will be further discussed in Section 13.

Definition 11.8. Suppose C is a flagged chamber complex in S 3 and D is a finite set of disjoint disks in
S 3 transverse to F = F(C) so that F ∩D = ∂D, for some D ⊂D. Then D is a guiding set of disks for the

flagged chamber complex decomposition C
D
−→ CD. Slightly abusing notation we can then write C

D
−→ CD.

For example, in Proposition 11.7, D is a disk set for the decomposition C
D
−→ CD and D is also a

guiding disk set for the decomposition Cd
D′

−−→ (Cd)D. So, with no loss of meaning, we could also write

the latter Cd
D
−→ (Cd)D.

In general we will write C′d C to denote that C′ is obtained from C by either (non-ball) handlebody
deflation or bullseye deflation. (The direction of the arrow is meant to indicate that the defining surface
F(C′) embeds in F(C).) Thus, in both Propositions 11.6 and 11.7 above, Cdd C. Applying Definition
11.8 these two propositions, together with Propositions 11.2 and 11.5, can then be summarized as follows:

Corollary 11.9. Suppose C,C′ are flagged chamber complexes for which C′d C and suppose D is a
disk set in C.

If C′ certifies, then C′ and C cocertify.
If C′ does not certify, then the following square of flagged chamber complexes commutes:

C′
D //

���
�
� C′

D

���
�
�

C
D // CD

Broaden now to sequences of decompositions:

Definition 11.10. . Suppose

C⃗ : C0
D0
−−→ C1

D1
−−→ ...

Dn−1
−−−−→ Cn

and
C⃗′ : C′0

D0
−−→ C′1

D1
−−→ ...

Dn−1
−−−−→ C′n

are flagged chamber complex decomposition sequences so that for each i ≥ 0, C′i d Ci. Then the
decomposition sequence C⃗′ is a deflation of the decomposition sequence C⃗.
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Suppose

C⃗ : C0
D0
−−→ C1

D1
−−→ ...

Dn−1
−−−−→ Cn

is a flagged chamber complex decomposition sequence and C′0 is a flagged chamber complex such that
C′0d C0. Iteratively define a flagged chamber complex decomposition sequence

C⃗′m(ax) : C′0
D0
−−→ C′1

D1
−−→ ...

Dm−1
−−−−→ C′m

by the following process: If C′i dCi take C′i+1 to be the result of flagged chamber complex decomposition
of C′i by (the guiding set of disks) Di. Continue until either m = n or C′m+1 is not a deflation of Cm+1. The
sequence C⃗′m is a deflation of the sequence

C0
D0
−−→ C1

D1
−−→ ...

Dm−1
−−−−→ Cm

so the following definition is natural:

Definition 11.11. C⃗′m is the maximal deflationary subsequence of C⃗′.

Corollary 11.12. Suppose

C⃗ : C0
D0
−−→ C1

D1
−−→ ...

Dn−1
−−−−→ Cn

is a flagged chamber complex decomposition sequence supporting S 3 = A∪T B and C′0 is a flagged
chamber complex such that C′0d C0. Let C⃗′m be the maximal deflationary subsequence of C⃗′.

• If C⃗′m does not certify then m = n.

• If C⃗′m does certify then C⃗′ and C⃗ cocertify.

Proof. Iteratively apply Corollary 11.9. □

12 Reordering disks

12.1 Parallel vs sequential flagged chamber complex decompositions

Suppose C is a flagged chamber complex supporting S 3 = A∪T B, with F = F(C) its defining surface.
Suppose Dx,Dy are disjoint disk sets in C. In this section we compare the results of flagged chamber
complex decomposition using these disk sets in series vs in parallel. That is, we compare the two flagged
chamber complexes that appear in the bottom row of this diagram:

C

Dx∪Dy

��

Dx // Cx

Dy

��
Cx+y Cxy
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In general the answer is complex: for starters, notice that some disks in Dy may be incident to the

boundary of goneballs in Cx, so the disks Dy become not a disk set for the decomposition Cx
Dy
−−→ Cxy but

a guiding disk set. In light of such difficulties, eventually we will restrict our interest to the case in which
Dx or Dy consists of a single disk. See Subsection 12.2.

We first identify circumstances in which Cx+y = Cxy. To that end:

Definition 12.1. Suppose H is a handlebody in S 3 such that ∂H ⊂ FDx∪Dy , the surface obtained from
F by surgery on Dx∪Dy. We say that H is coherent for the decompositions by Dx∪Dy in the diagram
above when

• H is a chamber in Cx+y if and only if it is a chamber in Cxy and

• if H is a chamber in both Cx+y and Cxy then it has the same flagging.

Here is an easy example:

Lemma 12.2. Suppose there is a component of FDx∪Dy that lies in int(H) and is not a sphere. Then H is
not a chamber in either Cx+y or Cxy. Hence H is coherent.

Proof. Let Fx+y be a component of FDx∪Dy that lies in int(H) and is not a sphere. Since Fx+y is not a
sphere it is not contained in a goneball of Cx+y (cf Lemma 4.2(2)) so it is a component of the defining
surface F(Cx+y) that lies inside H. Hence H is not a handlebody chamber in Cx+y.

The complement of the scars in Fx+y is a non-planar connected surface contained in a closed
component F0 ⊂ F. Similarly the complement of just the scars of Dy in Fx+y is contained in a non-planar
closed surface Fx of FDx . Since both F0 and Fx contain a non-planar subsurface they are not spheres.
Since Fx is not a sphere it is not contained in a goneball of Cx, again by Lemma 4.2(2). In particular it is
a component of the defining surface F(Cx). Fx+y is a component of the surface that results from surgery
by Dy on Fx. Since it is not a sphere it also is not contained in a goneball of Cxy. Hence Fx+y is a closed
component of the defining surface for Cxy lying in the interior of H. Thus H is not a handlebody chamber
in Cxy. □

Returning to the definition of coherent, note that H could fail to be a chamber in Cx+y for two reasons:
H contains a component of the defining surface F(Cx+y) in its interior, as in Lemma 12.2, or H could be
a goneball. Similarly, H could fail to be a chamber in Cxy because it has a component of the defining
surface F(Cxy) in its interior, or because H is a goneball under the sequence of decompositions

C
Dx
−−→ Cx

Dy
−−→ Cxy.

Suppose the latter. H could become a goneball under the second decomposition, so the complement ∂H−
of the scars of Dy in ∂H is part of a surface in F(Cx). On the other hand, ∂H− may not be part of a surface
in F(Cx) if ∂H− is part of a sphere G ⊂ F = F(C) that bounds a goneball in Cx. In the last case, if H also
has no other components of Cxy in its interior, it is natural to call H a goneball of the decomposition

sequence C
Dx
−−→ Cx

Dy
−−→ Cxy. As we will see, such a ball H need not be a goneball in Cx+y.

The following lemma explains why coherence is useful:
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Lemma 12.3. Suppose every handlebody in S 3 whose boundary is in FDx∪Dy is coherent. Then Cx+y =Cxy

as flagged chamber complexes.

Proof. Let F0 be a component of FDx∪Dy . If F0 is not a sphere, then, as in the proof of Lemma 12.2, F0
is a component of both defining surfaces F(Cx+y) and F(Cxy). If F0 is a sphere, then it divides S 3 into
two 3-balls, H±. By assumption both H± are coherent, so each is a goneball in Cx+y if and only if it is
a goneball in Cxy. In particular, if either H± is a goneball in one of Cx+y or Cxy then it is a goneball in
both and F0 is not in either F(Cx+y) and F(Cxy). On the other hand, neither of H± is a goneball in Cx+y if
and only if neither is a goneball in Cxy and, in this case, F0 does lie in both F(Cx+y) and F(Cxy). Thus,
ignoring flagging, Cx+y = Cxy as chamber complexes.

Now consider flagging of a handlebody chamber H in one of Cx+y or Cxy and so in both. Suppose H is
a handlebody chamber in one of Cx+y or Cxy. Since H is coherent, it is then a handlebody chamber in both
Cx+y and Cxy, and the flagging of H is the same. Thus Cx+y = Cxy as flagged chamber complexes. □

Here is a helpful example of incoherence in a handlebody: Let C be a chamber in C that a disk D,
properly embedded in C, divides into two components: U, not a handlebody, and V , the complement in a
handlebody H of a regular neighborhood η of a properly embedded arc α ⊂ H. Let E be a meridian disk
in η, so E is properly embedded in η and meets α in a single point. Note that F∩ int(H) is the annulus ∂η.
See Figure 34.

Since F ∩ int(H) is an annulus and not a collection of disks, H is occupied after the decomposition

C
D∪E
−−−−→ CD+E and after the sequence of decompositions

C
D
−→ CD

E
−→ CDE .

This means that H is a coherent handlebody for CD+E and CDE . On the other hand, after the decomposition

C
E
−→ CE the disk D divides CE into U and the handlebody H. For the next decomposition CE

D
−→ CED,

Definition 7.2 requires that E be aligned so that H is empty in CED. Thus H is not a coherent handlebody
for CD+E and CED.

Replacing D in this example of incoherence by a disk family consisting of D and a disk D′ parallel to
E has no effect on the above argument: For D = D∪D′, H is coherent for CD+E and CDE but incoherent
for CD+E and CED. This leads to the following observation, using analogous notation:

Lemma 12.4. Let D∪E be a disk family in a flagged chamber complex C in S 3. Suppose the disk E is
parallel to a disk D ∈D within a chamber C of C. Then

1. Unless the chamber CD of CD containing E is an occupied handlebody, CD = CDE . If CD is an
occupied handlebody then for one of the two resulting siblings in CDE , CD = CDE .

2. Unless the chamber C is an occupied handlebody with only disky handlebody remnants in CD, the
chamber complex CD = CD+E . The same is almost true in the remaining case: If C is an occupied
handlebody with only disky handlebody remnants in CD then C has sibling remnants in CD+E and
deleting a single such sibling gives the remnants of C in CD.

3. either CD+E = CDE or CD is an occupied handlebody chamber in CD and, in one or both of two
resulting siblings in CDE , CD+E = CDE .
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C

D
E

CDU V

CE

CDE

CD+E

CED

empty

occupied

occupied

Figure 34: CDE = CD+E , CED

Proof. Since D and E are parallel, after surgery on D∪E there is a sphere G in FD∪E bounding a disky
ball BG with one scar of each of the disks D and E on G. Moreover the other remnant C− =CD−BG of
CD in CDE is homeomorphic to CD, so it is a handlebody if and only if CD is. If CD is not a handlebody,
so also C− is not a handlebody, or if CD is an empty handlebody, then per Definition 7.2 the ball BG is
empty and so a goneball in CDE . Then CD = CDE (with C− replacing CD). If CD is occupied then the
same statement is true for one of the two siblings of CD. This proves 1).

The remnants of C in CD+E are the same as in CD, with the addition of the disky ball BG. If BG is
a goneball, we are done as in the proof of 1). The only way in which BG could not be a goneball, per
Definition 7.2, is if C is an occupied handlebody with only disky remnants. In the latter case, only the
sibling in which BG is occupied does not also occur among the sibling remnants of C in CD. This proves
2).

The proof of 3) follows almost immediately. Following 1), we may as well assume that CD = CDE .
The result follows from 2), unless C is an occupied handlebody with only disky handlebody remnants
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in CD. In this case, C− is also disky, so C also has only disky handlebody remnants in CD+E . Then
per Definition 7.2 the remnants of C in both CD+E and CDE have the same description of siblings, one
corresponding to exactly one of the remnants of CD+E being occupied, with remnant BG a goneball except
when it is the occupied remnant. □

Note: Switching the order of D and E makes a difference. The example preceding Lemma 12.4
shows that there may be a handlebody in S 3 whose boundary is in FD∪E and which is not even coherent
for CD+E and CED.

Return now to the discussion of decomposition by Dx and Dy.

Definition 12.5. Suppose H is a handlebody in S 3 so that ∂H ⊂ FDx∪Dy . Then a disk D ∈Dx ∪Dy is
incident to H if D ⊂ int(H) or D leaves a scar on ∂H. The handlebody H is an x-handlebody (resp.
y-handlebody) if H is incident only to disks in Dx (resp. Dy). An x-handlebody (resp. y-handlebody) H
is an x-handlebody (resp. y-handlebody) chamber in Cxy if it is a chamber there. That is, ∂H is in the
defining surface F(Cxy) and no other chamber lies in int(H).

Lemma 12.6. If H is an x-handlebody chamber in Cxy then H is also a chamber of Cx.

Proof. Let C be the chamber of Cx which has H as a remnant. If any disks in Dy are incident to C then
each remnant of C in Ĉxy has a scar from Dy, so the same is true after getting rid of goneballs. Since H
has no scars from Dy, no disks from Dy are incident to C, and C is unaffected by the decomposition by
Dy. That is, C = H as required. □

Suppose C contains no occupied handlebody chambers. Then by Corollary 7.3 a handlebody chamber
in Cx or a handlebody chamber in Cx+y is empty if and only if it is disky.

Lemma 12.7. Suppose C contains no occupied handlebody chambers. Then:

• Each x-handlebody chamber of Cxy is empty if and only if it is a disky chamber under the decompo-

sition C
Dx
−−→ Cx.

• If Cx contains no occupied handlebody chambers then each y-handlebody chamber of Cxy is empty

if and only if it is disky under the decomposition Cx
Dy
−−→ Cxy.

• If Cx does contain occupied handlebody chambers, there is a preferred alignment of Dy in Cx so
that each y-handlebody chamber of Cxy is empty if and only if it is disky under the decomposition

Cx
Dy
−−→ Cxy. Any other preferred alignment of Dy gives a sibling decomposition Cx

Dy
−−→ Cxy.

Proof. The first statement follows from Corollary 7.3 and Lemma 12.6. The second statement follows
from Corollary 7.3.

The third statement is more difficult to prove. Observe first that by the argument in Corollary 7.3, any
handlebody remnant of a chamber in Cx that is not an occupied handlebody is empty if and only if it is
disky. Moreover the argument extends, via Definition 7.2, even to occupied handlebody chambers in Cx

so long as at least one remnant in Cxy is not a disky handlebody. So we need only describe how to align
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those disks in Dy that are incident to each chamber Cx in Cx of the following type: Cx is an occupied
handlebody and every remnant of Cx in Cxy is a disky handlebody.

This is how it is done: Since Cx is occupied, by Corollary 7.3 Cx is not disky. So there is some
component Fx of F ∩ int(Cx) that is not a disk. Fx must be incident to some disk in Dx else it would be a
subsurface of F(Cx) and not lie in the interior of Cx.

The subcollection of disks in Dy that are incident to ∂Cx is disjoint from Fx, since int(Dy) is disjoint
from F. Hence the surface Fx will lie in the interior of some remnant Cxy of Cx in Cxy, so that remnant too
is incident to Dx. In particular, Cxy is not a y-handlebody. Following Definition 7.2, choose a preferred
alignment where every (disky) handlebody remnant of Cx other than Cxy is empty. Then in particular
each y-handlebody remnant is both disky and empty, as required. □

Lemma 12.8. Suppose C does not certify and H is a handlebody in S 3 so that ∂H ⊂ FDx∪Dy . If H is an
x-handlebody it is coherent. If H is a y-handlebody then it is coherent in one of the sibling decompositions

of Cx
Dy
−−→ Cxy.

Proof. If appropriate (i. e. if Cx contains occupied handlebody chambers) choose the alignment for Dy

in Cx given in Lemma 12.7 to ensure that each y-handlebody chamber of Cxy is empty if and only if it

is disky under the decomposition Cx
Dy
−−→ Cxy. Also from Lemma 12.7 we have that each x-handlebody

chamber of Cxy is empty if and only if it is disky under the decomposition C
Dx
−−→ Cx.

Case 1: x-handlebodies
The proof will be by contradiction. Suppose there is an x-handlebody that is not coherent and let H

be an innermost one that is not coherent. Suppose first that there are no components of FDx∪Dy contained

in the interior of H. Then C
Dx
−−→ Cx is disky (for F ∩ int(H) has no components at all) and hence empty

(possibly a goneball) in Cxy. Similarly C
Dx∪Dy
−−−−−→ Cx+y is disky and hence H is empty in Cx+y. Since H is

empty in both Cxy and Cx+y it is coherent, a contradiction.
We deduce then that there must be components of FDx∪Dy in the interior of H. Suppose a subsurface

of FDx∪Dy in the interior of H becomes in Cx a component Fx of F(Cx). Then H is not a chamber in
Cx (since it contains a component of F(Cx) in its interior) and, since H is incident to no disks in Dy, H
remains not a chamber in Cxy. Since no disk in Dy is incident to Fx, Fx is also a component of Cx+y unless
it is a goneball there. But if it were a goneball there, and not in Cxy it would be a further in handlebody
that is not coherent, contradicting our choice of H. We conclude that Fx remains as a surface in Cx+y so
H is not a chamber there either. But this implies H is coherent, a contradiction.

We deduce then that FDx∪Dy ∩ int(H) must become a collection of spheres bounding goneballs in Cx,
hence in Cxy. Then, by our consistency hypothesis, the spheres bound goneballs also in Cx+y. Hence
in each of Cxy and Cx+y, H is either a chamber or is itself a goneball. Whether H is occupied or empty
(so perhaps a goneball) is determined in Cx+y by whether the components of F ∩ int(H) consist entirely
of disks, by Corollary 7.3. By the first statement of Lemma 12.7 the same is true in Cxy. Hence H is
coherent a final contradiction.

Case 2: y-handlebodies
The proof will be by contradiction, similar to Case 1. Suppose there is a y-handlebody that is not

coherent and let H be an innermost one that is not coherent. Suppose there is a component F0 of FDx∪Dy
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that lies in int(H) and remains in F(Cxy), so H is not a chamber in Cxy. By Lemma 12.2 F0 is a sphere, so
it bounds a ball in H. The ball it bounds is not a goneball in Cxy so, by the consistency hypothesis, F0 does
not bound a goneball in Cx+y. This implies that H is not a chamber in either Cxy or Cx+y, contradicting
our assumption that H is not coherent.

We deduce then that int(H) is disjoint from F(Cxy) so H is a chamber in Cxy. A symmetric argument
shows that H is also a chamber in Cx+y. Suppose F ∩ int(H) has a component F0 that is not a disk, so H
is an occupied handlebody in Cx+y.

Subcase 2a: F0 ⊂ int(H) is a closed surface.
Since H is a y-handlebody, F0 is unaffected by surgery on Dx so it persists as a component of FDx .

Since F0 does not bound a goneball in C, it does not bound one in Cs, so F0 persists as a component

of F(Cx). In particular, H is not disky under the decomposition Cx
Dy
−−→ Cxy. This implies that H is an

occupied handlebody in Cxy, contradicting the hypothesis that H is not coherent.
Subcase 2b: ∂F0 , ∅.
Let ∂−H = ∂H ∩F, that is ∂H with all scars removed. Note that since F0 is not a disk it is either

non-planar or has more than one boundary component; in either case F0∪∂−H is non-planar. In particular,
the subsurface of FDx that contains it cannot be a sphere, so F0∪∂−H persists as a subsurface of F(Cx).
In particular, F0 persists, and, just as in Subcase 2a this implies that H is an occupied handlebody in Cxy,
contradicting the hypothesis that H is not coherent.

We are thus reduced to the case that F∩ int(H) consists entirely of disks, so H is disky in Cx+y. Since
we are assuming C does not certify, and therefore has no occupied handlebody chambers, this implies that
H is empty (and so a goneball if H is a ball) in Cx+y. It’s possible that in Cx the surface ∂−H is part of a
sphere G ⊂ F that bounds a goneball in Cx. This would imply that ∂H is planar, so H is a ball, and would

make H a goneball of the decomposition sequence C
Dx
−−→ Cx

Dy
−−→ Cxy, as described before Lemma 12.3.

On the other hand, if F ∩ ∂H does remain in F(CDx), what we can conclude is that H is disky in

the decomposition Cx
Dy
−−→ Cxy and so, per our choice of preferred alignment of Dy, H is empty. (In

particular, it is again a goneball if H is a ball.) In either case, H is then coherent for Cxy and Cx+y, a final
contradiction. □

12.2 When a disk set is a singleton

We take the discussion above one step further:

Definition 12.9. Suppose H is a handlebody in S 3 so that ∂H ⊂ FDx∪Dy . H is an xe-handlebody (resp.
ey-handlebody) if H is incident only to disks in Dx (resp. Dy) except for a single disk E(xeptional) which
is also incident to H but lies in Dy (resp. Dx).

We proceed to two lemmas that are parallel in spirit and whose proofs will use the same figures. To
keep their use disentangled, in Figures 36, 37 and 39 the subscripts xe, x+e will refer to the case in which
Dy = E and the subscripts ey,e+ y will refer to the case in which Dx = E.

Lemma 12.10. Suppose C does not certify, H is an ey-handlebody and, if Cx contains an occupied
handlebody, Dy is given the preferred alignment in Cx of Lemma 12.7. Then either H is coherent or
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• E lies in int(H) and

• either ∂E is non-separating in F −∂Dy or ∂E is non-separating in F and E is parallel to a disk in
Dy and

• H lies in a chamber1 of Cxy and H is either

– empty (and so a goneball if H is a ball), the deflation of a handlebody chamber in Cx+y or

– the deflation of a single bullseye of Cx+y in H. (Possibly H is part of the bullseye.)

Proof. As usual, let FE∪Dy be the surface obtained from F = F(C) by surgery on E ∪Dy. Following
Lemma 12.2 we will assume that each component of FE∪Dy that lies in int(H) is a sphere and so bounds a
ball in H. Let S be this set of spheres

Special case: Each ball in H bounded by a sphere in S is coherent.
Claim: In this special case, H lies entirely in a chamber of Cx+y if and only if it lies entirely in a

chamber of Cxy.
Proof of claim: For both Cx+y and Cxy, H is contained in a chamber if and only if each ball in H

bounded by a sphere in S is a goneball, for this determines whether there is any chamber contained in
int(H). But in this special case, each ball bounded by a sphere in S is coherent, so the ball it bounds is a
goneball in Cx+y if and only if it is a goneball in Cxy. This proves the claim.

Following the claim, but still in the special case, we will assume that H lies entirely in a chamber (pos-
sibly it is itself an entire chamber) of both Cx+y and Cxy and need to determine under what circumstances
H is not coherent. That is,

• If H is a ball, when is it a goneball in one of Cx+y or Cxy but not the other?

• If H is not a ball, so it is itself a chamber, when is it empty in one of Cx+y or Cxy but not the other?

We examine possible subcases. For all but the last, H will turn out to be coherent:

Subcase 1a: There is a component F0 of F ∩ int(H) that is not a disk and not incident to E.
Since F0 is not a disk, H is not a disky handlebody in the decomposition C→ Cx+y. Since F0 is not

incident to E, F0 is not affected by the decomposition C
E
−→ Cx. This implies that H is also not a disky

handlebody in the decomposition Cx→ Cxy. H is then an occupied handlebody in both Cx+y or Cxy, so H
is coherent.

Subcase 1b: A component Fe of F ∩ int(H) is incident to E and surgery on E (in the decomposition

C
E
−→ Cx) does not turn Fe into the union of disks and spheres.

Essentially the same argument applies: Fe can’t be a disk, so H is occupied in Cx+y; some non-disk
component of the surgered Fe remains as a component of F(Cx) so H is occupied in Cxy.

Subcase 2: E does not lie in int(H), so it leaves either one or two external scars on ∂H.
Following Subcase 1a, we can assume every component of F ∩ int(H) is a disk, hence H is disky

and so, by Corollary 7.3 H is an empty chamber in Cx+y. H is also a disky handlebody remnant of the

1The phrase ‘H lies in a chamber’ means that either H is itself a chamber, or H is a goneball in a chamber.

JOURNAL OF THE ASSOCIATION FOR MATHEMATICAL RESEARCH, 2(2):209–335, 2024 293

https://jamathr.org


MARTIN SCHARLEMANN

decomposition Cx→ Cxy but this does not immediately imply that H is empty in Cxy: per Definition 7.2
H might be the remnant of an occupied handlebody Cx in Cx all of whose other remnants are also disky
handlebodies. We explore this possibility further:

Suppose this were the case, and C is the chamber in C of which Cx is the occupied handlebody
remnant. If the disk E lies outside C then the scars of E in ∂Cx would be internal scars. By the hypothesis
of this subcase we may therefore assume that E lies in the interior of C. The one or two remnants of C in
Cx are then subsets of C, so F is disjoint from these remnants and the remnant Cx in particular is disky.
Per Definition 7.2 the only way that Cx can be a disky remnant of C and still be occupied is if C is an
occupied handlebody with all remnants disky. But a hypothesis of the Lemma is that C does not certify,
so C is not an occupied handlebody. From the contradiction we conclude that H is empty in Cxy and so H
is coherent.

Following Subcase 2, we henceforth assume that E ⊂ int(H).
Subcase 3: F ∩ int(H) consists of disks, so H is either a goneball or an empty chamber in Cx+y.
Let Fe be the component of F ∩ int(H) on which ∂E lies. Since H is irreducible, E is parallel in H to

a subdisk F0 of Fe. Then the decomposition C
E
−→ Cx has essentially no effect on C: after removing the

goneball bounded by E∪F0, all that has changed is a proper isotopy of Fe that replaces F0 with E (and
the removal of any disks in Dy that were incident to F0, but these only give rise to goneballs in Cx+y and
Cxy). Then the decomposition Cx→ Cxy also leaves H either a goneball or an empty chamber in Cxy, so
H is coherent.

Subcase 4: All that remains: F ∩ int(H) has a single non-disk component Fe, Fe is incident to E, and
surgery on E turns Fe into the union of disks and spheres.

Fe could be a torus bounding an empty solid torus, a once-punctured torus, or an annulus, and in each
case E is a meridian disk. (See the left column in Figures 36 and 37.) It follows that ∂E is non-separating
in F and, unless Dy also contains a disk whose boundary is parallel to ∂E, ∂E is also non-separating
in F − ∂Dy. If Dy does contain a disk D whose boundary is parallel to ∂E then D and E are parallel,
since otherwise between them would lie a closed component of F ∩ int(H), contradicting the hypothesis
of this subcase. So, in the end, we are in the situation described in the statement of the Lemma: ∂E is
non-separating in F −∂Dy or ∂E is non-separating in F and E is parallel to a disk in Dy. In this case

H is an occupied handlebody in Cx+y, since Fe is not a disk, but may be empty in Cxy, since Cx
Dy
−−→ Cxy

is disky. Since H could be incoherent, we explore this situation further:
Consider the chamber Cx in Cx which has H as a remnant. If every other remnant of Cx is also a disky

handlebody, then Cx is a handlebody and it must be occupied because Fe is not a disk. Since E ⊂ int(H),
each other remnant of Cx is a disky y-handlebody, so per Lemma 12.7, each is empty. This implies that H
must be occupied in Cxy, and H is coherent. Finally, if any remnant of Cx in Cxy is not a disky handlebody
then Definition 7.2 says that a preferred alignment of Dy leaves H deflated to such a remnant, an outcome
allowed in Lemma 12.10. This concludes the proof in the special case.

The general case:
Following the special case, the remaining possibility is that there is a sphere in S bounding a ball

in H that is not coherent. Let G be an innermost such sphere. By the special case, E lies in the ball BG

that G bounds in H and BG is occupied in Cx+y but deflates into another chamber in Cxy. Since BG is
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occupied in Cx+y, it is a chamber, so H does not lie inside a chamber in Cx+y. If any sphere in S does not
bound a goneball in Cxy then H is also not a chamber in Cxy and so is coherent. See Figure 35.

C Cx

b

b

Cey

goneballs

Dy

E

Ce+y

Figure 35: Bullseye deflation Ceyd Ce+y

We are left with the case that every sphere in S bounds a goneball in Cxy. Any such sphere not
containing G in the interior of the ball it bounds will be a y-handlebody, since E ⊂ BG, so it follows from
Lemma 12.8 that the ball will also be a goneball in Cx+y. So all spheres in S that don’t bound goneballs
in Cx+y are nested around G. Let G′ be an outermost sphere in this nested collection of spheres Se ⊂S

bounding goneballs in Cxy but not in Cx+y, or ∂H itself if H is a ball. Since G′ bounds a goneball in
Cxy, the ball has trivial Heegaard splitting. It follows that if Se has more than one sphere, the collar
between any two has trivial splitting. Thus Se is a bullseye in Cx+y, the final possibility allowed by
Lemma 12.10. □

The next lemma is more complicated to state, mostly because it has to accomodate the possibility
that even if Dy = E, there may be two xe-handlebody chambers in Cx+y and Cxy. Namely if E divides a
handlebody chamber Cx ⊂ Cx into two handlebodies, then they each are xe-handlebody chambers, since
E leaves an external scar on both of them. According to Definition 7.2 if Cx is an occupied handlebody,
there are two preferred alignments of E: H is empty and H′ is occupied, or vice versa. The different
alignments produce sibling flaggings of Cxy. One sibling is obtained from the other by deflation of H′

into H (which is a bullseye deflation if H′ is then a goneball) or vice versa. In this case it is natural to
call replacing the flagging of the chambers H and H′ in Cx+y with either of the flaggings in Cxy a sibling
deflation.
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C

Cx E

Ceygoneball

Dy

Dx Cx

E

E

Cxe = Cx+e = Ce+y

Figure 36: H a ball, Fe a punctured torus

Lemma 12.11. Suppose C does not certify and H is an xe-handlebody. Then either

• H is coherent, or

• Cx has an occupied handlebody chamber containing E and, in one of the two sibling deflations, H
is coherent, or

• H is a chamber in Cxy, either the deflation of an occupied chamber in Cx+y or the result of the
deflation of a single bullseye of Cx+y in H.

Furthermore, in the third instance, when neither of the first two outcomes applies,

• E leaves exactly one scar on ∂H,

JOURNAL OF THE ASSOCIATION FOR MATHEMATICAL RESEARCH, 2(2):209–335, 2024 296

https://jamathr.org


GENERATING THE GOERITZ GROUP OF S 3

C

Cx E

Ceygoneball

Dy

Dx Cx

E

E

Cxe = Cx+e = Ce+y

Figure 37: H a ball, Fe an annulus

• ∂E is separating in a component of F −∂Dx, and

• E is not parallel to any disk in Dx.

Proof. If E is parallel to a disk in Dx, Lemma 12.4 says one of the first two outcomes occurs, and we are
done. So henceforth we assume that E is not parallel to a disk in Dx.

Here are some preliminary observations:

• If H (or H′ in the case in which sibling deflation may arise) is coherent we are done. So we assume
H (and H′, if relevant) is not coherent.

• Following Lemma 12.2, unless every component of FDx∪E lying in int(H) is a sphere, H is not a
chamber in either Cxy nor Cx+y and so is coherent. So we henceforth assume that every component
of FDx∪E lying in int(H) is a sphere. Let S denote the collection of all such spheres.

• Sibling deflation may arise when E is a separating disk in an occupied handlebody chamber of
Cx. If that chamber has H as one of the two remnants, each ball bounded by a sphere in S is an
x-handlebody and so, per Lemma 12.8 the sphere is coherent.
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On the last point, sibling deflation, there is more to say:

The Sibling Claim: Suppose that E is a separating disk in an occupied handlebody chamber Cx of Cx.
In at least one of the two sibling deflations of Cx in Cxy, either

• H is coherent, or

• H is the deflation of an occupied chamber in Cx+y or

• the only remnant of Cx in the interior of H is a coherent ball.

.
Proof of the Sibling Claim: Since C has no occupied handlebodies, the handlebody Cx is occupied

if and only if F ∩ int(Cx) contains a non-disk component, by Corollary 7.3. Hence one or both of the
handlebody chamber remnants Cx − E are occupied in Cx+y. It follows that either chamber (but not
necessarily both) can be made coherent by a choice of sibling deflation in Cxy. This proves the Sibling
Claim if either of these chambers is H. Another possibility is that both handlebody chambers lie in the
interior of H, and so are necessarily balls. We have seen then that at least one ball is occupied in Cx+y

and exactly one in Cxy. Thus H is not a chamber in either Cx+y or Cxy so H is coherent.
The final possibility is that one of the handlebody chamber remnants is a ball BH in the interior of H

and the other lies outside H (in fact it is then the complement S 3−H since its boundary is connected).
BH is either empty or occupied in Cx+y. By choosing the right sibling deflation we can match that status
for BH in Cxy. This makes BH coherent and so proves the Sibling Claim.

It is possible that a sphere in S bounds a ball that is not coherent - that is, it is a goneball in one of
Cxy or Cx+y but not the other (regardless of the choice of sibling deflation, when E lies in an occupied
handlebody of Cx). If this occurs, let BG be an innermost such ball, BG can’t be an x-handlebody, by
Lemma 12.8 so E is incident to BG. By the Sibling Claim, we may assume that if E lies in an occupied
handlebody in Cx, BG is not one of its remnants in Cxy.

In view of these possibilities, in the discussion below we will use the term target manifold to refer
either to BG, if there is a BG as above, or to H itself if there is no BG. In either case, any handlebody
contained in the interior of the target manifold is a coherent ball.

Let Fx = F(Cx) denote the defining surface of Cx. We consider possible scars that E might leave on
the boundary of the target manifold in FDx∪E . Only in the last case, when there is exactly one external
scar on the boundary of the target manifold, does the possibility of sibling deflations arise:

Claim 1: There is a scar of E on the boundary of the target manifold (either G = ∂BG or ∂H.)
The argument is essentially the same for either target manifold, so we assume here the target manifold

is BG. If there is no scar on G then G is among the components of FDx , the surface obtained by Dx

surgery on F. Notice that BG must be a chamber in both Cx+y and Cxy, for if there are occupied balls in the
interior of one, they would be occupied in the other (because BG is innermost among the non-coherent),
making BG not a chamber and therefore coherent, contradicting hypothesis.

If F ∩ int(BG) consists of disks, then BG is disky and hence a goneball in both Cx+y and Cx, by
Corollary 7.3. Hence BG is also a goneball in Cxy, again contradicting that BG is not coherent. On the
other hand, if F ∩ int(BG) is not all disks. Then BG is an occupied ball in both Cx+y and Cx. The latter
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implies that BG is also an occupied ball in Cxy, since E is not incident to BG; BG is its own and only
remnant in Cxy. This would make BG coherent, a final contradiction that proves Claim 1.

Claim 2: E does not leave two external scars on the target manifold.
Again the argument for target manifold BG applies also to H, so we can suppose that BG is the target

manifold and consider what happens if E leaves two external scars on G. Then the chamber Cx in Cx of
which BG is a remnant is obtained from G by attaching a 1-handle dual to E, and so is a handlebody in
Cx. BG is the sole remnant of Cx under the decomposition Cx→ Cxy and its interior is disjoint from Fx,
so BG is occupied in Cxy if and only if Cx is occupied in Cx. Since C has no occupied handlebodies, the
handlebody Cx is occupied if and only if F ∩ int(Cx) contains a non-disk component, by Corollary 7.3.
But F ∩ int(Cx) contains a non-disk component if and only if F ∩ int(BG) contains a non-disk component
and the latter is equivalent to BG being occupied in Cx+y. Hence BG is occupied in Cxy if and only if it is
occupied in Cx+y. Hence BG is coherent, a contradiction that proves the claim.

Claim 3: E does not leave two internal scars on the target manifold.
The case when the target manifold is BG is representative. If E leaves two internal scars on G then

the belt annulus is a non-disk component of both F ∩ int(BG) and Fx∩ int(BG), so BG is occupied in both
Cx+y and Cxy. Hence BG is coherent, a contradiction that proves the claim.

Claim 4: E does not leave one internal scar on the the target manifold
This is the most difficult claim to verify, for the argument involves some unusual computation. To

avoid the danger of over-simplifying we will assume that the more complicated H is the target manifold;
the argument when BG is the target manifold is then just a special case. Suppose that E leaves one internal
scar on ∂H. Then the other scar must be on a component of FDx∪E that lies in the interior of H and so is
a sphere S ∈S. Put another way, in FDx the belt annulus of E connects the scar of E on ∂H to the disk
complement in S of the scar of E on S . So the scar of E on ∂H is parallel in H to a disk component F0
of Fx∩ int(H) (the union of the belt annulus of E and a subdisk of S ). Since E is the only disk in the
decomposition Cx→ Cxy, the disk F0 is the only component of Fx∩ int(H).

By assumption the ball BS that S bounds in H is coherent: unless it is a goneball in both, it persists
in both Cx+y and Cxy, so H would not be a chamber in either and therefore is coherent, a contradiction.
So we henceforth assume that BS is a goneball in both Cx+y and Cxy. The former means that F ∩ int(BS )
consists of disks, and the latter means that the chamber Cx of Cx of which H is a remnant is just the
complement in H of the ball (parallel to BS ) between the scar of E in ∂H and F0. That is, H is parallel to
Cx via this ball. In particular, H is the only remnant of Cx so, via Definition 7.2, H is occupied in Cxy if
and only if Cx is occupied in Cx.

We wish now to examine F∩ int(H). F0 is a disk containing scars of Dx; the complement of the scars
is a subset of F. In particular, if F ∩ int(H) contains any closed components they would be disjoint from
F0. A closed component of F can’t lie in BS , since BS is empty in Cx+y, so it would have to lie in the
chamber Cx of Cx, making Cx, hence H, occupied in Cxy as well as Cx+y. Then H would be coherent, a
contradiction. So we need only consider the case in which F ∩ int(H) contains no closed components.

Here is a useful observation about compact orientable surfaces with no closed components: For any
closed connected orientable surface Q, χ(Q) ≤ 2 with equality if and only if Q is a sphere. It follows
that for any compact connected surface Q, χ(Q)+ |∂Q| ≤ 2, with equality if and only if Q is planar, and
so, when ∂Q , ∅, χ(Q)− |∂Q| ≤ 0 with equality if and only if Q is planar and has a single boundary
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component, i. e. is a disk. More generally, this is then true for any compact orientable surface, so long as
there are no closed (in fact no sphere) components. We have thus verified this claim:

Claim: Suppose Q is a compact orientable surface with no closed components. Then χ(Q)− |∂Q| ≤ 0
with equality if and only if Q consists entirely of disks.

Cx

H

BS

F ∩ int(BS )

F ∩ int(Cx)

E

F0 F ∩F0

Figure 38: F ∩ int(H) = (F ∩ int(Cx))∪ (F ∩F0)∪ (F ∩ int(BS ))

To apply the Claim, begin with the observation

F ∩ int(H) = (F ∩ int(Cx))∪ (F ∩F0)∪ (F ∩ int(BS )). (1)

See Figure 38. For the purpose of this computation, include all boundary circles on each surface, so each
surface is compact. We then have

χ(F ∩ int(H))−χ(F ∩ int(Cx)) = χ(F ∩F0)+χ(F ∩ int(BS )). (2)

Note that F ∩ F0 is the disk F0 with all the scars of Dx that lie in F0 removed. Hence χ(F ∩ F0) =
1− |scars on F0|. These scars on F0 are of two types: those that come from components of F lying in
int(BS ) (all of them disks, since BS is a goneball) and those coming from components of F lying in
int(Cx). Each disk in F ∩ int(BS ) contributes 1 to χ(F ∩ int(BS )) and -1 to χ(F ∩F0) so

χ(F ∩F0)+χ(F ∩ int(BS )) = 1− |scars on F0 left by F ∩ int(Cx)|. (3)

Another way to characterize the number of scars left on F0 by F ∩ int(Cx) is that it is the difference
of the number of scars left on ∂Cx and those left on ∂H. Furthermore, the total number of scars left on
∂H is one more than the number left by ∂Cx, since it includes ∂E. We then obtain:

1− |scars on F0 left by F ∩ int(Cx)| = |∂(F ∩ int(H))| − |∂(F ∩ int(Cx))|. (4)

Combining (2), (3) and (4) we have

χ(F ∩ int(H))−χ(F ∩ int(Cx)) = |∂(F ∩ int(H))| − |∂(F ∩ int(Cx))| (5)

which implies
χ(F ∩ int(H))− |∂(F ∩ int(H))| = χ(F ∩ int(Cx))− |∂(F ∩ int(Cx))|. (6)
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Now apply the Claim: The left side of (6) is zero if and only if H is disky and hence empty; the right
side of (6) is zero if and only if Cx is disky and hence empty. Thus H is empty in Cx+y if and only if it is
empty in Cxy. That is, H is coherent, a contradiction that proves Claim 4.

Claim 5: If the target manifold contains exactly one external scar of E then H satisfies one of the
three outcomes listed in Lemma 12.11.

The argument for this claim depends on whether H or BG is the target manifold.
Case 1: The target manifold is BG.
Let Cx be the chamber in Cx of which BG is a remnant. Since E leaves exactly one external scar on

G, E separates Cx into BG and another remnant Rx, so BG is disky under the decomposition Cx→ Cxy.

Subcase 1a: Cx is a handlebody.
We first show that Cx cannot be an empty handlebody. Since C contains no occupied handlebodies,

Cx can only be empty if F ∩ int(Cx) consists entirely of disks, by Corollary 7.3. Since int(BG) ⊂ int(Cx)
this implies that F ∩ int(BG) consists entirely of disks, so BG is empty in Cx+y. Since Cx is empty in Cx,
Definition 7.2 says BG is also empty in Cxy. This contradicts the requirement that BG is not coherent.

We deduce that Cx is an occupied handlebody. In this case, apply the Sibling Claim: the first two
outcomes of that claim imply the first two outcomes of the Lemma; the third only arises when the target
manifold is H, and then it contradicts Claim 4, completing the proof of the Lemma in this subcase.

Subcase 1b: Cx is not a handlebody.
In this case Rx cannot be a handlebody and in particular cannot be a ball, and so it can’t be a chamber

in int(H). Then Rx ⊂ S 3−H. Moreover, Definition 7.2 says that in this case the preferred alignment of E
leaves BG empty in Cx+y and so a goneball. Our assumption is that BG is not coherent, so BG must be
occupied in Cx+y. The difference then between H in Cx+y and Cxy is that the latter is obtained from the
former by deflation of BG. This can be viewed as a bullseye deflation, the third outcome allowed. See the
right side of Figure 39.

Case 2: The target manifold is H.
The proof is highly analogous to Case 1, so we merely sketch: As in Case 1, the component Cx of Cx

of which H is a remnant is divided by E into two chambers, H and Rx. If Cx is an empty handlebody
then, just as in Case 1, H is empty in both Cx+y and Cxy and so is coherent, completing the proof. If Cx is
an occupied handlebody then the Sibling Claim applies; the first two outcomes of that Claim imply the
first two claims of the Lemma, and the third outcome contradicts Claim 4. Finally, if Cx (so also Rx) is
not a handlebody, then the preferred alignment given by Definition 7.2 leaves H empty in Cxy. Thus if
H is empty in Cx+y it is coherent; if it is occupied then Cxy is obtained from Cx+y by deflation into Rx,
implying the third outcome of the Lemma.

Having established the claims, we now prove the Lemma: Suppose a ball BG ⊂ int(H) presents itself,
as described before Claim 1. Claim 1 says that E leaves scars on G, claims 2 and 3 show that E leaves
exactly one scar on G, and Claim 4 says that it cannot be an internal scar. Thus E must leave one external
scar on G, in which case Claim 5 shows that one of the three outcomes of Lemma 12.11 occurs.

On the other hand, if no BG satisfies the criteria described before Claim 1 then Claims 1, 2, 3 and 4
show that, unless ∂H contains a single external scar of E, H is coherent. Claim 5 shows that when ∂H
does contain a single external scar of E, one of the three outcomes of Lemma 12.11 occurs.
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C

CE E

Cey = Ce+y = Cx+e

goneball
Dy

Dx Cx

E

E

Cxe

Figure 39: E leaves one external scar

We now examine when neither of the first two outcomes occurs, to verify the final three claims of
Lemma 12.11. We have already concluded that E is not parallel to any disk in Dx. The proof so far shows
also that the target manifold must have a single external scar, and then Claim 5 shows that in this case ∂H
contains exactly one scar of E, an internal scar when the target manifold is BG and an external scar when
the target manifold is H. All that remains is to show that ∂E is separating in F −∂Dx:

The definition of Fx implies that the complement of the scars of Dx in Fx is a collection of components
of F −∂Dx. Not removing the scars of the disks in Dx, that is, adding disks back, does not affect the
number of components in the surface, so to show that ∂E is separating in a component of F − ∂Dx it
suffices to show that ∂E is separating in a component of Fx. But that follows immediately from the fact
that E leaves only one scar on ∂H: ∂H is a component of Fx−∂E that is distinct from the component on
which the other scar of E lies. □
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Proposition 12.12. Suppose C is a flagged chamber complex supporting S 3 = A∪T B, C does not certify
and Dx,Dy are disjoint disk sets in C. If either |Dx| or |Dy| = 1, then, after an appropriate choice of
sibling if Cx contains occupied handlebody chambers, either Dxy =Dx+y or DxydDx+y.

In more detail: Suppose D∪E is a disk set in C, where E is a single disk. Let

• CDE be the flagged chamber complex given by the composition C
D
−→ CD

E
−→ CDE

• CED be the flagged chamber complex given by the composition C
E
−→ CE

D
−→ CED and D the

preferred alignment described in Lemma 12.8

• CD+E be the flagged chamber complex given by the decomposition C
D∪E
−−−−→ CD+E .

(Note that here D in the subscripts refers not to a single disk but to the family D of disks.)
Then either

• CDE = CD+E = CED or

• CDE = CD+E c CED or

• CDE d CD+E = CED or

• E lies in an occupied handlebody in CD and its sibling C′DE satisfies C′DE = CD+E = CED

If CD+E , CED then either ∂E is non-separating in F−∂D or ∂E is non-separating in F and E is parallel
to a disk in D.

Proof. The proof breaks naturally into two cases:
Case 1: CED , CD+E .
By Lemma 12.3 there is a handlebody H in S 3 whose boundary is in FD∪E and which is not coherent

in CED and CD+E . Then applying Lemma 12.10 to H, either ∂E is non-separating in F −∂D or ∂E is
non-separating in F and E is parallel to a disk in D. Then by Lemma 12.11 every handlebody in S 3

whose boundary is in FD∪E is coherent for CDE and CD+E . So, by Lemma 12.3, CDE = CD+E . Thus what
is left to show in this case is that CEDd CD+E .

There cannot be two disjoint handlebodies in S 3 whose boundaries are in FD∪E and which are not
coherent for CED and CD+E since Lemma 12.10 says that the disk E lies in the interior of each such
handlebody. Then there is a maximal such handlebody - that is, one that contains any other - so without
loss take H to be the maximal one. By Lemma 12.10 H is contained in a chamber of CED and is obtained
from a chamber of CD+E by deflation of a chamber or of a bullseye in CD+E . All chambers of CD+E

outside of H are the same in CD+E and CED by the same proof as that of Lemma 12.3. Thus CEDd CD+E

as required.
Case 2: CDE , CD+E

The proof is analogous to that of Case 1, but a bit more complicated. By Lemma 12.3 there is a
handlebody H in S 3 whose boundary is in FD∪E and which is not coherent in CDE and CD+E . Then
according to Lemma 12.11 E is not parallel to a disk in D and ∂E is separating in F − ∂D. Then by
Lemma 12.10 every handlebody in S 3 whose boundary is in FD∪E is coherent for CED and CD+E so by
Lemma 12.3 CED = CD+E . Thus what is left to show in this case is that CDE d CD+E .
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According to Lemma 12.11 E leaves exactly one scar on ∂H. If it is an internal scar, then per Claim 5
in the proof of Lemma 12.11, E lies in the interior of a chamber Cx of Cx dividing Cx into a ball in int(H)
and a chamber Rx adjacent to and outside of H, as in Figure 38. Unless Rx is also a handlebody, the
choice of preferred alignment of E has no effect on the flagging of chambers outside of H. In particular,
there can be no handlebody chamber incoherent for CDE and CD+E that is disjoint from H. In this case,
the argument concludes as for Case 1, using Lemma 12.11 instead of Lemma 12.10. On the other hand, if
Rx is a handlebody (and so, as noted in Lemma 12.11 Claim 5, Subcase 1a, the only chamber of Cx+y that
lies outside of H) then the choice of alignment of E in Cx does affect the flagging of Rx. The argument in
this case is much like the argument in the case that E leaves an external scar on H, so we turn to that case,
noting that the argument applies here as well.

If E leaves an external scar on H then it is possible that there is a disjoint handlebody H′ in S 3 just
like H: ∂H′ is in FD∪E , H′ is not coherent for CDE and CD+E , and E also leaves an external scar on ∂H′.
Then, just as is true for H, H′ lies in a handlebody chamber in CDE . Thus there is a handlebody chamber
Cx ∈ CD containing E, with E dividing Cx into H and H′.

We now reprise part of the argument of Claim 4a in Lemma 12.10: Cx must be an occupied handlebody,
for if Cx is empty then H and H′ would both be empty in CD+E and CDE , contradicting the assumption
that H is not coherent. Then, per Definition 7.2, Cx is the parent of two siblings in CDE: one in which H
is occupied and H′ is empty, the other in which H′ is occupied and H is empty.

Since Cx is occupied, F∩ int(Cx) has non-disk components by Corollary 7.3. There are three cases to
consider, depending on where these non-disk components lie:

• If some non-disk components lie in H and some in H′, then H and H′ are both occupied in CD+E .
Since H is not coherent, it must then be empty in CDE . In this case the sibling for CDE is the one in
which H is empty and H′ is occupied, that is the one that results from an alignment for E which
deflates H into H′, leaving H′ occupied in CDE as well. Thus CDE d CD+E , an allowed outcome.

• If each component of F ∩ int(H) is a disk, then H is empty in CD+E . Since H is not coherent it is
then occupied in CDE . But in this case the sibling C′DE of CDE is one in which H is empty and H′

is occupied. Then in this sibling C′DE = CD+E , an allowed outcome.

• If each component of F∩ int(H′) is a disk then H′ is empty and H is occupied in CD+E . Since H is
not coherent, it is empty in CDE . In this case the sibling C′DE of CDE has H occupied and H′ empty,
just as is true for CD+E . Thus C′DE = CD+E , an allowed outcome.

□

Corollary 12.13. Suppose C is a flagged chamber complex supporting S 3 = A∪T B, C does not certify
and D∪E is a disk set in C, where E is a single disk. In the notation of Proposition 12.12, one of these is
true (for some choice of sibling, if siblings exist):

• CDE = CED,

• CDE d CED or

• CDE c CED
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We denote the three possibilities above by CDE e CED. Then one way of expressing the conclusion
of Corollary 12.13 is to say that this diagram commutes:

C0

E

��

D // CD

E
��
CDEOO

���
�
�

CE
D // CED

13 Guiding disk sets and disk addition

Recall from Section 11 the notion of guiding disks (Definition 11.8) for flagged chamber decompositions.
The example given there involved decomposition of two chamber complexes that are related by bullseye
deflation. Here is another example: Suppose D∪E is a disk set in a flagged chamber complex C. Let

C′ be the result of the flagged chamber complex decomposition C
E
−→ C′ and let D′ be the set of disks

in D whose boundaries lie on C′. The decomposing set D′ is contained in D, but may not be all of D,

because it does include those disks in D that lie on goneballs of the decomposition C
E
−→ C′. Nevertheless

D remains as a guiding set of disks for the decomposition C′
D′

−−→ C′
D′

.
We have already encountered another example of guiding disk sets, in the context of guiding spheres

in Section 9. Suppose C is a flagged chamber complex in S 3 with defining surface F = F(C), and S ⊂ S 3 is
an embedded sphere transverse to F. Consider a sequence C⃗ of flagged chamber complex decompositions
guided by S , as given in Definition 9.4 and described after the proof of Lemma 9.3: The circles F ∩S
are partitioned into sets ci,0 ≤ i ≤ n and to each ci a collection of disjoint disks Di ⊂ S is assigned. The
associated sequence C⃗ of flagged chamber complex decompositions guided by S has, as each disk set
Di those disks in Di that remain incident to F(Ci) after all goneballs in earlier decompositions have

been removed. Thus each set of disks Di is a guiding set of disks for the decomposition Ci
Di
−−→ Ci+1 not

the disk set itself. Consistent with the notation of Definition 11.8 we could then write the sequence in
Definition 9.4 as

C = C0
D0
−−→ C1

D1
−−→ C2

D2
−−→ ...

Dk−1
−−−−→ Ck

Joining this example with the previous one, suppose E is a properly embedded disk in C that is
disjoint from the guiding sphere S and, as above, let C′ be the result of the flagged chamber complex

decomposition C
E
−→ C′. Then it is natural to construct a sequence C⃗′ of flagged chamber complex

decompositions

C⃗′ : C′ = C′0
D′0
−−→ C′1

D′1
−−→ C′2

D′2
−−→ ...

D′n−1
−−−−→ C′n (13.1)

by setting each D′i to be the collection of disks in Di (and so in Di) whose boundaries lie on C′i . Then,

just as for C⃗, each decomposition C′i
D′i
−−→ C′i+1 has guiding disk set Di. So the sequence could also be
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written

C⃗′ : C′ = C′0
D0
−−→ C′1

D1
−−→ C′2

D2
−−→ ...

Dn−1
−−−−→ C′n.

One way to describe the relation between the sequences above is that the sequence C⃗′ is what the
sequence C⃗ would be if we had inserted decomposition with the disk E before beginning the sequence.
Generalizing, we could decompose by E at a later stage of the decomposition sequence. That is, for each
0 ≤ k ≤ n, define a flagged chamber complex decomposition sequence

C⃗k
E : C0

D0
−−→ C1

D1
−−→ ...

Dk−1
−−−−→ Ck

E
−→ Ck

k

Dk
k
−−→ Ck

k+1

Dk
k+1
−−−−→ ...

Dk
n−1
−−−−→ Ck

n (13.2)

where the disks Dk
i ⊂Di,k ≤ i ≤ n are those disks whose boundaries lie on F(Ck

i ). In particular, C⃗′ of

Sequence 13.1 is C⃗0
E with the first decomposition C

E
−→ C′ dropped. As usual, a simplified way of writing

each sequence is

C⃗k
E : C0

D0
−−→ C1

D1
−−→ ...

Dk−1
−−−−→ Ck

E
−→ Ck

k
Dk
−−→ Ck

k+1
Dk+1
−−−−→ ...

Dn−1
−−−−→ Ck

n

Lemma 13.1. Suppose C and C′ are flagged chamber complexes and their defining surfaces have the

property that F(C′) ⊂ F(C). Suppose C
D
−→ CD and C′

D′

−−→ C′
D′

have a guiding disk set D in common.
Then D is a guiding disk set for D′.

Proof. Each D′ ∈D′ is a disk in D whose boundary lies on F(C′). Since F(C′) ⊂ F(C), ∂D′ also lies on
F(C), so D′ ∈D. Thus D′ is a disk in D whose boundary lies in F(C′). Conversely, suppose D ∈D has
its boundary on F(C′). Since D ∈D, D ∈D and, since D is a guiding disk set for D′ and ∂D ⊂ F(C′),
D ∈D′. Thus D′ consists exactly of those disks in D whose boundaries lie on F(C′), as required. □

Proposition 13.2. Let C be a flagged chamber complex that supports S 3 = A∪T B and

C⃗ : C = C0
D0
−−→ C1

D1
−−→ ...

Dn−1
−−−−→ Cn

be a flagged chamber complex decomposition sequence. Suppose

• there is a guiding disk set Di for each decomposition Ci
Di
−−→ Ci+1.

• E is a proper disk in a chamber of C, and E is disjoint from all disks in all Di

• C⃗′ is the sequence defined in Formula 13.1 above, so each Di is a guiding disk set for C′i
D′i
−−→ C′i+1

• for each 0 ≤ k ≤ n and decomposition sequence C⃗k
E defined in 13.2 above each Di is also a guiding

disk set for the corresponding decomposition in C⃗k
E .

If Cn, C′n and all Ck
n,0 ≤ k ≤ n certify, then the sequences C⃗ and C⃗′ cocertify.
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Proof. Case 1: C certifies.
Then the sequence C⃗ and the sequence

C⃗0
E : C

E
−→ C′ = C′0

D′0
−−→ C′1

D′1
−−→ ...

D′n−1
−−−−→ C′n

cocertify because the chamber complex C certifies for both. (The same argument shows that all sequences
C⃗k

E cocertify.) Similarly the sequences C⃗0
E and C⃗′ cocertify because, by hypothesis, C′n certifies and, as

noted above, the latter sequence is contained in the former sequence (by dropping C
E
−→ C′). Thus we

have C⃗ ∼ C⃗0
E ∼ C⃗

′ as required.

Case 2: C does not certify, but C1 does.
Since C does not certify then per Corollary 12.13, with some choice of siblings if there are siblings,

the following diagram commutes:

C

E

��

D0 // C1

E
��

D1 // ...
Dn−1 // Cn = C⃗

C1
1OO

���
�
�

D1
1 // ...

D1
n−1 // C1

n = C⃗1
E

C′
D′0 // C′1

D′1 // ...
D′n−1 // C′n = C⃗′

We henceforth ignore the issue of choosing siblings, since different choices of sibling give cocertifying
sequences, via the certifying parent chamber. (See the proof of Proposition 9.5.)

We would like to apply Corollary 11.12 to the sequences C⃗′ and C⃗1
E . The Corollary requires that if

C′1, say, deflates to C1
1 (i. e. C1

1d C
′
1) that the disks in D1

1 are a subset of the disks in D′1, namely those
that have their boundaries on the defining surface for C1

1. In our language, D′1 needs to be a guiding
disk set for D1

1. Moreover, it is required that the same true for each D′i and D1
i throughout the maximal

deflationary sequence. But since, by hypothesis, Di is a guiding set of disks for both D′i and D1
i , this is

true, via Lemma 13.1.
So we can apply Corollary 11.12: Since C⃗1

E certifies by the hypothesis that C1
n certifies, C⃗1

E and C⃗′

cocertify. A symmetric argument leads to the same conclusion in the case that C1
1 deflates to C′1 or, most

simply, when C1
1 = C

′
1. Since, in this case, we are assuming that C1 certifies, it certifies for the sequences

that contain it, namely C⃗, and C⃗1
E . So we have C⃗ ∼ C⃗1

E ∼ C⃗
′ , as required.

We are left with the possibility that C1 does not certify. The argument just concluded suggests an
inductive approach, which we now pursue:

Inductive Step: Suppose the sequence C⃗′ and, for 0 ≤ k ≤ ℓ, all C⃗k
E cocertify. (The proof of Cases 1

and 2 show that this is true for ℓ = 1.) Then either C⃗ ∼ C⃗′ and we are done, or the same statement is true
with ℓ replaced by ℓ+1.

If Cℓ certifies, then it certifies for sequences that contain it, including C⃗, and C⃗ℓE . Thus C⃗ ∼ C⃗ℓE . By
inductive hypothesis, C⃗ℓE ∼ C⃗

′. Hence C⃗ ∼ C⃗′, as required.
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If Cℓ does not certify, Corollary 12.13 says the following diagram commutes:

C
D0 // C1

D1 // ...
Dℓ−1 // Cℓ

E

��

Dℓ // Cℓ+1

E
��

Dℓ+1 // ... = C⃗

Cℓ+1
ℓ+1OO

���
�
�

Dℓ+1
ℓ+1 // ... = C⃗ℓ+1

E

Cℓ
ℓ

Dℓ
ℓ // Cℓ

ℓ+1

Dℓ
ℓ+1 // ... = C⃗ℓE

Applying Corollary 11.12 much as in Case 2, C⃗ℓE and C⃗ℓ+1
E cocertify. Hence C⃗′ and, for 0 ≤ k ≤ ℓ+1,

all C⃗k
E cocertify, completing the inductive step.

Continue to iterate the inductive step, showing that C⃗′ and each C⃗k
E cocertify, until a k for which Ck

certifies is reached. We know that we will eventually reach such a k, since C⃗ certifies. At that point, C⃗k
E

cocertifies with both C⃗ and C⃗′, so C⃗ and C⃗′ cocertify, as required. □

Theorem 13.3. Suppose C is a flagged chamber complex in S 3 that is not tiny, and S is a balanced or
almost balanced sphere transverse to F(C). Let E be a disk disjoint from S properly embedded and
essential in a chamber of C that is not an empty torus. Let C′ be the flagged chamber complex obtained
from C by decomposition along E. Suppose also that S is balanced or almost balanced for C′. Then any
sequence in

−−−−→
(C,S ) and any sequence in

−−−−−→
(C′,S ) cocertify.

Note: the requirements that E be essential in its chamber and that C not be an empty torus will be
removed later, see Corollary 15.11.

Proof. Let F,F′ denote the defining surfaces F(C),F(C′) respectively. The circles F ∩ S and F′ ∩ S
determine decomposition sequences C⃗ and C⃗′ as described in Section 9. Since E is essential and not the
meridian of an empty torus, surgery on E creates no new goneballs, so in fact F ∩S = F′∩S . Thus the
guiding disk sets Di for the two decomposition sequences C⃗ and C⃗′ are the same. Import the notation for
C⃗ and C⃗′ from the paragraph that precedes Proposition 13.2 to these decomposition sequences C⃗ and C⃗′.

We are given that the chamber complexes C and C′, related by the decomposition C
E
−→ C′, are

each balanced or almost balanced. As noted in the proof of Proposition 10.2 during the decomposition
sequence the genus of the defining surface above S and below S does not change. Surgery on E may
or may not lower by one the genus of the defining surface on the side of S in which E lies, but we are
given that S is balanced or almost balanced for C′ as well as for C. It follows that for any 0 ≤ k ≤ m the

chamber complex Ck
k defined by the decomposition Ck

E
−→ Ck

k in C⃗k
E is also balanced or almost balanced.

Then Propositions 10.2 and 10.3 imply that the last term in each of the sequences C⃗, C⃗ and each C⃗k
E

certifies. Proposition 13.2 then says that C⃗ and C⃗′ cocertify, as claimed. □
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14 Delaying a disk

In this section we consider what happens in a sequence of two flagged chamber complex decompositions
if, when this is possible, a decomposition disk in the first decomposing disk set is transferred to the
second decomposing disk set.

Suppose C0 is a flagged chamber complex supporting S 3 = A∪T B, and

C0
D0
−−→ C1

D1
−−→ C2

is a sequence of flagged chamber complex decompositions. Suppose E is a properly embedded disk in a
chamber of C0 and E is disjoint from both D0 and D1. There are a variety of decomposition sequences
that can be defined in this situation. Here is the notation we will use for them:

• C0
D0
−−→ C1

E
−→ C0E

• C1
E
−→ CE

D′1
−−→ CE1

• C0
D0∪E
−−−−→ C0+E

• C1
E∪D1
−−−−→ CE+1

In the second of these sequences D′1 has the usual meaning: those disks in D1 whose boundaries lie
on the defining surface of CE (and so do not lie on the boundary of goneballs after decomposition by E).
Note that if ∂E lies on the boundary of a goneball in Ĉ1, then it does not lie on the defining surface for
C1, so decomposing on a disk set containing E is the same as decomposing on the disk set without E. So
in this situation CE1 = CE+1 = C2.

Lemma 14.1. Suppose neither C0 nor C1 certify. Then, up to a choice of siblings, if siblings exist, either

1. C0E = C0+E and CE1 = CE+1 or

2. C0E d C0+E and CE1 = CE+1 or

3. C0E = C0+E and CE1d CE+1.

Proof. Let F0,F1 be the defining surfaces for respectively C0,C1. Suppose first that ∂E is separating
in a component of F0−∂D0. Then it is separating in a component of F1, because F1 is obtained from
F0−∂D1 simply by adding (scar) disks to ∂D1 and perhaps deleting some spheres. Then ∂E (if it is not
on the boundary of a goneball) is also separating in a component of F1−∂D1. It follows from the last
sentence of Proposition 12.12 that CE1 = CE+1 and, further applying Proposition 12.12, that outcome (1)
or (2) of Lemma 14.1 occurs.

On the other hand, if ∂E is non-separating in F0−∂D0 then by Lemma 12.11 C0E = C0+E . Then by
Proposition 12.12, outcome (1) or (3) occurs. □
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We now put this in the context of decomposition sequences. Suppose D1, ...,Dn are a sequence of

guiding disk sets in S 3 so that D1 determines the decomposition C1
E∪D1
−−−−→ CE+1 above. Then the guiding

disk sets Di determine extensions of the three sequences that we label as follows:

C⃗0+E : C0
D0∪E
−−−−→ C0+E

D1
−−→ C0+E

2
D2
−−→ C0+E

3
D3
−−→ ...

Dn−1
−−−−→ C0+E

n

C⃗E1 : C0
D0
−−→ C1

E
−→ C0E

D1
−−→ C0E

2
D2
−−→ C0E

3
D3
−−→ ...

Dn−1
−−−−→ C0E

n

C⃗E+1 : C0
D0
−−→ C1

E∪D1
−−−−→ CE+1

D2
−−→ CE+1

3
D3
−−→ ...

Dn−1
−−−−→ CE+1

n

Lemma 14.2. Suppose all three decomposition sequences certify. Then all three decomposition sequences
cocertify.

Proof. If C0 certifies, this is obvious: C0 is a term in all three sequences, so if it certifies then all three
sequences cocertify.

If C1 certifies, then C⃗E+1 and C⃗E1 cocertify for the same reason: C1 is in each sequence. If further C0
does not certify, we can apply Proposition 12.12 to conclude that either C0E = C0+E or C0E d C0+E . In
the former case the sequences C⃗E1 and C⃗0+E also cocertify because, starting with C0E = C0+E , they are
the same sequence and before that in C⃗0+E is only C0, which does not certify. In the latter case, when
C0E d C0+E , they cocertify by Corollary 11.12.

Suppose neither C0 nor C1 certify. Then following Lemma 14.1 the other decompositions can be
arranged towards the left in exactly one of the following three diagrams, which differ only in which of
two possible deflations (shown as vertical dashed arrows) are in fact equalities:

C0

D0∪E

��0
00
00
00
00
00
00
00
00

D0 // C1

E
��

D1 // CE+1
D2 // CE+1

3
D3 // ... = C⃗E+1

C0E

=

D1 // CE1
D2 //

=

... = C⃗E1

C0+E
D1 // C0+E

1
D2 // ... = C⃗0+E

(14.1.1)

C0

D0∪E

��0
00
00
00
00
00
00
00
00

D0 // C1

E
��

D1 // CE+1
D2 // CE+1

3
D3 // ... = C⃗E+1

C0E

���
�
�

D1 // CE1
D2 //

=

... = C⃗E1

C0+E
D1 // C0+E

1
D2 // ... = C⃗0+E

(14.1.1)
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C0

D0∪E

��0
00
00
00
00
00
00
00
00

D0 // C1

E
��

D1 // CE+1
D2 // CE+1

3
D3 // ... = C⃗E+1

C0E

=

D1 // CE1
D2 //

OO�
�
�

... = C⃗E1

C0+E
D1 // C0+E

1
D2 // ... = C⃗0+E

(14.1.1)

In the first diagram it is obvious that all three sequences cocertify: because of the equalities, all three
sequences are in fact the same sequence after the terms CE+1,CE1 and C0+E

1 . Similarly the sequences
C⃗E+1 and C⃗E1 become the same sequence after those terms in the second diagram and so cocertify; the
same is true (even one step earlier) for C⃗E1 and C⃗0+E in the third diagram.

Finally, by Corollary 11.12, both C⃗E1 and C⃗0+E cocertify in the second diagram and C⃗E+1 and C⃗E1

cocertify in the third. □

15 Ghost circles and timing of disks

Let C be a flagged chamber complex in S 3 supporting A∪T B, and S ⊂ S 3 be a sphere transverse to C.
It was shown in Section 9 how S defines a flagged chamber complex decomposition sequence for C.
We briefly recall the process, filling in further description, assisted by augmented notation: For F the
defining surface for C, the innermost in S circles c0 of F ∩S bound disks in S which we regard as a disk
set D0 for C. The set of circles c1 in F ∩ S (denoted simply c1 in Section 9) consists of those circles
which bound disks in S whose interiors may contain circles in c0 but otherwise are disjoint from F. Call
this set of disks D1. Proceeding in this manner partition the entire collection of circles F ∩S into sets
c0 = c0, c1..., cn, where n = ⌊ diam(Y)+1

2 ⌋, so that each circle in ck bounds a disk D in S , and any circle of
F ∩S that lies in the interior of D lies in some ci, i < k. Denote the collection of such disks in S bounded
by the circles in ck by Dk.

The decomposition sequence

C⃗ : C = C0
D0
−−→ C1

D1
−−→ C2

D2
−−→ ...

Dn−1
−−−−→ Cn

is then iteratively defined, the first step being the decomposition C = C0
D0
−−→ C1. After this decomposition

two important things happen to the sets of circles ci,1 ≤ i ≤ n:

• The circles c0 have been surgered away, so the interior of each disk in D1 is disjoint from the
defining surface F1 for C1.

• Some of the circles in c1 may lie on the goneballs of the decomposition, and so no longer lie in
S ∩F1.

Then let D1 ⊂D1 be the subset of disks that are left, i. e. the subset of disks whose boundaries lie on F1.
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Since, after the decomposition by D0, the interiors of the disks D1 are disjoint from F1, they are a

disk set in C1. Use these disks to define the decomposition C1
D1
−−→ C2. Continue in this manner to get

the entire decomposition sequence, noting that each Di in the construction consists of those disks in Di

whose boundaries lie on the defining surface Fi = F(Ci), and not on the boundaries of goneballs from
earlier decompositions in the sequence. In other words:

Lemma 15.1. For each 1 ≤ i ≤ n − 1, the disk set Di is a guiding disk set for the decomposition

Ci
Di
−−→ Ci+1. □

Definition 15.2. For each 1 ≤ i ≤ n−1, the circles ci− ci (that is ∂Di−∂Di) are called the ghost circles
of such a decomposition sequence in

−−−−→
(C,S ). The circles ci = Fi∩S , that is the circles that bound the disks

Di ⊂ S , will be called the F-circles of the decomposition sequence.

The disk set Di may well contain ghost circles in its interior; these indicate where Di intersects
spheres bounding goneballs in earlier decompositions, and so can be ignored. Nevertheless, the ghost
circles do play a role in the construction of the decomposition sequence, namely they are part of what
determines, at the beginning of the decomposition sequence, before they are ghost circles, where in the
sequence of decompositions a particular sub-disk of S appears.

Following up on this idea, it is reasonable to consider how introducing ghost circles in S at the
beginning of the decomposition process (when the sets of circles ci for the decomposition sequence
are being defined) might affect the decomposition sequence. For example, if a ghost circle c′ were to
be added, at the beginning of the decomposition sequence, parallel to a circle c ∈ ci−1 and just inside
the disk D ∈ Di−1 that c bounds, one effect would be to redefine D as a disk in Di, because c is no
longer i-th innermost in F ∩ S but (i+ 1)-st innermost in the collection of circles c∪ c′. There could
well be a similar delay to the use of other disks in the following Dk, i < k < n in a manner that may be
a bit difficult to describe - see Figure 40. Our next goal is to understand to some extent how adding or
removing ghost circles (and thereby changing the location of the decomposing disks in the sequence of
disk decompositions) affects the certification of a decomposition sequence. The news is good: eventually
we will show that adding or removing ghost circles may alter the decomposition sequence, as we have
seen, but the new decomposition sequence cocertifies with the old.

To this end we generalize the discussion of Section 9 to spheres in S transverse to the defining surface
F of a flagged chamber complex C in S 3 and consider a finite collection of circles c in S containing all of
the circles c = F ∩S (which we have distinguished as F-circles) but augmented by other possible circles
c−F in S called ghost circles. The collection of circles c determines a sequence of flagged chamber
complex decompositions guided by disk sets Di, where each circle in c is the boundary of a disk in some
Di, as described above and in Section 9. (This setting naturally arises in the middle of a flagged chamber
complex decomposition sequence, as we have seen.)

As in Section 9, let Y be the tree associated to the circles c ⊂ S , and, as in Definition 9.4, let

C⃗ : C = C0
D0
−−→ C1

D1
−−→ C2

D2
−−→ ...

Dn−1
−−−−→ Cn

be the complete sequence of flagged chamber complex decompositions guided by the sphere S , where
n = ⌊ diam(Y)+1

2 ⌋. It’s perfectly possible that for some values of i, ci consists entirely of ghost circles, so
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ghost circle

center edge

center vertex

∈ c2

∈ c3

0 0

0 1
2

3

2

1
2 3

3

Figure 40: Adding a ghost circle, i = 3

none of the disks Di have their boundaries on F and so Di = ∅. In this case the decomposition Ci
Di
−−→ Ci+1

is just the identity: Ci = Ci+1.
Recalling Definition 9.1, each edge e in Y (corresponding to a circle c ∈ c) is assigned a value

0 ≤ ρY (e) ≤ ⌊
diam(Y)−1

2
⌋.

For each vertex v ∈ Y we can similarly assign ρY (v) =max{ρY (e) | e an edge incident to v}.
Here are some elementary observations. For e an edge in Y , let me

± be the numbers defined for e in
Definition 9.1.

Lemma 15.3. There is an edge f in Y such that m f
+ = m f

− if and only if diam(Y) is odd. In this case
ρY ( f ) = diam(Y)−1

2 and f is unique: it is the mid-edge of each path in Y whose length is diam(Y). Call f
the center edge of the tree Y. See Figure 40.

Proof. Let e be any edge in Y , with endpoints v+ and v− belonging to the trees Y+ and Y− respectively
in Y − e, as discussed in Definition 9.1. If there is a leaf vℓ of Y that belongs to Y+ and is a distance
m > diam(Y)−1

2 from v+, then vℓ is a distance m+1 > diam(Y)+1
2 from v−. It follows from the definition of

diameter that no leaf of Y that belongs to Y− can be a distance more than

diam(Y)−m−1 =
diam(Y)−1

2
+

diam(Y)+1
2

−m−1 <
diam(Y)−1

2
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from v−. Hence m− ≤
diam(Y)−1

2 < m ≤ m+ and e is not as f is described in the Lemma.
Thus an edge f as described in the Lemma has the property that any leaf of Y in Y± has distance

at most diam(Y)−1
2 from respectively the vertices v±. This implies that any path in Y± can have length at

most diam(Y)−1, so in particular no path γ in Y of length diam(Y) can lie entirely in either of Y±. This
implies that f must be in γ and in fact be the mid-edge of γ, defining f uniquely and establishing that
ρY ( f ) = m f

± =
diam(Y)−1

2 .
Conversely, suppose diam(Y) is odd and f is the mid-edge of a path γ in Y of length diam(Y). If any

leaf in Y lying in Y+ (resp Y−) is a distance greater than diam(Y)−1
2 from v+ (resp v−) then conjoining a path

from that leaf to v+ with the part of γ−v+ containing v− would give a path of length greater than diam(Y),
a contradiction. Hence both m f

± =
diam(Y)−1

2 as required. □

Quite similarly we have:

Lemma 15.4. There is a vertex w in Y that is incident to more than one edge e with ρY (e) = ρY (w) if and
only if diam(Y) is even. In this case w is unique and ρY (w) = diam(Y)

2 −1. Call w the center vertex of the
tree Y. See Figure 40.

Proof. Consider any vertex v in Y and suppose there is a path γ in Y from v to a leaf of Y and that the
length of γ is m > diam(Y)

2 . Let e be the edge of γ that is adjacent to v and observe that, by definition
of diameter, any path from v to a leaf of Y that is longer than diam(Y)−m < m must pass through e.
Definition 9.1 then implies that ρY (e) is the length of the longest path in Y not passing through e from v
to a leaf of Y , and any edge e′ incident to v other than e has ρY (e′) ≤ ρY (e)−1. In particular, e is the only
edge incident to v with ρY (e) = ρY (v), so e is not an edge as described in the lemma.

It follows that if w is as described in the lemma, then the length of any path from w to a leaf in Y has
length ≤ diam(Y)

2 . So, by definition of diameter, any path in Y whose length is diam(Y) must pass through
w and have its length bisected by w. Thus diam(Y) is even and the distance from w to a most distant leaf
will be diam(Y)

2 . In particular, any edge e incident to w will find the vertex at its other end a distance of
at most diam(Y)

2 − 1 from a leaf. Thus ρY (e) ≤ diam(Y)
2 − 1. Since this is true for all edges incident to w,

ρY (w) ≤ diam(Y)
2 −1. Furthermore, since any path in Y whose length is diam(Y) must pass through w, there

are at least two edges e± incident to w lying on such a path, and then ρY (e±) = diam(Y)
2 −1. It follows that

for both edges ρY (e±) = diam(Y)
2 −1 = ρY (w) as required.

Conversely, if diam(Y) is even, γ is a path in Y of length diam(Y), and w is the vertex that bisects γ,
the same argument shows that for e either of the two edges in γ incident to w, ρY (e) = ρY (w). □

Lemma 15.5. Suppose P ⊂ S − c is the planar surface corresponding to a vertex v ∈ Y. If P ⊂ D ∈Dk,
then ρY (v) ≤ k.

Proof. For D ∈Dk, ∂D ∈ ck and from Lemma 9.2 each circle in c∩ int(D) lies in some c j, j < k. Hence if
P ⊂ D, each circle c ∈ ∂P lies in some c j, j ≤ k. Corresponding to this, we have that each edge e in Y that
is incident to v has ρY (e) ≤ k. Hence by definition ρY (v) ≤ k as required. □

Lemma 15.6. Suppose a ghost circle is added to S in a planar surface P ⊂ S − c corresponding to a
vertex v ∈ Y and

C⃗′ : C = C0
D′0
−−→ C′1

D′1
−−→ C′2

D′2
−−→ ...
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is the resulting sequence of flagged chamber complex decompositions. Suppose ρY (v) ≥ 1. Then for each
1 ≤ i ≤ ρY (v), D′i−1 =Di−1 and C′i = Ci.

Proof. If i ≤ ρY (v) then ρY (v) ≰ i−1. It follows from Lemma 15.5 that any disk D ∈Di−1 does not contain
P and so is unaffected by the addition of the ghost circle. Thus, for each 1 ≤ i ≤ ρY (v), D

′

i−1 =Di−1. Now
argue iteratively: Since C′0 = C0 and D

′

0 =D0 it follows that D′0 =D0. Hence C′1 = C1, so if D
′

1 =D1
then D′1 =D1. The argument continues iteratively until i = ρY (v): For each 1 ≤ i ≤ ρY (v), C′i−1 = Ci−1 and
D
′

i−1 =Di−1 imply D′i−1 =Di−1, so C′i = Ci, as required. □

Corollary 15.7. Suppose diam(Y) is even and a ghost circle is added to S in the planar surface P ⊂ S − c
corresponding to the center vertex v ∈ Y. Then C⃗′ = C⃗.

Proof. Since diam(Y) is even, the complete sequence C⃗ has last term Cn with n = diam(Y)/2 = ρY (v). If
ρY (v) = 0 then Y is a star graph, each circle in c bounds a unique disk in D0 and both C⃗′ and C⃗ are simply

the sequence C0
D0
−−→ C1. Indeed, after this decomposition the only circle remaining in S is the added

ghost circle, so S ∩F(C1) = ∅ and there is no further decomposition in the sequence. If, on the other
hand, ρY (v) ≥ 1 then by Lemma 15.6, for all 0 ≤ i ≤ n, C′i = Ci and after these decompositions, the only
circle that might remain is again the added ghost circle. □

Corollary 15.8. Suppose diam(Y) is odd and a ghost circle is added to S in a planar surface P ⊂ S − c
corresponding to a vertex at the end of the center edge e ∈ Y. Then if C⃗ certifies, C⃗′ and C⃗ cocertify.

Proof. One possibility is that diam(Y) = 1, that is Y is the single edge e. In this case c is a single circle
c (corresponding to e) dividing S into two disks DA and DB, as in Lemma 10.4. Say the ghost circle is
added to DA = P. If c is also a ghost circle, then F is disjoint from S and there is no further decomposition.
In particular, C⃗′ = C⃗. If, on the other hand, c is an F-circle, so c = F ∩S then it is shown in Lemma 10.4
that if C⃗ certifies, the choice of whether to decompose C along DA or DB makes no difference: the two
results cocertify. Adding a ghost circle to DA has the sole effect of declaring that in C′ the decomposition
will be along DB (since DA is no longer a disk component of S − c). Hence C⃗′ and C⃗ cocertify.

If, on the other hand, diam(Y)≥ 3 then, per Lemma 15.3 ρY (v)= ρY (e)= diam(Y)−1
2 ≥ 1. Then according

to Lemma 15.6 the decomposition sequences C⃗ and C⃗′ are identical through C′diam(Y)−1
2

= C diam(Y)−1
2

. But

for C diam(Y)−1
2

, c has shrunk to a single circle, and Y is a single edge. Thus we can apply the argument just

given for this case and conclude that C⃗′ ∼ C⃗ as required. □

Proposition 15.9. Suppose C is a flagged chamber complex in S 3 that is not tiny. Let S ⊂ S 3 be a sphere,
transverse to the defining surface F = F(C), that is either balanced or almost balanced. Let c be a
collection of circles in S containing the set c = F ∩S and let c′ be the union of c and a disjoint (ghost)
circle c′ in S . Let C⃗ and C⃗′ be the sequences of flagged chamber complex decompositions determined by
c and c′ respectively. Then C⃗ and C⃗′ cocertify.

Proof. Let Y be the tree associated to c, P ⊂ S − c be the planar surface component to which the ghost
circle c′ is added, and v be the vertex in Y corresponding to P. The proof is by induction on the distance
between v and the center vertex or edge of Y . Corollaries 15.7 and 15.8 show that the proposition is true
when that distance is 0.
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Following Lemma 15.3, as used in the proof of Corollary 15.7, the decomposition sequences are
identical until the tree has been shrunk to the point that v is a leaf. So we may as well assume that v is
a leaf of Y , so P is an innermost disk of S − c. Let c′′ be the collection of circles c∪ c′′, where c′′ is a
circle parallel to ∂P but just outside P, that is in the component P′′ of S − c that is adjacent to P. See
Figure 41. Then the vertex v′′ corresponding to P′′ is closer to the center edge or vertex of Y so, by
inductive assumption, the sequence of flagged chamber complex decompositions C⃗′′ determined by c′′

and C⃗ cocertify. So all that remains is to show that C⃗′′ and C⃗′ cocertify.

c′′

c′

C⃗′

C⃗′′

P

P′′
∂P

v

∂P

∂P v′′

Figure 41: Moving a ghost circle, so ∂P ∈ c′3→ ∂P ∈ c
′′
2

If ∂P is a ghost circle, then c′′ = c′ so in fact C⃗′′ = C⃗′ and we are done. So assume that ∂P is an
F-circle in c and note that the only difference between c′′ and c′ is the side on which a ghost circle is
added. This switch in sides has no effect on the tree and so no effect on the disks in the decomposition
sequence C⃗′ except this: In C⃗′′ the disk P is in D0, since P is an innermost disk, whereas in C′ the disk P
is in D1 because the disk bounded by ∂P contains the single added ghost circle c′.

Apply Lemma 14.2 to this situation, where here the disk P plays the role of E in that lemma, C⃗′′

here corresponds to C⃗0+E there and C⃗′ here corresponds to C⃗E+1 there. Since S is balanced or almost
balanced, both sequences C⃗′′ and C⃗′ certify, as does the sequence C⃗P1, defined for P as C⃗E1 is defined for
E in the preamble to Lemma 14.2. The conclusion of Lemma 14.2 then says that C⃗′′ and C⃗′ cocertify, so
C⃗ ∼ C⃗′′ ∼ C⃗′, as required. □

Corollary 15.10. Suppose C is a flagged chamber complex in S 3 that is not tiny and S ⊂ S 3 is a sphere
transverse to F = F(C) which is either balanced or almost balanced for C. Let c and c′ be collections
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of circles in S , each containing the set c = F ∩ S . Let C⃗ and C⃗′ be the sequences of flagged chamber
complex decompositions determined by c and c′ respectively. Then C⃗ and C⃗′ cocertify.

Proof. It suffices to prove the Corollary in the case that c = c. In this case c′ is obtained from c by adding
some number m of ghost circles. But this case follows by applying Proposition 15.9 m times. □

Corollary 15.11. Theorem 13.3 remains true even when the chamber C containing E is an empty torus,
or when E is inessential.

Proof. Referring to the proof of Theorem 13.3, the requirement that E be essential and C not be an empty

torus is to ensure that the original decomposition C =C0
E
−→C′ creates no goneballs. The boundaries of

such goneballs would intersect F = F(C) in a family of circles cG in F ∩S that continue to determine
which circles in F ∩S bound disks in each Di during the subsequent decomposition

C⃗′ : C′ = C′0
D′0
−−→ C′1

D′1
−−→ C′2

D′2
−−→ ...

D′n−1
−−−−→ C′n (13.1)

used in the proof of Theorem 13.3.

In contrast, it is the collection of circles F(C′)∩S that determines a decomposition sequence in
−−−−−→
(C′,S )

and the goneballs of the decomposition C =C0
E
−→C′ do not appear in the definition of F′ = F(C′). In

other words, F∩S = (F′∩S )∪cG, so cG acts as a collection of ghost circles in the decomposition sequence
C⃗′. Corollary 15.10 says that the addition of such ghost circles makes no difference in certification. That
is, we may as well assume that F∩S = F′∩S and proceed with the proof of Theorem 13.3 as written. □

16 Isotopies of guiding spheres

Definition 16.1. Suppose C is a flagged chamber complex in S 3 and S , S ′ are spheres transverse to the
defining surface F = F(C). If any C⃗ ∈

−−−−→
(C,S ) and C⃗′ ∈

−−−−−→
(C,S ′) cocertify, then we say

−−−−→
(C,S ) and

−−−−−→
(C,S ′)

cocertify and write
−−−−→
(C,S ) ∼

−−−−−→
(C,S ′).

Our goal in this section is to prove:

Theorem 16.2. Suppose C is a flagged chamber complex in S 3 that is not tiny and supports the Heegaard
splitting S 3 = A∪T B. Suppose further that S 0 and S 1 are balanced or almost balanced spheres for C
that are isotopic in S 3 through balanced or almost balanced spheres S t,0 ≤ t ≤ 1. Then

−−−−−→
(C,S 0) ∼

−−−−−→
(C,S 1).

As usual, let F denote the defining surface F = F(C) and put the isotopy in general position so that
generically S t is transverse to F, but for certain discrete values of t, S t is tangent to F at a single point, a
non-degenerate critical point of index zero (F has a local max at v in a collar of S ), two (a local min) or
one (a saddle tangency).

Lemma 16.3. Theorem 16.2 is true if the isotopy S t passes through only a single critical point, of index
zero or two (a max or a min).
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Proof. The cases of index zero or index two are symmetric. Let S m(iddle) be the sphere on which the
critical point v occurs, and, in a collar of S m, we may suppose F has a minimum. Call the bottom of
the collar S b(elow) and the top S a(bove). We can assume that other than the local minimum, F intersects
the collar in vertical cylinders. Then F ∩S a is the union of F ∩S b and a single circle c, where c bounds
a disk DF in F −S a (the disk in F containing v) and a parallel disk DS in S a −F. Let C⃗b (resp C⃗a) be
the sequence of flagged chamber complex decompositions determined by C and S b (resp. S a). Thus
C⃗b ∈

−−−−−→
(C,S 1) (say) and C⃗a ∈

−−−−−→
(C,S 0). See Figure 42. Augment the collection of circles F ∩S b with the

single (ghost) circle c′ parallel in S b to c ⊂ S a and call the resulting sphere with ghost circle S c. Let C⃗c

be a sequence of flagged chamber complex decompositions determined by C and S c. Then by Corollary
15.10 C⃗b ∼ C⃗c.

(Ca)0

(Ĉa)1

(Ca)1

(Cc)0

(Cc)1

S a

S m

S b,S c

S c

∼

v

c
DS

DF

c′

BG

Figure 42: Passing S through a minimum

Now compare C⃗a with C⃗c. The pattern of circles in F ∩S a is the same as in F ∩S c except that the

F-circle c in S a appears as a ghost circle c′ in S c. Thus the decomposition C0
D0
−−→ C1 is the same in each

sequence, except in C⃗c the ghost circle c′ is just removed, whereas in C⃗a, F is surgered by DS , creating
an extra ball chamber BG bounded by the sphere DS ∪DF . But our convention for flagging declares
the handlebody BG to be empty and therefore a goneball, so the result of the flagged chamber complex
decomposition C1 is the same in both cases, as is the remaining pattern of circles S a∩F(C1) = S c∩F(C1).
It follows that the entire ensuing flagged chamber complex decomposition sequence is the same, so
C⃗a ∼ C⃗c. Combining, we have C⃗a ∼ C⃗c ∼ C⃗b so

−−−−−→
(C,S 0) ∼

−−−−−→
(C,S 1) as required. □

Next suppose the isotopy S t has a single critical point that is a saddle tangency with F at a point v ∈ F.
As in the proof of Lemma 16.3 we consider how F intersects a collar of S m, the sphere of the tangency at
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v, as shown in Figure 43. A neighborhood in F of S m∩F (a figure eight) is a pair of pants with three
disjoint circles: cb, whose parallel in S m is incident to v in two points, and c1, c2 each of whose parallels
in S m is incident to v in a single point. With S a and S b as in Lemma 16.3, we can assume that c1 and c2
both lie in S a, and c lies in S b.

cbc1c2

cb

c1c2
c2c1

cb

cb c1c2

S a

S m

S b

Figure 43: A neighborhood of critical point v: two viewpoints

As in Section 9 let Ya (resp Yb) be the tree defined by the collection of circles F ∩S a (resp F ∩S b),
e1,e2 be the edges in Ya corresponding to c1,c2 and eb be the edge in Yb corresponding to cb. As defined
in 9.1, let ρi = ρYa(ei), i = 1,2 and ρb = ρYb(eb). Put another way, in the decomposition sequences of C
guided by S a and S b, each of the two circles ci, i = 1,2 bounds a disk Di ∈ Dρi in the decomposition

Cρi

Dρi
−−−→ Cρi+1 and cb bounds a disk Db ∈ Dρb in the decomposition Cρb

Dρb
−−−→ Cρb+1. With no loss of

generality, assume ρ1 ≤ ρ2 (i. e. Dρ1 does not appear after Dρ2 in the decomposition sequence). There
are two possibilities for the disks D1,D2 ⊂ S a, and the two viewpoints in Figure 43 are chosen so that
in either case each Di is on the bounded side of ci in S a: either D1 and D2 are disjoint, as shown in the
left side of the figure, or D1 ⊂ D2 as shown in the right side. That is, the two viewpoints in the figure are
chosen so that in each the Di appear as bounded regions. Similarly, Db can either lie on the side of cb that
contains v (the bounded side in the left of the figure and unbounded side in the right) or the other side.
We have:

Lemma 16.4. If Db lies on the side of cb that contains v, then ρ1 ≤ ρb.

Proof. Recall that, aside from the component that contains v, F intersects the collar of S only in vertical
annuli. Hence the interior of the bounded side of cb on the left of Figure 43 (or the the interior of the
unbounded side of cb on the right) contains a parallel copy of each circle of F ∩ int(D1). □

Lemma 16.5. Theorem 16.2 is true if the isotopy S t passes through only a single critical point, of index
one (a saddle tangency).
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Proof. We make two claims:

Claim 1: With no loss of generality, we can assume that ρ1 ≤ ρb.
Proof of Claim 1: By Lemma 16.4 this is true when Db lies on the side of cb that contains v, so

suppose Db lies on the other side. That is, suppose Db lies on the outside (unbounded side) of cb in the
left of Figure 43 or on the inside (bounded side) of cb on the right. Suppose ρb < ρ1 and consider what
happens if we add ρ1−ρb ghost circles to Db, parallel to ∂Db. This raises ρb so that ρb = ρ1. Since there
is a copy of the pattern of circles F∩D1 on the other side of cb in S b, that is in S b−Db, (see left panel in
Figure 44), it remains true that the maximal distance in Yb from eb to a leaf of Y± is still minimized in Db,
so we do not change the side of cb on which Db lies. Let S +b denote S b with these ghost circles added,
and denote by C⃗+b be the sequence of flagged chamber complex decompositions on C determined by S +b .
By Corollary 15.10 it suffices to show that C⃗+b and C⃗a cocertify. This proves Claim 1.

D1

Db

F′

S a

S b

Figure 44: When Db lies on the side of cb not containing v

Since, per the claim, ρ1 ≤ ρb and by definition ρ1 ≤ ρ2 there is no difference between the decomposition

sequences for C⃗a and C⃗b until we reach the decomposition Cρ1

Dρ1
−−−→ Cρ1+1. Fρ1 = F(Cρ1) still appears as

in Figure 43, but with the added information that int(D1) contains neither ghost circles nor F-circles. In
particular, it is possible to define a new chamber complex C′ obtained from Cρ1 by decomposing along
D1 alone. That is

Cρ1

D1
−−→ C′.

Claim 2: Both S a and S b are still balanced or almost balanced for C′.
Proof of Claim 2: Let F′ be the defining surface F(C′). See Figure 44. We name 4 regions and 6

genera:

• X is the region below S b and gX is the genus of Fρ1 ∩X = F′∩X.

• X+ ⊃ X is the region below S a, g+X is the genus of Fρ1 ∩X+, and g′+X is the genus of F′∩X+.

• Y is the region above S a, gY is the genus of Fρ1 ∩Y , and g′Y is the genus of F′∩Y

• Y+ ⊃ Y is the region above S b, and g′+Y is the genus of F′∩Y+
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Surgery on D1 ⊂ S a will not affect the genus of the part of Fρ1 lying below or above S a, so

(0) g′+X = g+X , g′Y = gY and S a is balanced or almost balanced for C′.

To prove the claim, we then need only focus on S b. Here are two further observations:

1. Since Fρ1 ∩X+ is obtained from Fρ1 ∩X by attaching a (genus 0) pair of pants on a single boundary
component, g+X = gX .

2. Since F′ ∩ Y+ is obtained from F′ ∩ Y by attaching a (genus 0) annulus on a single boundary
component, g′+Y = g′Y .

By definition S b is balanced or almost balanced for C′ if and only if the pair of numbers {gX ,g′+Y } ,
{0,k},k ≥ 2. Indeed, by definition, the pair is {0,0} if and only if S b is planar balanced, it is {0,1} if
and only if S b is almost balanced, and the pair is { j,k}, j,k ≥ 1 if and only if S b is non-planar balanced.
Similarly, since S a is balanced or almost balanced for Cρ1 , we have {g+X ,gY } , {0,k},k ≥ 2. From (1) we
have gX = g+X and combining (0) and (2) gives g′+Y = gY . In particular, {gX ,g′+Y } = {g

+
X ,gY } , {0,k},k ≥ 2,

completing the proof of Claim 2.

D1

F F′

S a

S b

Figure 45: Only annuli between the planes

F′ intersects the collar between S a and S b entirely in spanning annuli (see Figure 45 and right panel
of Figure 44), so the decomposition sequence on C′ determed by S a and S b is the same; we denote
it C⃗′. As in the proof of Lemma 16.3 let C⃗b (resp C⃗a) be the sequence of flagged chamber complex
decompositions determined by C and S b (resp. S a). Thus C⃗b ∈

−−−−−→
(C,S 1) (say) and C⃗a ∈

−−−−−→
(C,S 0). Now apply,

for both S a and S b, Theorem 13.3 as augmented by Corollary 15.11 to conclude

C⃗a ∼ C⃗′ ∼ C⃗b so
−−−−−→
(C,S 0) ∼

−−−−−→
(C,S 1)

□

Proof of Theorem 16.2. As noted before Lemma 16.3 a generic isotopy S t from S 0 to S 1 consists of a
sequence of isotopies, each containing a single critical point and hence one to which either Lemma 16.3
or Lemma 16.5 applies. □
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17 All balanced or almost balanced spheres cocertify

In this section we show that the requirement in Theorem 16.2 that S 0 and S 1 are isotopic through balanced
or almost balanced spheres is superfluous. In particular we show:

Proposition 17.1. Suppose C is a flagged chamber complex in S 3. Then any pair of balanced or almost
balanced spheres for C are isotopic in S 3 through balanced or almost balanced spheres for C.

We defer the proof in order to quickly observe some consequences: Following Theorem 16.2 this
immediately implies:

Corollary 17.2. Suppose C is a flagged chamber complex in S 3 that supports the genus g Heegaard
splitting (S 3,T ) and is not tiny. Let S x and S y be balanced or almost balanced spheres for C. Then
−−−−−→
(C,S x) ∼

−−−−−→
(C,S y). □

In particular, any such flagged chamber complex C in S 3 determines a unique certificate. That is,
the homeomorphism h(C,S ) : (S 3,T )→ (S 3,Tg), for S a balanced or almost balanced sphere (provided,
say, by Corollary 10.7), does not in fact depend on the choice of S , up to eyeglass equivalence. We
will denote (a choice of) such a homeomorphism simply hC : (S 3,T )→ (S 3,Tg). This expands the use
of the notation, first introduced following Corollary 8.3, beyond just those flagged chamber complexes
that themselves certify, to all flagged chamber complexes that are not tiny. Following Proposition 5.18,
it applies to flagged chamber complexes obtained from a Heegaard surface by weak reduction. It also
allows the following natural definition and notation:

Definition 17.3. Suppose C,C′ are flagged chamber complexes in S 3 that support the genus g Heegaard
splitting (S 3,T ) and are not tiny. Then C and C′ cocertify (written C ∼ C′) if the homeomorphisms
hC,hC′ : (S 3,T )→ (S 3,Tg) (as just defined above) are eyeglass equivalent.

Corollary 17.4. With this expanded definition of hC, Corollary 8.4 remains true. That is, if C certifies
and τ ∈G(S 3,T ) then hτ(C)τ ∼ hC.

Proof. This follows immediately from Corollary 9.6. □

The proof of Proposition 17.1 is brief (it appears just before Proposition 17.7) but the background
needed is extensive. Since it makes use of elementary Morse and Cerf Theory [Mi], [Ce], we will work in
the smooth category. That is, we will take the defining surface F = F(C) to be a smooth submanifold
of S 3, and the pair of spheres S x and S y, to be smooth submanifolds, smoothly transverse to F. Let
p : S 3→ [−1,1] be the standard height function, denote by S 2 the standard equator p−1(0), and call the
points p−1(1), p−1(−1) the north and south poles of S 3. Denote by Bϵ a pair of small ball neighborhoods
of the poles, that is Bϵ = p−1([−1,−1+ ϵ]∪ [1− ϵ,1]).

Choose a pair of points qn,qs (to correspond to north and south poles) disjoint from F ∪S x∪S y so
that qn and qs lie on opposite sides of each of the spheres S x and S y. This is easily done: If S x and S y are
disjoint, choose a generic point in the interior of each of the two ball components of S 3− (S x∪S y). If, on
the other hand, S x and of S y intersect, observe that a regular neighborhood of a curve c of intersection
intersects S x∪S y in a copy of X× c. (Here X means two crossed lines, e. g. the x- and y- axes in R2.)
Then set qn,qs to be generic points in opposite quadrants of some X×{point}.
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By the Schoenflies Theorem there are diffeomorphisms ϕx,ϕy : (S 3;qn,qs)→ (S 3; p−1(1), p−1(−1))
so that ϕx(S x) = ϕy(S y) = S 2 ⊂ S 3. Choose a small neighborhood Bϵ of the poles in S 3 that is disjoint
from ϕx(F)∪ ϕy(F) and adjust ϕx,ϕy near qn,qs so that px and py coincide on a neighborhood U =
(px)−1(Bϵ) = (py)−1(Bϵ) of qn,qs. It is elementary in this case (or use [Lau] and the fact that the space
of orientation preserving diffeomorphisms of the ball is connected, indeed contractible) that there is
an isotopy θ : (S 3,U)× I→ (S 3,Bϵ) between ϕx and ϕy, fixed on U. That is, for θt : (S 3,U)→ (S 3,Bϵ)
defined by θt(z) = θ(z, t), we have θ0 = ϕx and θ1 = ϕy and for all t, and each u ∈ U, θt(u) = ϕx(u) = ϕy(u).

Now consider the function px : F → [−1,1] defined by px = pϕx|F and similarly py = pϕy|F. The
functions px, py are homotopic via the homotopy pt = pθt|F. Morse and Cerf theory tell us that for
a generic copy of F ⊂ S 3 arbitrarily near the original F (a copy which we henceforth take as F), the
functions px, py are Morse functions and the homotopy pt between them is Cerf. Here are the salient
points of what is meant by this:

px (and py) are Morse: The function px : F → [−1,1] has only a finite number of critical values
{si} ⊂ (−1,1) and each critical value is the image of a single non-degenerate critical point in F. Non-
degenerate means that the Hessian of the function is non-singular (see [Mi]). Put another way, each
sphere S x

s = (pϕx)−1(s) is transverse to F for each regular value of s, and, for each critical value si, S x
si

is
transverse to F except at a single point of tangency, where F intersects a neighborhood of the tangency
point in S x

si
as either a maximum, a minimum, or a saddle point.

The homotopy pt is Cerf: For generic t the function pt : F→ [−1,1] is Morse. At a finite set τ= {t j} ⊂ I
the function pt is not Morse, solely because either

• near a single exceptional critical point on z ∈ F, pt has a "birth-death" singularity given by the local
model pt(z1,z2) = pt(z)+ z3

1± tz1± z2
2 or

• there are two non-degenerate critical points of pt on F with the same critical value

Beyond this, and perhaps clarifying it, is a description of the “Cerf graphic" in the square (t, s) ∈ I× [−1,1]
(see, for example, introductory remarks in [GK], from which Figure 46 is taken): There are a finite
collection Γ of curves in I × [−1,1] so that each γ ∈ Γ is the graph of a smooth function to [−1,1] on a
closed interval in I whose end points are among the set τ∪∂I. See green in Figure 46. Each generic
vertical arc t× [−1,1] is transverse to the graphs Γ and intersects each curve γ ∈ Γ in at most one point.
Each vertical arc ti× [−1,1], ti ∈ τ has the same property, with a single exceptional point s ∈ [−1,1] where
either

• (ti, s) is a left end point of exactly two such graphs, a birth point. (So ti× [−1,1] ∈ red vertical lines
in Figure 46)

• (ti, s) is a right end point of exactly two such graphs, a death point. (So ti× [−1,1] ∈ red vertical
lines in Figure 46)

• At (ti, s) two graphs cross transversally. (So ti× [−1,1] ∈ blue vertical lines in Figure 46)

The collection Γ of graphs constitute all points where the functions pt have critical points. That is,
(t, s) ∈ I × [−1,1] lies in Γ if and only if s is a critical value for pt. In particular, each complementary
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s

t→ ti0 1
−1

1

Figure 46: Graphic (green) with ti ∈ τ

component R of Γ in I× [−1,1] (called a region of the graphic) has the property that for any (t, s) ∈ R, s is
a regular value for pt.

Given this as background, observe that the natural sweep-out of S 3 − {poles} by the 2-spheres
S s = p−1(s), s ∈ (−1,1), in which S 0 is the equator S 2 induces a t-parameterized smooth family of sweep-
outs S t

s = θ
−1
t (S s) beginning with a sweep-out (ϕx)−1(S s) that contains S x = (ϕx)−1(S 2) and ending with

a sweep-out (ϕy)−1(S s) that contains S y = (ϕy)−1(S 2). Taking this sweep-out point of view, we can now
incorporate the ideas of Section 10, in particular Definition 10.5 and Lemma 10.6, as we now describe.

Suppose (t, s) ∈ R, where R is a region of the graphic. Since s is a regular value of pt, the sphere S t
s is

transverse to F, and, since R is connected, any other sphere S t′
s′ , (t

′, s′) ∈ R is isotopic to S t
s through spheres

transverse to F. Following Definition 10.5 we can then assign a label aR
bR

to R, where the non-negative
integer aR is the genus of the part of F lying above S t

s and similarly bR is the genus of the part of F lying
below S t

s. Here are some elementary observations:

1. S t
s is balanced or almost balanced for C if one of these is true:

• 0 ≤ aR,bR ≤ 1

• Both aR,bR ≥ 1

In this case we say that the region itself is balanced or almost balanced.

2. Hence S t
s is not balanced or almost balanced for C (say S t

s is akilter) if one of these is true:

• aR = 0 and bR ≥ 2 (say then +akilter) or

• bR = 0 and aR ≥ 2 (say then −akilter).

In this case we say that the region itself is respectively +akilter or −akilter.

3. Suppose R and R′ are adjacent regions in the graphic, both incident to a birth singularity (t0, s0).
That is, the regions are separated near (t0, s0) by the pair of curves in Γ that end at (t0, s0). Then a
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generic sweep-out to the right of (t0, s0) (that is via S (t0+ϵ)
s , s ∈ (−1,1)), passing briefly through R′,

say, differs from a sweep-out just to the left of (t0, s0), passing through R, by the brief introduction
of a minimum (or maximum), followed by a cancelling saddle tangency. The consequent brief
transfer of a disk in F from one side of S t

s to the other has no effect on the genus of F on each side,
so aR

bR
=

aR′

bR′
.

4. The same is true for R and R′ adjacent regions in the graphic, both incident to a death singularity
(t0, s0).

We now interpret Lemma 10.6 in this context.

Lemma 17.5. Suppose, in the setting described above, genus(F) ≥ 2 and t0 is a generic value of t, that is
t0 ∈ I−τ. The vertical arc v = t0× [−1,1] has the following properties:

1. There is a unique curve γ− ⊂ Γ, intersecting v in a point (t0, s−), so that the region just below γ− is
−akilter and the region just above γ− is balanced or almost balanced.

2. There is a unique curve γ+ ⊂ Γ intersecting v in a point (t0, s+), so that the region just below γ+ is
balanced or almost balanced and the region just above γ+ is +akilter.

3. s− < s+ and the subinterval t0× [s−, s+] of v intersects at least three different regions of the graphic.

Proof. We will apply Lemma 10.6 to the sweepout of F by the spheres S t0
s . (The lemma is applicable

because it is equivalent to considering the sweep-out of θt0(F) by the spheres S s.) Note first that the
bottom regions of the graphic (those incident to I×{−1}) are all labeled genus(F)

0 and the top regions are
all labeled 0

genus(F) . Since genus(F) ≥ 2 the regions at the bottom are −akilter and those at the top are
+akilter.

As noted in Lemma 10.6 as s rises in v, passing from region to region, aR cannot rise and bR cannot
fall. To progress under these rules from the label a

0 ,a ≥ 2 to the label 0
b ,b ≥ 2 there is a first transition

from a region R that is −akilter to a region R′ that is balanced or almost balanced, either because aR
bR
= 2

0
and aR′

bR′
= 1

0 or because aR
bR
= a

0 ,a ≥ 2 and aR′

bR′
= a

1 . Moreover, once that transition is made, there is no way
to transition back to −akilter without either lowering the denominator in a

1 or raising the numerator in 1
0 ,

neither of which is allowed. So this transition defines the curve γ− and so s−. The symmetric argument
identifies the curve γ+ and shows that it lies above γ−, that is s+ > s−. See Figure 47.

More subtly, notice that according to Lemma 10.6 as s passes upward through a curve γ from region
R to region R′ the difference aR−bR ∈ Z does not increase (for this would require either aR to rise or bR to
fall) and can decrease by at most one (because at most one of these occurs: aR drops by 1 or bR rises by
1). That is, (aR′ −bR′) ≤ (aR−bR) ≤ (aR′ −bR′)+1. So it takes at least 4 transitions to go from a −akilter
region, where aR−bR ≥ 2, to a +akilter region, where aR−bR ≤ −2. So, not counting the end points, there
are at least two graphs in Γ that cross the interior of t0× [s−, s+] and so 3 distinct regions through which
t0× [s−, s+] passes. □

Lemma 17.6. Suppose, in the setting described above, genus(F) ≥ 2. Then there are continuous (indeed,
piecewise smooth) functions f−, f+ : I→ [−1,1] so that
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s−

s+

genus(F)
0 =⇒ −akilter

0
genus(F) =⇒ +akilter

t0

v

γ−

γ+

f−

f+

Figure 47: Spanning arcs γ+, γ− and the gap between

• For all t, f−(t) < f+(t).

• The graphs of both f± lie in Γ.

• Regions below the graph of f− are all −akilter.

• Regions above the graph of f+ are all +akilter.

• Regions between the two graphs are all balanced or almost balanced.

• f−(0) < 0 < f+(0) and f−(1) < 0 < f+(1).

Proof. For t0 < τ define f±(t0) = s± as given in Lemma 17.5. The functions f± are smooth near t0 because
each curve γ ∈ Γ is smooth. The same argument applies for t0 ∈ τ with some (t0, s) a birth-death point
since, as we have seen above, aR

bR
does not change as s passes through such a point.

The situation is only a bit more complicated for t0 ∈ τ with two curves in Γ crossing at (exactly one)
point (t0, s0) in t0× [−1,1]. In this case, the region below (t0, s0) could be −akilter and the region above
(t0, s0) either balanced or almost balanced, and then it is natural to define f−(t0) = s0. By examining
generic nearby values of t we see that the interval t0× (s0, s+) must still pass through at least two distinct
regions, so s0 < s+ and f−(t0) < f+(t0) as required. The graph of f− may not be smooth at t0 since values
of f−(t) for t just less than t0 may lie on one of the two crossing curves in Γ and values of f−(t) for t just
more than t0 lie on the other. Still the graph of f− is piecewise smooth at t0. Symmetric comments apply
when the region above (t0, s0) is +akilter and the region below (t0, s0) either balanced or almost balanced.

Finally, our initial definition was that the balanced or almost balanced sphere S x = S 0
0 so f−(0) < 0 <

f+(0) and the balanced or almost balanced sphere S y = S 1
0 so f−(1) < 0 < f+(1). □

Proof of Proposition 17.1. If genus(F) ≤ 1 let f : [0,1]→ [−1,1] be any smooth function whose graph
is transverse to the curves Γ in the graphic and for which f (0) = f (1) = 0. If genus(F) ≥ 2 pick such a
function so that, in addition, f− < f < f+ Then the 1-parameter family of spheres S t

f (t),0 ≤ t ≤ 1 is an
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isotopy of S x to S y. Moreover each sphere S t
f (t) is balanced or almost balanced for C, since the graph of

f passes only through balanced or almost balanced regions of the graphic. □

There is a related proposition about single sweep-outs, whose proof is similar to that of Lemma 17.5:

Proposition 17.7. Suppose C is a flagged chamber complex in S 3 that is not tiny and S s, s ∈ [−1,1] is a
generic sweep-out of S 3 by spheres. Suppose, E is a properly embedded disk in a chamber of C so that,
for some generic −1 < e < 1, ∂E lies entirely in S e. That is, ∂E is a circle component of S e∩F(C). Put E
in preferred alignment and let C′ be the flagged chamber complex obtained from C by decomposition
along E. Then C′ ∼ C.

Proof. Since S s is a generic sweep-out, there is a finite set σ ⊂ [−1,1] so that for s < σ, S s is transverse
to F = F(C), and for each s ∈ σ, F and S s have a single non-degenerate point of tangency. Apply
the notational convention for regions introduced before Lemma 17.5 to the (interval) components of
[−1,1]−σ. That is, for each such interval i ⊂ [−1,1]−σ pick s ∈ i and let ai ≥ 0 be the genus of the part
of F lying above S s and bi be the genus of the part of F lying below S s, and then assign to i the symbol ai

bi
.

Following Lemma 10.6, and similar to the argument used for a generic value of t in the proof of Lemma
17.5, we have:

• The lowest interval in [−1,1]−σ is assigned genus(F)
0

• The highest interval [−1,1]−σ is assigned 0
genus(F)

• As s rises through each critical level s ∈ σ the integer ai−bi does not increase and can decrease by
at most 1.

Since, as we ascend through the interval components of [−1,1]−σ, the difference ai − bi begins at
genus(F) and ends at −genus(F) it follows that there is an interval i0 for which the difference is zero,
that is ai0 = bi0 . In particular, for s ∈ i0, S s is balanced for C, either planar balanced (if ai0 = bi0 = 0) or
non-planar balanced (if ai0 = bi0 ≥ 1). Pick a generic s0 ∈ i0 (s0 , e) so that S s0 is transverse to E.

Claim: The sphere S s0 is balanced or almost balanced for C′ as well as for C.
Proof of Claim:. Define the pair of whole numbers a′,b′ in direct analogy to the pair ai0 ,bi0 : Namely,

a′ is the genus of the part of F′ lying above S s0 and b′ is the genus of the part of F′ lying below S s0 We
will now show by construction that there is a close relation between the pairs a′,b′ and ai,bi.

We can assume, with no loss, that s0 > e. (If s0 < e reverse the rolls of a and b in the following
argument.). Let c ⊂ S s0 be the collection of circles S s0 ∩E. Decomposing C along E to obtain F′ = F(C′)
can be viewed as a 3-stage process:

• first remove a small annular neighborhood η(∂E) of ∂E from F, then

• attach a pushed-off copy of E to each boundary component of F −η(∂E); call this added pair of
disks 2E. The resulting surface Fη intersects the level sphere S s0 in the curves (F∩S s0)∪2c, where
2c denotes two parallel copies of c, one copy for each copy of E in 2E.

• Finally, remove any resulting sphere components of Fη that bound goneballs.
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Observe the behavior of the genus through each of these three stages of the construction. We consider
the stages in reverse order: Removing spheres from Fη does not change the genus of the part of the
surface lying above S s0 or below, since each component removed is a subsurface of spheres and is
therefore planar. Similarly, adding 2E does not affect the genus of the surface above or below, since
each component added is a subsurface of 2E and therefore planar, and the ends of the annulus η(∂E)
are attached to different planar subsurfaces of 2E. Finally, removing η(∂E) from F does not affect the
genus of the part of F above S s0 , and, though it may lower the genus of the part of F below S s0 (if it is
non-separating in the component in which it lies), it lowers it by at most one.

We conclude that a′ = ai0 and bi0 −1 ≤ b′ ≤ bi0 . In particular

• If
ai0
bi0
= 0

0 then a′
b′ =

0
0 .

• If
ai0
bi0
= 1

1 then a′
b′ =

1
1 or 1

0 .

• If
ai0
bi0
= m

m ,m ≥ 2 then a′
b′ =

m
m or m

m−1 .

In any case, we see that the sphere S s0 is balanced or almost balanced for C′, proving the Claim.

The proof now proceeds by induction on |c|, the number of curves of intersection of E with S s0 . If E
is disjoint from S s0 , so |c| = 0 the result follows from Theorem 13.3, as augmented by Corollary 15.11.

Assume then that |c| ≥ 1 and let

−−−−−−→
(C,S s0) : C

D0
−−→ C1

D1
−−→ ...

Dn−1
−−−−→ Cn

and
−−−−−−−→
(C′,S s0) : C′

D′0
−−→ C′1

D′1
−−→ ...

D′n−1
−−−−→ C′n

be complete flagged chamber complex decomposition sequences guided by S s0 for C and C′ respectively.
(First add the circles c as ghost circles for the decomposition sequence for C, so that both sequences use
the same set of guiding disks throughout, and so run in parallel. By Corollary 15.10 the addition of these

ghost circles does not change how C certifies.) Focus attention on the first decomposition C′i
D′i
−−→ C′i+1 in

which a circle in c appears as the boundary of a disk in D′i . Let c0 ∈ c be such a circle, chosen among all
candidates to be innermost in 2E; let D0 ∈D

′
i be the disk that c0 bounds in S s0 ; and let E0 ⊂ 2E be the

disk that c0 bounds in 2E.
Although E0 may intersect S s0 in other components of c, by construction none bound disks in any

D′j, j ≤ i, so E0 remains intact as part of the defining surface F′i = F(C′i). Consider whether D0 is an
essential disk in the chamber of C′i in which it lies:

If D0 is an essential disk, then the ball B0 ⊂ S 3 that the sphere S =D0∪E0 bounds (on the side in S 3 not
containing ∂E) contains components of F′i . By construction, B0 is disjoint from 2E so these components
of F′i must also be components of the defining surface Fi = F(Ci). Thus S is an incompressible sphere

in a chamber of both C′i and Ci. This implies that C′i ∼ Ci, hence
−−−−−−→
(C,S s0) ∼

−−−−−−−→
(C′,S s0) and so, following

Definition 17.3, C ∼ C′ as required.
On the other hand, if D0 is an inessential disk, then int(B0) is disjoint from F′i so B0 is disky in Ĉ′i+1

and so (perhaps with an appropriate choice of sibling) becomes a goneball in C′i+1. In other words, after
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decomposition by D′i (and the similar elimination of the parallel copy of E0 in 2E at the next stage of the
decomposition sequence) we obtain the same chamber complexes as if E0 had been replaced by D0 in
the disk E. But this replacement lowers |c| by at least 1. By our inductive assumption on |c|, C ∼ C′, as
required.

To provide more detail in this last case, when D0 is inessential, let E′ be the disk that results from
replacing the disk E0 ⊂ E by D0 as just described. Recall the following diagram for the inductive step in
the proof of Proposition 13.2, which in turn enables the proof of Theorem 13.3:

...
Di−1 // Ci

E

��

Di // Ci+1

E
��

Di+1 // ... = C⃗

Ci+1
i+1OO

���
�
�

Di+1
i+1 // ... = C⃗i+1

E

Ci
i

Di
i // Ci

i+1

Di
i+1 // ... = C⃗i

E

As the argument there would ultimately be applied here, the decomposing disks are all guided by
S s0 . (One consequence is that the notation for the decomposing disks in the diagram can all be simplified
to those for the guiding disks in the top row.) The problem with further use of that inductive step here
is that for j > i the decomposing disks D j might pass through E. This means that their interiors may
intersect F(C′j), making later inductive steps potentially nonsensical. However, since B0 is a goneball in

the decomposition C′i
Di
−−→ C′i+1 nothing is lost by replacing E with E′ to get the simplified diagram:

...
Di−1 // Ci

E′

��

Di // Ci+1
Di+1 // ... = C⃗

Ci
i

Di
i // Ci

i+1

Di
i+1 // ... = C⃗i

E

Then observe that since |E′∩S s0 | < |E∩S s0 | = |c| the inductive hypothesis on |c| implies that
−−−−−−→
(Ci,S s0) ∼

−−−−−−→
(Ci

i,S s0). This eliminates the need for the further inductive steps used in the proof of Proposition 13.2. □

Because Proposition 17.7 requires that C not be tiny, it cannot be directly applied to the flagged
chamber complex defined by a Heegaard surface T , since both chambers are empty handlebodies. But
it does tell us something crucial about flagged chamber complexes that are obtained from T by weak
reduction:

Proposition 17.8. Suppose S 3 = A∪T B is a Heegaard splitting and S s, s ∈ [−1,1] is a generic sweep-out
of S 3 by spheres. Suppose D is a weakly reducing collection of disks for T and E is a properly embedded
disk disjoint from D, lying in either A or B. Suppose further that, for some generic −1 < e < 1, ∂E lies
entirely in S e. Let C be the flagged chamber complex obtained from T by decomposition along D and C′

be the flagged chamber complex obtained from T by decomposition along D∪E. Then C′ ∼ C.
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Proof. Let CDE denote the flagged chamber complex obtained from C by decomposition along E.
Proposition 17.7 does apply to this decomposition since, by Proposition 5.18, C is not tiny. Thus C ∼ CDE .
It remains to prove a similar relation between C′ and CDE .

We are in a position to apply Proposition 12.12, where the Heegaard splitting here plays the role of
C in Proposition 12.12; C′ here corresponds to CD+E there; and the notation CDE here was chosen to
be consistent with the same notation there. Then, according to Proposition 12.12, either CDE = C

′ or
CDE d C

′. In the former case we are done, so we consider the case CDE d C
′, and turn to Corollary

11.12.
Following Corollary 10.7 let S s0 be a sphere in the sweep-out that is balanced for C′ and let

C⃗′ : C′
D0
−−→ C′1

D′1
−−→ ...

D′n−1
−−−−→ C′n

be a complete flagged chamber complex decomposition sequence guided by S s0 . Similarly, let C⃗DE be a
complete flagged chamber complex decomposition sequence for CDE guided by S s0 . Since CDE d C

′

their defining surfaces FDE and F′ differ by at most the insertion of a bullseye. Since the components of
the bullseye are all spheres, the insertion does not affect the genus of the parts of the surface above and
below S s0 , so S s0 is balanced for CDE as well. In particular, by Proposition 10.2, both C⃗′ and C⃗DE certify.

Apply Corollary 11.12 to CDE d C
′: Let C⃗m

DE be the maximal deflationary sequence of CDE . If
C⃗m

DE = C⃗DE so the entire sequence is a deflationary sequence, then by the second outcome of Corollary
11.12, C⃗′ and C⃗DE cocertify. If, on the other hand, C⃗m

DE is not the entire sequence C⃗DE then by the first
outcome of Corollary 11.12, C⃗m

DE certifies, so by the second outcome, again C⃗′ and C⃗DE cocertify. In

other words,
−−−−−−−−→
(CDE ,S s0) ∼

−−−−−−−→
(C′,S s0) or, following Definition 17.3, CDE ∼ C

′ as required. □

18 The Goeritz group is the eyeglass group

Suppose (S 3,Tg) is the standard genus g ≥ 2 Heegaard splitting of Section 3 and τ is an element of
the Goeritz group G(S 3,Tg), as described in [JM]. Let Tθ ⊂ S 3,0 ≤ θ ≤ 2π be a representative of τ in
π1(Img(S 3,T )), with S 3 = Aθ∪Tθ Bθ and T0 = T2π = Tg.

Put another way, τ is represented by an isotopy Θθ : S 3 → S 3,0 ≤ θ ≤ 2π with Θ0 the identity
and Θ2π(Tg) = Tg. Tθ then denotes the surface Θθ(Tg) ⊂ S 3 and Θ2π represents τ : (S 3,Tg)→ (S 3,Tg).
Similarly Aθ,Bθ denote respectively Θθ(A),Θθ(B). Finally, for any θ,θ′ ∈ [0,2π], denote the composition
ΘθΘ

−1
θ′ by Θθ

′

θ : (S 3,Tθ′)→ (S 3,Tθ). This definition implies that, for any θ′′ ∈ [0,2π], Θθ
′′

θ Θ
θ′

θ′′ = Θ
θ′

θ .
We briefly review some of the results of [FS1], where S 3 is swept out by level spheres S s of the

standard height function p : S 3→ [−1,1].
There are values 0 < θ1 < θ2 < ... < θn < 2π so that for each θ < {θi,1 ≤ i ≤ n} there is a pair of weakly

reducing disks (aθ,bθ) associated to Tθ so that:

• aθ ⊂ Aθ and bθ ⊂ Bθ

• The isotopy class of the pair (aθ,bθ) does not change throughout each interval in [0,2π]−{θi,1 ≤
i ≤ n}. By this we mean, if θ,θ′ are in the same interval of [0,2π]−{θi,1 ≤ i ≤ n} then the pair of
disks (Θθ

′

θ (a′θ),Θ
θ′

θ (b′θ)) is properly isotopic to the pair (aθ,bθ) in (S 3,Tθ).
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A shorthand notation for this is (aθ,bθ) = (aθ′ ,bθ′).

• (a2π,b2π) = (a0,b0). That is, the pair of disks (a2π,b2π) is properly isotopic to the pair (a0,b0) in
(S 3,Tg).

• For every 0 ≤ θ ≤ 2π each of the disks aθ and bθ have level boundaries. That is, each the circles ∂aθ
and ∂bθ lies in a single sphere of the sweep-out by S s.

The last property is used for the application of Proposition 17.8 in the proof of Lemma 18.2 below. It
follows from the construction described in [FS1, Appendix], as applied in [FS1, Subsection 4.5]. The
disks aθ and bθ are chosen in [FS1] by how their boundaries lie in Tθ∩S , for S one of the level spheres
S s. (The argument in [FS1] requires that genus(T ) ≥ 2.) Note that, unlike the collection of disks used in
disk decomposition sequences that we have been long discussing, it is not part of the construction for the
sweep-outs in [FS1] that the entire disk aθ or bθ lies in a single sphere of the sweep-out, only that the
boundary of each disk does.

The third property above, that (a2π,b2π) = (a0,b0) (the notation here differs somewhat from that in
[FS1]) follows from the fact that T2π = T0 = Tg. Indeed, we might as well take the sweep out by copies of
the Heegaard surface used in the construction to be the same in both cases, which means that the weakly
reducing pair of disks arising from the construction will be given by the same rule.

For each θ < {θi,1 ≤ i ≤ n}, define the flagged chamber complex Cθ as that obtained from Tθ by weak
reduction along the pair of disks (aθ,bθ).

Observe some properties:

• By Proposition 5.18 no chamber complex Cθ is tiny.

• Suppose θ,θ′ are in the same interval of [0,2π]−{θi,1≤ i≤ n}. Since the pair of disks (Θθ
′

θ (a′θ),Θ
θ′

θ (b′θ))
is properly isotopic to the pair (aθ,bθ), the chamber complex Θθ

′

θ (Cθ′) is also properly isotopic to
the chamber complex Cθ in (S 3,Tθ).

• Since (a2π,b2π) = (a0,b0) we have C2π = C0.

Finally, for each θ < {θi,1 ≤ i ≤ n} define hθ : (S 3,Tθ)→ (S 3,Tg) to be hCθ as defined following
Corollary 17.2. (Technically, hθ is only defined up to eyeglass equivalence, since that is the case for hCθ .)
We have

Lemma 18.1. Suppose θ,θ′ are in the same interval of [0,2π]−{θi,1 ≤ i ≤ n}. Then hθ ∼ hθ′Θθθ′ .

Proof. As just observed the chamber complex Θθ
′

θ (Cθ′) is properly isotopic to the chamber complex Cθ
in (S 3,Tθ) so hθ = hCθ = hΘθ′θ (Cθ′ )

. Now apply Corollary 17.4: hΘθ′θ (Cθ′ )
Θθ
′

θ ∼ hCθ′ so hθ ∼ hCθ′ (Θ
θ′

θ )−1 =

hθ′Θθθ′ □

Further following [FS1], for each 1 ≤ i ≤ n there are three disjoint disks, either

• aθi ⊂ Aθi ,b
±
θi
⊂ Bθi with the pairs (aθi ,b

+
θi

) and (aθi ,b
−
θi

) each weakly reducing or

• symmetrically a±θi ⊂ Aθi ,bθi ⊂ Bθi with the pairs (a+θi ,bθi) and (a−θi ,bθi) each weakly reducing.
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with the property that (respectively for the two cases) for small ϵ

• Θθiθi±ϵ(aθi) = aθi±ϵ and Θθiθi±ϵ(b
±
θi

) = bθi±ϵ

• symmetrically Θθiθi±ϵ(a
±
θi

) = aθi±ϵ and Θθiθi±ϵ(bθi) = bθi±ϵ

Lemma 18.2. Suppose θ,θ′ are any two points in [0,2π]−{θi,1 ≤ i ≤ n}. Then hθ ∼ hθ′Θθθ′ .

Proof. It suffices to prove the case in which θ,θ′ are in adjacent intervals, for then we can just proceed
around the circle. (See Figure 48 for a highly schematic picture.) So suppose that they are on adjacent
intervals sharing the end point θi ∈ (0,2π). Following Lemma 18.1 it suffices to prove the case in which
θ = θi− ϵ and θ′ = θi+ ϵ, for small ϵ.

With no loss of generality assume that the three weakly reducing disks in (S 3,Ti) are aθi ⊂ Aθi ,b
±
θi
⊂ Bθi

and let Ci be the (not tiny) chamber complex obtained by weakly reducing Tθi along the three disks aθi ,b
±
θi

.
Let C+i be that obtained by weakly reducing along just the pair aθi ,b

+
θi

and C−i be that obtained by weakly
reducing along just aθi ,b

−
θi

. Apply Proposition 17.8 to deduce that C−i ∼ Ci. Similarly, C+i ∼ Ci, so as a
result C+i ∼ C

−
i .

The argument of Lemma 18.1 further shows that hC+i ∼ hθi+ϵΘ
θi
θi+ϵ

and hC−i ∼ hθi−ϵΘ
θi
θi−ϵ

so, combining,
hθi−ϵΘ

θi
θi−ϵ
∼ hθi+ϵΘ

θi
θi+ϵ

. Hence hθi−ϵ ∼ hθi+ϵΘ
θi
θi+ϵ
Θ
θi−ϵ
θi
∼ hθi+ϵΘ

θi−ϵ
θi+ϵ

as required. □

θ1

θ2

θn

θn−1

θ3

0,2π

Cθn+ϵ ∼ C2π

Cθn−1+ϵ ∼ Cθn−ϵ

C0 ∼ Cθ1−ϵ

Cθ1+ϵ ∼ Cθ2−ϵ

Cθ2+ϵ ∼ Cθ3−ϵ

·
·
·

·
·
·

Figure 48: Schematic for Lemmas 18.1 and 18.2

Corollary 18.3. τ ∈ E

Proof. Choose, in Lemma 18.2 the values θ = 0, θ′ = 2π. Then, per that lemma, h0 ∼ h2πΘ2πΘ
−1
0 .

Furthermore, since C0 = C2π, Corollary 8.3 has h0 ∼ hC0 ∼ hC2π ∼ h2π, and so τ = Θ2π ∼Θ0 = id(S 3,Tg). □

Remark: It is perhaps not surprising that it is possible to position Tg with respect to the height
function on S 3 so that h0 and h2π : (S 3,Tg)→ (S 3,Tg) are not just eyeglass equivalent, but in fact are both
the identity (under the standard inductive Assumption 3.4. We do not need this here.

Corollary 18.4. G(S 3,T ) = E.
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e, 305
d, 285
b-wise alignment, 251
ĈD, 226
∼, 218

Akilter sphere for F, 324
Aligned chamber complex decomposition, 250
Aligned disk or sphere, 213
Almost balanced sphere, 274
Ancestral bubble pass, 253

Balanced sphere, 274
Bubble, 211
Bubble exchange, 211
Bubble move, 211
Bubble pass, 213
Bullseye, 281

center edge of an odd diameter tree, 313
center vertex of an even diameter tree, 314
Certify; certificate, 266
Chamber complex, 226
Chamber complex decomposition, 226
cocertify, 267

Deflation, 279
Deflation of decomposition sequence, 285
Designated handlebody chamber, 232
Disk decomposition, 226
Disk set, 226
Disky, 227

Empty chamber, 256
ey-handlebody, 292
Eyeglass, 212
Eyeglass group, 213

Eyeglass twist, 212

F-circles, 312
Flagged chamber complex, 256
Flip, 211

Ghost circles, 312
Goneball, 226
Guiding set of disks, 285

Heegaard split chamber complex decomposition,
243

Maximal bubble, 256
Maximal deflationary subsequence, 286

Occupied chamber, 256

Powell group, 213
Preferred alignment, 256
Pure Heegaard splitting, 235

Remnant of chamber, 226

Scars, internal and external, 226
Sibling decompositions, 261

Target manifold, 298
Tiny chamber complex, 232
Tiny Heegaard split chamber complex, 248
Tube sum, 213

Weak reduction, 240
weakly reducing disk family, 233

x-handlebody, 290
xe-handlebody, 292

y-handlebody, 290
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