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Abstract:

We formulate an Iwasawa main conjecture for a higher rank Euler system for a general
motive. We prove “one half" of the main conjecture under mild hypotheses. We also formu-
late a conjecture on “Darmon-type derivatives" of Euler systems and give an application to
the Tamagawa number conjecture. Lastly, we specialize our general framework to the setting
of Heegner points and give a natural interpretation of the Heegner point main conjecture in
terms of rank two Euler systems.

Key words and phrases: Iwasawa main conjecture, Euler systems, Tamagawa number conjecture,
Heegner points

1 Introduction

The aim of this paper is to study Iwasawa theory for motives in terms of higher rank Euler systems.

Let K be a number field and M a (pure) motive defined over K. Let p be an odd prime number and 7
a stable lattice of the p-adic étale realization of M. For simplicity, we assume that the coefficient ring A
of T is the ring of integers of a finite extension of Q, (e.g., A =Z,). Let T*(1) denote the Kummer dual
of T. Then we define the basic rank of T by

r=rr :=ranky @ H(K,, T*(1)) |,
vESw(K)
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ON EULER SYSTEMS FOR MOTIVES AND HEEGNER POINTS

where S..(K) denotes the set of all infinite places of K.

One expects that there is a canonical Euler system for T of rank r. For example, when 7' = Z,(1),
one sees that rz () = 1 if and only if K is either Q or an imaginary quadratic field. When K = Q, we
have the cyclotomic unit Euler system. When K is an imaginary quadratic field, we have the elliptic unit
Euler system. If rz (1) > 1, then it is known that conjectural Rubin-Stark elements constitute an Euler
system. When T is the p-adic Tate module of an elliptic curve over Q and K = Q, then ry = 1 and we
have Kato’s Euler system. In general, the validity of the equivariant Tamagawa number conjecture for the
dual motive M*(1) implies the existence of a canonical higher rank Euler system for 7' of rank r which is
related to leading terms of (complex) L-functions for M*(1) at s = 0.

In this paper, we study arithmetic properties of Euler systems in a general setting and give a new
example of our general theory in the setting of Heegner points.

1.1 The Iwasawa main conjecture for motives

We first formulate an Iwasawa main conjecture for 7. There are two types of the formulation: “with
p-adic L-functions" and “without p-adic L-functions". In this paper, we study only the latter.

We sketch the formulation. Fix a finite set S of places of K which contains all infinite and p-adic
places of K and all “bad" places for T. Let L/K be a finite abelian extension and K../K a Zf,—extension
for some d > 1. We suppose that, for each v € S..(K) that ramifies in L, we have rank 4 (H°(K,,T*(1))) =
srank4 (T). We set Lo, := LK., and A := A[[Gal(L../K)]]. Let T := T ® A be the A-adic deformation
of T. Then one can construct a canonical map

® : det, ' (R[(0k 5, T)) — (), H' (Ok 5, T).

Here RI'(Ok 5, T) denotes the usual S-cohomology complex, H'(Ok s, T) its cohomology, and ()} the
r-th “exterior power bidual" over A (see §1.4 below). The Iwasawa main conjecture is formulated as
follows.

Conjecture 1.1 (The Iwasawa main conjecture, see Conjecture 3.4). Suppose that a canonical rank
r(=rr) Euler system cr, € (\\H'(Oks,T) is given. Then there exists a A-basis

3L, € detXI(RF(OK’S,T))
such that ©(3...) = cp...

When T = Z,(1), a formulation of this form is given by Burns, Kurihara and the second author in
[BKS17, Conj. 3.1 and Th. 3.4].

Let us consider the simplest “non-equivariant" case, i.e., L = K and d =1 (so that L. = K. is a
Zy-extension of K). Then one proves that Conjecture 1.1 is equivalent to the following “classical"
formulation:

charA (m:\Hl (OKS,T)/A : C[QQ) = ChaI'A(HZ(OKs,T)),

where char denotes the characteristic ideal. (See Proposition 3.10.) We remark that the Iwasawa main
conjecture of this form was studied earlier by Bilyiikkboduk in [Biiy09] and [Biiy10].

One of the main results of this paper is to prove “one half" of the Iwasawa main conjecture for any
given Euler system under some standard hypotheses.
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Theorem 1.2 (see Theorem 3.17 for the precise statement). Assume r =rr > 1, p > 5, and some mild
hypotheses. Then, for any rank r Euler system c, there exists an element

3. € det;l (RF(OK’S, T))

such that O(3.) = cr...
In particular, when L = K and d = 1, we have

chary ([ H' (0.5, T)/Acx. )  charg (H2(Ok.s,T)).

For the proof, we essentially use the theory of higher rank Euler, Kolyvagin, and Stark systems
established by Burns, Sakamoto, and the second author [BSS18], and also an idea of the recent work by
the first author in [Kat22].

1.2 Derivatives of Euler systems

Let r = rr be the basic rank of 7" and c an Euler system of rank r for 7. Fix a finite set S of places of K as
above. Under suitable assumptions, one can consider a “Darmon-type derivative" of ¢ for a Z,-extension
K./K:
e e /ye+1
K € N\ H' (Ok5,T) @a I/,

where we set e := rank 4 (H?(Ok s, T)) and I := ker(A[[Gal(K../K)]] — A) (see §4.3). We formulate a
conjecture which relates k.. with the leading term Lg(M*(1),0) of the S-truncated (complex) L-function
for the dual motive M*(1) at s = 0. To do this we introduce an “(extended) special element" for 7 over K

- r+e
n[( (S (CP®Zp /\.A HI(OK,SvT)v

which is by definition related to the leading term (see Definition 2.11). This element is a natural
generalization of the “Birch and Swinnerton-Dyer element" introduced by Burns, Kurihara, and the
second author in [BKS24, Def. 2.4]. We naturally construct a “Bockstein regulator map"

r+e r
Boc..: Cp @z, N\, H'(Oks,T) = Cp@z, \ H'(Oks,T) @41 /1",
and formulate the conjecture as follows.
Conjecture 1.3 (Conjecture 4.7). We have
Ko = (—1)Boce (M) in C, @z, /\;Hl (Ok.s,T)@a1¢ /1T

This conjecture generalizes the “generalized Perrin-Riou conjecture” in [BKS24, Conj. 4.9] and also
the “Iwasawa theoretic Mazur-Rubin-Sano conjecture” in [BKS17, Conj. 4.2].

We give a strategy for proving the Tamagawa number conjecture for M*(1) by using the Iwasawa
main conjecture and Conjecture 1.3 (see Theorem 4.11). This result is a generalization of [BKS24,
Th. 7.6].
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1.3 Heegner points

To give a new example of our general theory, we study Heegner points in detail. Let E be an elliptic curve
over Q and K an imaginary quadratic field satisfying the Heegner hypothesis for E (i.e., every prime
divisor of the conductor of E splits in K). We consider the motive M = h' (E /K)(1). In this case, T is the
p-adic Tate module of E and the coefficient ring is A = Z,,.

The Euler system of Heegner points is usually considered to be a rank one Euler system. However, it
is known that it does not satisfy the natural definition of Euler systems given by Rubin [Rub00]. In this
sense, it might be unnatural to regard the Heegner point Euler system as a rank one Euler system.

In this paper, we make the following observation: it is natural to interpret the system of Heegner
points as a rank two Euler system. In fact, the basic rank rr is two in this setting, since we have

D H(K,T*(1))=H(C,T"(1)) =T"(1)

vESw(K)

and this is a free Z,-module of rank two.

Our idea of interpreting Heegner points as a rank two Euler system is as follows. We assume that £ has
good ordinary reduction at p. Take a finite set S of places of K as usual. Let K../K be the anticyclotomic
Zp-extension and set A := Z,[[Gal(K./K)]] and T := T ® A. In the Selmer group Sel(T) = Sel(K, T),
one has a A-adic Heegner point y.. € Sel(T) (see [Cas17, §3.1] for example). Under some mild conditions,
we construct an isomorphism

O(A) @a [ H! (Ok5,T) = Q(A) @4 (Sel(T) @ Sel(T)"),

where Q(A) denotes the quotient field of A and (—)* the module on which A acts via the natural involution.
We define a “Heegner element"

Hg 2.1
2.8 € Q(A) @[ H' (05, T)
to be the element corresponding to

under the isomorphism above (see Definition 5.13).
We show that the “Heegner point main conjecture” of Perrin-Riou is equivalent to our formulation of
the Iwasawa main conjecture for o

Theorem 1.4 (Theorem 5.17). The Heegner point main conjecture holds if and only if we have e
NAH'(Ok.s,T) and an equality

2
chary (ﬂAHl (Ok,s,T)/A- zﬂg) = chary (H*(Ok 5, T)).

As an application, we give a formal construction of a rank two Euler system whose “K..-component"
.. _Hg
1S Zoo®.
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Theorem 1.5 (Theorem 5.18). Assume the Heegner point main conjecture. Then there exists a rank two

Euler system ¢ such that cg,, = o

Remark 1.6. Burungale-Castella-Kim has recently proved the Heegner point main conjecture under mild
hypotheses (see [BCK21, Th. A]). So Theorem 1.5 gives an unconditional construction of a rank two
Euler system which is related to Heegner points. However, it should be noted that our construction is
non-canonical: roughly speaking, the constructed Euler system is just a “lift" of 8, (The Heegner point
main conjecture is assumed in order to ensure the existence of a lift.)

Remark 1.7. There is a non-Iwasawa theoretic version of Theorem 1.5: see Theorem 5.5. A Heegner
element (over K) is more explicitly defined in this case without assuming that £ has good ordinary
reduction at p (see Definition 5.2).

Remark 1.8. Lei-Loeffler-Zerbes conjectured in [LLZ14, Conj. 8.2.6] that there should be a rank two
Euler system which is related to the Euler system of Beilinson-Flach elements. Although a direct link is
not clear to the present authors, our work may shed new light on their conjecture.

Lastly, we give an explicit interpretation of Conjecture 1.3 for the Heegner element 758 We assume
the following:

(i) E(K)[p] = 0;
(i) rank(E(Q)) > 1 and rank(EX(Q)) > 1, where EX denotes the quadratic twist of E by K;
(iii) #I1I(E/K)[p~] < .

(See Hypothesis 5.22.) Note that the Heegner hypothesis and the validity of the parity conjecture imply
that rank(E (K)) is odd. So the condition (ii) implies rank(E(K)) > 3. (One sees that Conjecture 1.3 is
not interesting when rank(E (K)) = 1.)

We set e := ranky, (H*(Ok.s,T)) and I := ker(A — Z,). Let

2
kot e N\, H' (Oks,T) @z, 11!
'p
be the Darmon-type derivative of z2%. We define a canonical “anticyclotomic Bockstein regulator”
B 2 1
Ry € Qp @z, /\sz (Ok.s,T) @, 1)1

as an analogue of the “(cyclotomic) Bockstein regulator” introduced by Burns, Kurihara, and the second
author in [BKS24, Def. 4.11].
We prove that Conjecture 1.3 in this case is equivalent to the following explicit formula.

Conjecture 1.9 (see Proposition 5.26). We have

e — L;(E/K’ 1) V |DK’ . RBoc

© Qp/x Re/x K

where Li(E /K, 1) denotes the leading term of the S-truncated L-function of E/K at s = 1, D the
discriminant of K, Qg /x the Néron period, and R j the Néron-Tate regulator.
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According to the conjectural Birch-Swinnerton-Dyer formula, the analytic constant

Ly(E/K,1)v/|Dk|

Qg k- Re/x

should be equal to the algebraic constant
Eulg - #UI(E/K)[p”] - Tam(E /K)

up to Z, where Eulg denotes the product of Euler factors at primes in S (so that Euls - L*(E/K, 1) =
L{(E/K,1)) and Tam(E /K) the product of Tamagawa factors of E /K. We prove that an algebraic variant
of Conjecture 1.9 follows from the Heegner point main conjecture up to Z,, .

Theorem 1.10 (Theorem 5.27). Assume the Heegner point main conjecture. Then there exists u € Z,
such that
K8 = u-Bulg - #111(E /K)[p™] - Tam(E /K) - RZ™°.

In a forthcoming work, we show that Conjecture 1.9 (or rather its algebraic variant) implies the
conjecture of Bertolini and Darmon [BeDa96, Conj. 4.5(1)] (see also [AgCa21, Conj. 3.6]). This gives
further evidence for Conjecture 1.9.

Finally, we give a strategy for proving the Birch-Swinnerton-Dyer formula for E /K.

Theorem 1.11 (Theorem 5.29). If we assume
* the Heegner point main conjecture,
* Conjecture 1.9, and
" R A0,

then the p-part of the Birch-Swinnerton-Dyer formula for E /K holds, i.e., there exists u € Z; such that

L*(E/K,1) = u-#111(E/K)[p*] - Tam(E /K) -

1
WQE/K “Rg k.

We remark that Theorems 1.10 and 1.11 are analogues of the results of Burns, Kurihara, and the
second author [BKS24, Th. 7.3 and 7.6] respectively.

1.4 Notation

For a commutative ring R and an R-module N, we set N* := Homg(N, R). The R-torsion submodule of N
is denoted by Nyors. The R-torsion-free quotient N /N,os is denoted by N¢. For a non-negative integer a,
the a-th exterior power bidual of N over R is defined by

MV = (AeV)) -

For basic properties, see [BuSa21, Appendix A].
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For an abelian group (Z-module) A and a prime number p, we set
Alpl:={a€A|p-a=0}andA[p”]:={acA|p"-a=0for some n}.

Let K be a number field, which is regarded as a finite extension of QQ inside a fixed algebraic closure
Q of Q. We denote the absolute Galois group Gal(Q/K) by Gk. For each place v of K, we fix a
place w of Q lying above v. The decomposition group of w in G is identified with Gal(Q,,/K,). In
particular, we regard Gal(Q,,/K,) C Gg. Let K* be the maximal unramified extension of K, inside Q,,
and Fr, € Gal(K""/K,) the Frobenius element of v. We fix a lift of Fr, in Gal(Q,,/K,) and denote it also
by the same symbol.

The set of all infinite (resp. p-adic) places of K is denoted by S..(K) (resp. S,(K)).

For a Galois extension F /K, we often denote Gal(F /K) by Gr. The set of finite places of K which
ramify in F is denoted by Sy,m(F /K). For a finite set S of places of K, we set

Sr :={w:aplace of F | the place of K lying under w belongs to S}

and
S(F) :=8SUSmm(F/K).

We use some standard notations concerning Galois (étale) cohomology: RI'(Ok s, —), RT#(K,, —),
RT, #(Ky,—), etc. For the definitions, see [BuSa21, §1.4] for example.

2 Euler systems for motives

In this section, we give a review of a general conjecture on Euler systems given in [BSS19, §4] (see
Conjecture 2.6). This conjecture predicts what kind of Euler system should exist in a general setting of
motives. In §2.5, we give a generalization of “Birch-Swinnerton-Dyer elements" introduced in [BKS24,
§2.2], which will be used in §4.

2.1 The definition of Euler systems

Let K be a number field and p > 2 an odd prime number. Let M be a (pure) motive defined over K with
coefficients in a finite dimensional semisimple commutative (Q-algebra R, which is necessarily a finite
product of number fields. Let A be a finite extension of QQ, which arises as a component of Q, ®g R and
A the ring of integers of A. Let V,,(M) be the p-adic étale realization of M and set V := A ®q,xqr V) (M),
which is a finite dimensional A-vector space endowed with a continuous action of Gg. Fix a Gk-stable
lattice 7 C V, which is a free A-module of finite rank. Let 7% (1) := Homy(7,A(1)) be the Kummer
dual of 7. We set
(T (1):= @ HK,T(1)).

VESw(K)

Note that, for each v € S..(K), the A-module H°(K,,T*(1)) is a direct summand of 7*(1), so in particular
it is free of rank less than or equal to rank 4 (7*(1)) = rank4 (7). Therefore, Yx(T*(1)) is also a free
A-module with an upper bound of the rank.
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Definition 2.1. We define the basic rank of T by
r=rr :=ranky (Yx(T*(1))).
We fix a finite set S of places of K such that
Sea(K)US,(K)USram(T) C S,
where S;am(7') denotes the set of finite places of K at which T ramifies. For any v ¢ S, we set
P,(x) = P,(x;T) :=det(1 —Fr, 'x | T*(1)) € A[x].

Let /K be an abelian extension. Let Q(XK) be the set of finite subextensions F /K of X /K. For each

F € Q(X) we set
Gr := Gal(F/K)
and
S(F) :=SUSam(F/K).
We impose the following hypothesis on the extension X /K: for each F € Q(X), the A[GF|-module
Ye(T*(1)) = @ H(F.T*(1))
WES(F)

is free of rank r7. One sees that this condition is equivalent to the following:
1
For any v € S..(K) which ramifies in %, we have rank 4 (H°(K,,T*(1))) = ErankA(T).

For example, this hypothesis is satisfied as long as every v € S(K) splits completely in K.

Let X be a finite set (possibly empty) of places of K which is disjoint from S(F) for any F € Q(X).
(This means that X is disjoint from S and every v € ¥ is unramified in X.) Following [BuSa21, §2.3], for
any F' € Q(X), we define the Z-modified cohomology complex RI's(Op5(r), T) by the exact triangle

RIs(Ops(r), T) = RO(Op5r), T) = € RO4(F,,T) —

weXp

For any F,F' € Q(X) with F C F', we write
COI'F//F ﬂ OF' F') —) ﬂfl[g OFS (F')s T)

for the map induced by the corestriction map Corp:/p : Hy (O (51, T ) — H{(OF s> T)-

Definition 2.2. An Euler system of rank r for (7,%) (with an implicit choice of S and ) is an element

=(cr)re ] ﬂ A5 ]HZ(OFS() T)

FeQ(X)

satisfying the following: for any F,F’ € Q(X) with F C F’, we have

COI‘;://F(CF/) = < PV(FI'VI)> CF.

veS(F\S(F)
The set (A[[Gal(X/K)]]-module) of Euler systems of rank r for (7, X) is denoted by ES, (T, X).
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2.2 Conjectural Euler systems

In this subsection, we formulate an explicit conjecture concerning the existence of an Euler system for T
which is related with L-functions of the motive M*(1), under the following hypothesis.

Hypothesis 2.3. For any F € Q(X), we have
() H°(F,T) =0,
(ii) either ¥ is non-empty or H'(O Fs(F), T) is A-free, and
(iii) for any w € Lr, we have H(F,,T) = 0.

Remark 2.4. If we assume Hypothesis 2.3(i), (iii) and that ¥ is non-empty, then one easily sees that
HZI((‘) F.S(F)s T) is A-free. So Hypothesis 2.3(ii) can be replaced by

(ii") Hi(Ops(r),T) is A-free.

Remark 2.5. Hypothesis 2.3(iii) implies that H } (F,,T) is finite for any w € Xr. So in this case we have

Qp @z, Hy (Ors(r), T) = H'(Op5(r): V).

This identification will frequently be used.
We set some notations. Let F € Q(K). We write §F for the set of Q-valued characters of Gr. By the

fixed embeddings Q — C and Q < C,, each x € G is regarded as both C-valued and C,-valued. For
X € GF. we define the usual idempotent by ey := (#5r) ! L seq, x(0)0 1. We set

Y(T,F):={x € Sr | ex(Cp @2z, HZ(OF,S(F)aT)) =0}

and
erF ‘= Z ey GA[SF].
X€Y(T,F)
Roughly speaking, er r is the “maximal" idempotent that annihilates (O FsF),T)-
We recall the definition of motivic L-functions. To do this, we assume that the Euler factors have
rational coefficients, i.e., Q,(x) := det(1 — Fr; 'x | V,(M*(1))) belongs to R[x] for any v ¢ S.
For y € G, the S(F)-truncated x-twisted L-function of M*(1) is defined by

LS(F)( H Oy (x (Fry)Nv™ )_
vES(F

This is a complex function which takes values in C ®g R and converges if Re(s) is large enough. We
assume that it is analytically continued to the whole complex plane. We define a X-modified version by

Lg(r)x(M” <HQv (Fr,)N )) Ly (M*(1),%,5).

veL
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We then define the §p-equivariant (S(F),X)-modified L-function of M*(1) by

O ik s(r) (M (1),s) := Z Lsry s(M* (1), x7',5)ey,
X€SF

which takes values in C ®g R[9F].

We write Lé(p);(M*(l)al,O) € (C®gR)* for the leading term of Lg(px(M*(1),%,s) at s =
0, i.e., the leading coefficient in the Laurent expansion at s = 0. We define the leading term of
9F/K,S(F),E(M*(1)as) by

F ik sr) s (M Z L) 5 (M ( 1),x7",0)ey € (CRqRI[GF]) ™
XES9r

We fix an embedding C — C, and regard 6 ¢ ¢ » +(M*(1),0) as an element of (C, ®q R[GF])*. By the
natural projection Q, ®g R — A, we regard 6y ¢ ¢ 5 = (M*(1),0) as an element of (C, ®q, A[FF])* =
(Cp®z, AlSF])™.

In §2.4 below, we will define a canonical “period-regulator isomorphism”

AT eTF(C ®z, /\A[9 "Orsr), T)) —>€TF(C ®z, /\A[9 T*(l))*>,
where Yr(T*(1))" := Homy (Yr(T*(1)),A).

Conjecture 2.6. Assume Hypothesis 2.3, and fix an A[|Gal(X/K)|]|-basis

b=(br)r e lim /\ oy P (D) (= lim A[S] = A[[Gal(X/K)]))

FeQ(X FeQ(X)
Then there exists a unique Euler system
¢ =c(b) € ES,(T,X)
satisfying the following properties.

(i) For every F € Q(X), we have

(1 _eT7F)CF = O,
i.e., cr € yg,H, 2 (Opsr),T) C Nige ]H (Ops(r), V) belongs to eT’F/\/r_‘[SF]HI(OFVS(F),V).

(ii) For every F € Q(X), we have
AT.,F(CF) =erF- e;/K,S(F),E(M*(l)’O) -br in er.F (Cp ®Zp /\;[SF]YF(T*(I))*) .
It is convenient to give the following definition.
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Definition 2.7. We fix b as in Conjecture 2.6. For each F € Q(XK), we define the special element for T by
Mr =Nr/kse)e(T) = App (eT,F O ks £ (M7(1),0) 'bF>

S eTF<(C ®Z /\A[S ] Ops( ) )>
(This is called the “Bloch-Kato element" in [BSS19, Def. 4.10].)

Remark 2.8. One can show that the collection (1)r)pcqx) satisfies the norm relation, i.e., we have

Corpr /p(MFr) = ( I Pv(Frvl)> ula
(F)

veS(F\S(F

for any F,F’ € Q(X) with F C F’. Also, np satisfies the properties (i) and (ii) in Conjecture 2.6 by
definition. Thus Conjecture 2.6 is equivalent to the following assertion: for every F € Q(X), we have

Feﬂﬂ[g] (Ofs(r): T). (2.2.1)

The conjecture of this form is given in [BSS19, Conj. 4.15].

Remark 2.9. By [BuSa21, Rem. 2.11 and Th. 2.18], one sees that the equivariant Tamagawa number
conjecture for (M*(1) ®k F, A[GF]) (see [BuFl01, Conj. 4]) implies (2.2.1) for F € Q(X). This gives
theoretical evidence for Conjecture 2.6.

Remark 2.10. In this paper, we often assume the existence of a canonical Euler system and study its
properties. So it may be reasonable to assume Conjecture 2.6 throughout. However, it turns out that
assuming Conjecture 2.6 is too strong. For example, in the case of elliptic curves over (Q, we have
a canonical Euler system called Kato’s Euler system, but it is still not known whether it satisfies the
properties in Conjecture 2.6. In fact, Conjecture 2.6 for Kato’s Euler system is equivalent to a natural
equivariant refinement of Perrin-Riou’s conjecture, which has not yet been fully proved (see §2.3.2 below
for the details). For this reason, we will only assume the existence of a canonical Euler system and
propose conjectures for it.

2.3 Examples

Let us consider two special cases for which the conjectural Euler systems are more familiar. The first
case is the (conjectural) system of Rubin-Stark elements over number fields, which specializes to the
cyclotomic unit Euler system when K = (Q and to the elliptic unit Euler system when K is an imaginary
quadratic field. The second is Kato’s Euler system for elliptic curves over Q.

2.3.1 The Rubin-Stark Euler system

Consider the “G,, case", i.e., M = h°(K)(1),R=Q,A=Q,, A=Z,,and T = Z,(1). Take X so that
every v € Sw(K) splits completely in K and also choose X so that Hypothesis 2.3 is satisfied. In this case,
we have

r=rz, (1) = #5(K).
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Also, for F € Q(X) and x € Gr we have

Lsp)s(M*(1),%,8) = Ly z(X,s)
=[]0 —2Fr)N') JT (1= 2 (Fr,)Nv =)~
veX Ve S(F)

This is the usual (S(F),X)-modified Artin L-function for x (see [BKS16, §3.1] for example). So we have
O /k.s(r) (M (1),5) = O jk s(F Z Lgr) 's)ey.
x€5F

For any finite set U of places of K, we set

YFU = @ Z - wandXFU {Zaw WEYFU

weUfp

Zaw 0}

Then Yr(T*(1))* = Yr(Z,)* is identified with Z, ®z Yrg_(k). Let

or :R®y o;S(F) = R®ZXF,S(F); Ur> — Z() log‘u’W-W
weS(F)r

be the Dirichlet regulator. The period-regulator isomorphism in this case is defined by
,

Az, 1).F t €z, 1).F ((C 9z, \y g, H' (O 2 (1)>) = e, () F (Cp ®z /\Z[QF]O;,S(F))
r

= €z,(1)F <(CP ®z /\ Z[Sr ]XFS(F))

~ ez, (1)F ((C ®Z/\ 9]YFS( )

where the first isomorphism is induced by the Kummer isomorphism Z, ®z O s(F) ™ HY (Ops(r), Zp(1)),
and the last isomorphism follows by the definition of ez (1) r and a canonical exact sequence

0— H (Orsr), Qp(1)) = Qp @z Xps(r) = Qp @2 Yrs, (k) — 0

(see [Nek06, (9.2.1.2)] for example). One can choose a Z[SGr]-basis b of NzjgYrs.(x) by fixing a
labeling Seo(K) = {v1,...,v,} and a place w; of F lying above each v;. Namely, one sets bg :=wj A+ Aw,.
The Rubin-Stark element (for F/K,S(F),X,S.(K)) is defined by

S (K - .
N> = nF/E{,;(F),Z = A’Z,,l(l),F(eZp(l)-,F “Or/k.sr)x(0) - br).

(See [BKS16, §5.1] for example.) This coincides with the special element N /k 5(r) x(Zp(1)) in Definition
2.7. The conjecture (2.2.1) is equivalent to the (p-part of the) Rubin-Stark conjecture (see [Rub96,
Conj. B'] or [BKS16, Conj. 5.1]). Thus, if we assume the Rubin-Stark conjecture for all F € Q(X), then
the conjectural Euler system in Conjecture 2.6 coincides with the Rubin-Stark Euler system

n* = (i) € ESH(Zy(1),K).

In particular, Conjecture 2.6 is true when K = Q. (In this case, the Rubin-Stark Euler system is the
cyclotomic unit Euler system.)
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2.3.2 Kato’s Euler system

Let E be an elliptic curve over Q and consider the case when K = Q, M = h!'(E)(1), R=Q, A = Q,,
A =1Z,,and T is a lattice of V,(E). In this case, we have

r=rr=1.

We take X /Q to be an abelian p-extension, X to be empty and assume Hypothesis 2.3. (If T = T,,(E),
then Hypothesis 2.3 is equivalent to E(Q)[p] = 0.) For each F € Q(X), Kato [Kat04] constructed a “zeta
element"

28 € H' (Op5(r), Vp(E)).

(See [BSS19, Def. 6.8] for normalization. It depends on the choice of a Z,[Sr]-basis by € Yr(T*(1))*.)
If we assume the “integrality”, i.e., z3*° € H'(Opg(r), T) for every F € Q(X), then we have

K0 = (RM0) p € ES| (T, K).

(See [BSS19, Lem. 6.7].) This Euler system is called Kato’s Euler system.

We shall describe the period-regulator isomorphism in this case. We prepare some notations. In the
following, we assume #I1I(E /F)[p>] < oo for every F € Q(X). We abbreviate Y(7,F) to Y(F). For a
non-negative integer i, we define

Y(F)™:={x € G | ord;_ | L(E, x,5) = i}
and R
Y(F)"8 := {) € G | dime (e, (C @z E(F))) = i}.
Then one sees by [Kat04, Th. 14.2(2)] that

Y(F) CX(F)G® CXY(F)E UY(F)}* = Y(F).
(See [BSS19, Lem. 6.1(iii)] for the last equality.) We define the associated idempotent by

erii= Y, ey €Q[SF],

XEY(F)F

where x € {an,alg}. Note that ez = e?pl% + e?,l_gl.

We first describe the e;l%—component of the period-regulator isomorphism. It is defined by the
composition

*

exp p
At € (Cpm, H' (Opsr),T)) 2 e (C, 00 T(E. Q) )

+ *
et (C,, ®@< ) Hl(E‘((C),Q)> )

1.:F—=C

=

=

ep® (Cp @z, Yp(T (1)),
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where the first isomorphism is induced by (the localization map and) the dual exponential map

exp’: @ H/lf(FW,V): @ Q,,@ZPEl(Fw)*1>Qp®@F(E,Q}E/F),
weS,(F) weS,(F)

the second by the period map @ — (Y +— fy o), and the last by the comparison isomorphism

.
( < H1<El<<c>,@p>) = Q, @z, Yr(T*(1)).

1.F—C

Next, we describe the ea‘Fl.g1 -component. It is defined by the composition

AT,F:ej;{% (Cp @z, H (Op5),T)) =~ ej;{g] (C,®zE(F))
~ eyt (C,®E(F))*

1

621‘:17% (CP®Zp EB E\(Fy)
weS,(F)

eps (Cp @z, Yr(T*(1))7),

12

where the first isomorphism is induced by the Kummer map E(F) — H' (O (), T,(E)) (see [BSS19,
(21)]), the second by the Néron-Tate height pairing, the third by the localization map E(F) — E(F,,), and
the last by B o @ oexp*.

Kato

We now relate Kato’s zeta element zx*® with the special element g = 1r g, S(F)@(T) in Definition
2.7. By Kato’s deep result [Kat04, Th. 6.6 and 9.7], we have

Arr (e - 250) = €y - Op jg.sr) (E 1) - b,

where 07/ s(r)(E,$) := Op g5y 0(M*(1),s — 1) = X, s, Lsir) (E,x',5)ey. So by the definition of
N we have

an Kato __ an
€ro'Zr  =¢€po - MNF-
It is natural to expect
Kato
IR =NF.

(This is the conjecture made in [BSS19, Conj. 6.2].) We remark that the equality

Zéato _ n@

is equivalent to Perrin-Riou’s conjecture [Per93] (see [BSS19, Prop. 6.5] or [BKS24, Prop. 2.10]).
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2.4 The period-regulator isomorphism
In this subsection, we give a general definition of the period-regulator isomorphism

r

ArF:err (Cp ®z, /\A[gF

]Hl (OES(F)?T)) —err ((Cp ®z, /\ZI[SF]YF(T*(U)*) )

Let RT¢ x(OF5(r), T*(1)) be the Z-modified compactly supported cohomology complex defined in
[BuSa21, §2.3.2] and set

Crs(r)£(T) := RHomg, (RL, 2 (Op5(r), T" (1)), Zp[—2]).
It is well-known that Cpg) £ (T') is a perfect complex of A[GF]-modules, acyclic outside degrees zero

and one (under Hypothesis 2.3(i)), and the Euler characteristic is zero. By [BuSa21, Prop. 2.22], we have
a canonical isomorphism

HO(CF,S(F)L(T)) ~ HZI(OF,S(F)a T)
and a canonical exact sequence

0 — Hg (Ors(r), T) = H' (Crs(r)x(T)) = Yr(T*(1))* — 0.

Let
O7.r : Cp @z, detyg, | (Crsr) =(T)) = Cp @z, A[SF]

be the isomorphism used in the formulation of the equivariant Tamagawa number conjecture (see [BuFI01,
§3.4]). We normalize U7 r so that the equivariant Tamagawa number conjecture for (M*(1) ®x F, A[GF])
is equivalent to the equality

Or,r(detg s, (Crsr) =(T))) = A[SF] - Ok s(p) £ (M7 (1),0).
The map Y7 r induces an isomorphism
Cp ®q, detyjg,)(Qp ®z, H (Crs(r)£(T))) = Cp @, detars, | (Qp ®z, H' (Crsp)2(T))),

which becomes

(CP ®@p detA[SF] (Hl (OF,S(F)vv)) — (CP ®Qp (detA[SF] (HZ(OF,S(F)aV)) ®A[9F] /\;[gF]YF(T*(l))*) .
24.1)

We define A7 ¢ to be the isomorphism induced by this isomorphism (note that the idempotent er r kills
H*(Ops(r), V)
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2.5 Extended special elements

Let Nr = Nk s(r)x(T) be the special element for F € Q(X) in Definition 2.7. For later use, we study
connections between this element for F = K and the Tamagawa number conjecture for M*(1).
First, note that by definition Ng = ngx 5x(T) € C, ®z, NaH'(Ok 5,T) can be zero. In fact, we
have
Nk = 0< Hz(OKﬂs,V) 75 0.

(This phenomenon can be regarded as a “trivial zero (or exceptional zero) phenomenon" for Euler systems.
See Remark 2.14 below.) For this reason, we extend the definition of 1k so that it always becomes
non-zero.
We set
e .= dimA (H2(0K75,V)).

We define the “extended period-regulator isomorphism"

/lTK (C ®Z /\r+€ O[(5, )l>(C}7®Zp (/\;H)%(OK,SyT)tf®A/\rAYK(T*(l))*>

to be the isomorphism induced by (2.4.1) (with F = K).

Definition 2.11. Assume H°(K,T) = 0. Fix A-bases x € A4H2(Ok.s,T )i and b € Ny Y (T*(1))*. We
define the extended special element for T by

Ak = Tk se(T) 1= Ap k(Lsx (M*(1),0) - (x@ b)) € Cp @z, \|} “H' (0x.5.7).
Remark 2.12. By definition, Tx is always non-zero. When e = 0 (i.e., H*(Og 5,V) = 0), we have

Nk =Nk #0.

Remark 2.13. We can expect HZ(OKVS,V) = 0 in many cases. For example, it is well-known that
H?(0k5,Q,) = 0 is equivalent to the Leopoldt conjecture for K. Soulé proved H*(Ok s,Q,(j)) =
0 for j > 1, and Schneider conjectured that H>(Ox. 5:Qp(j)) =0 for j <0 (see [NSWO0, p 641]).
More generally, for a smooth projective scheme X /K, Jannsen conJeCtured that HZ(OK s, H (X xg
Q,Q,)(j))=0ifi+1 < jori+1>2j(see[Jan89, Conj. 1]). However, H?(Oks,V) can be non-zero
in the cases considered in §2.3 (see also Remarks 2.14, 2.15 and 2.16 below).

Remark 2.14. Let x¥ be a non-trivial character of Gk of finite order and set F := @kerx.

Zylimy](1) @ 2" and S = See(K) US,(K) U Sram (F /K), then we have

IftT =

H*(Ok.s5,V) =~ €;(Q,(imy) @7 Xrs,(K))s
where Xr (k) is defined in §2.3.1. So in this case
H*(Ok5,V) =0« x(Fr,) # 1 forall v € S,(K).

This is the usual “no trivial zeros" condition (see [BKS17, p. 1555]). However, when T = 7),(E) with an
elliptic curve E, the condition H*(O k.5, V) # 0 has nothing to do with the “exceptional zero" phenomenon
in the sense of Mazur-Tate-Teitelbaum [MTTS86].
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Remark 2.15. Consider the G,, case (i.e., M = h%(K)(1) and T = Z,(1)). In this case, the extended
special element is explicitly described as follows. First, note that there is a canonical exact sequence

0 — Zp ®z CI§(K) = Hg (O 5, Zp(1)) = Zp @z Xg 515..(x) — O,

where CI5(K) is the (S,X)-class group of K (see [BKS16, §1.7] for example) and Xi. $\s..(k) s defined in
§2.3.1. So we have

Hz (0.5, Zp(1) )it = Zp ®2 Xk 5\5.. (k)

and
e=#S—#S.(K)— 1.

We set r:=#S..(K) (so that #S = r+e+1). We fix alabeling Seo (K) = {v1,...,v,} and S = {vp,vi,. .., Vite }.
Recall that Y (T*(1))* is identified with Z, @7 Yk 5_ (k) (see §2.3.1). We define Z-bases x € \7 Xk s\s..(k)
and b € A\ Y s_ (k) by setting

X:= 1= Vo)A A(Vppe—vo)and b :=vi A+ Av,.

We assume X is chosen so that the (S, X)-unit group O ¢y :=ker(Og ¢ — @,e5(0k/v)*) is torsion-free,
and let {uy,...,u,+.} be a Z-basis of OE s.x- Then one sees that the extended special element is described
explicitly as

~ r+e r+e
Mk s2(Zp(1)) = HACIS(K) -1 A=+~ Nttro € Zp @z, [\, Of 55 = /\z,, Hy(Oks5,Z,(1)).

(This also coincides with the Rubin-Stark element for (K/K,S,X,S\ {vo}).) In fact, the extended
period-regulator isomorphism in this case is induced by the Dirichlet regulator

or : R®y (923 SRz Xks; urs — Zlog]u|v-v,

ves

and the above description follows from the well-known class number formula
Lss(M*(1),0) = &g 5 5(0) = +£#CI5(K) - det(log |uily, ) 1<i j<r-+e,

where (x s 5 (s) is the usual (S,X)-modified Dedekind zeta function for K.

Remark 2.16. Consider the case when K = Q and M = h'(E)(1) with an elliptic curve E over Q. If we
assume II1(E/Q)[p™] < oo, then we have

e = max{0,rank(E(Q)) — 1}.

(See [BSS19, Lem. 6.1].) If L(E, 1) # 0, then by the argument in §2.3.2 we have ¢ = 0 and

Mg =Ne =25""-

(We take X to be empty.) If rank(E(Q)) > 0, then 1q coincides with the “Birch-Swinnerton-Dyer
element"” NB5P defined in [BKS24, Def. 2.4] (by letting b € Yo(T*(1))* be e*§(&)* in loc. cit.).
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The following is a generalization of [BKS24, Prop. 2.6].

Proposition 2.17. Assume that H*(K,T) = 0 and that either ¥ is non-empty or H'(Og s, T) is A-free.
Then the Tamagawa number conjecture for M*(1) (with coefficients in A) holds if and only if we have an
equality of A-modules

~ . r+e
A- Nk = FlttA(Hg(oK’S, T)tors) . /\A HZ](OK7S7 T).
In particular, the Tamagawa number conjecture for M*(1) implies the “integrality” of Nk :
~ r+e
Nk € /\A HZI(OK’S,T).
Proof. Consider the following map:

dCtA(CK?S,Z(T)) — Qp ®ZP detA(CKS’):(T))
dety (HZI(OK’S,V)) ®a det;l (H%(O[Q_g, V)) R4 det;ll (YK(T*(I))*)
= @z, (N, HiOks.T) @A NGH2 Ok, T) 4 \ YT (1))

r+e
=~ Qp ®ZP /\A HZI,(OK,SaT)a

12

where the last isomorphism is defined by using the fixed A-bases of AYHZ(Ok s, T ) and N Y (T*(1))*.
The proposition follows by noting that the image of this map is

. r+e
Fitta (HE (0.5, T)iors) -\, Hz(Ok.s,T)-

3 The Iwasawa main conjecture for motives

In this section, we study Iwasawa theory for motives. In §3.1, we give a formulation of the (equivariant)
Iwasawa main conjecture (see Conjecture 3.4). In §3.2, we give another formulation in the “non-
equivariant" case (see Conjecture 3.9). In §3.3, we state a theorem that gives us an approach to prove
“one half" of the Iwasawa main conjecture under standard hypotheses (see Theorem 3.17). §3.4 is devoted
to the proof of Theorem 3.17.

Throughout this section, we let K be a number field and p > 2 an odd prime number. Let A be the
ring of integers of a finite extension of Q,. Let T be a free A-module of finite rank equipped with a
continuous action of the absolute Galois group Gk of K which is unramified outside a finite set of places
of K.

3.1 Formulation of the Iwasawa main conjecture
We fix the following data:

* L/K: afinite abelian extension in which all v € S..(K) split completely;
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* K./K: a Zg—extension withd > 1;

* S: afinite set of places of K containing Se.(K) US,(K) U Sram(L/K) U Sram(T);

» X: afinite set of places of K such that SNX = 0.

We set some notations attached to these data. We set

Lo =L Kw, Goo := Gal(Lw/K) and A = Ay := A|[[G]].
We set
T:=T®4A,
on which Gk acts by
o-(t®A):=0ct®Ac ' (6€Gk, t€T, AEA),

where 6! € G.. denotes the image of 6! € Gk under the natural surjection Gx — Ge..

We keep assuming Hypothesis 2.3, and let r = rr := rank 4 (Yx(7*(1))) be the basic rank (see
Definition 2.1). It is well-known that RI'y (O s, T) is a perfect complex of A-modules, which is acyclic
outside degrees one and two, and that there is a non-canonical isomorphism

O(A) @p Hy (O 5, T) ~ O(A) @4 (Hz (Ok 5, T) D A"). (3.1.1)

Here Q(A) denotes the total quotient ring of A. In other words, the Euler characteristic of the complex
RI'z(Ok s, T) is r. We now assume the following.

Hypothesis 3.1 (The weak Leopoldt conjecture). H%(O k.5, T) is A-torsion, i.e.,
Q(A) ®AH§<OK’S,T) =0.

Remark 3.2. 1f K../K is the cyclotomic Z,-extension, then it is expected that Hypothesis 3.1 is always
satisfied (see [Per95, §1.3]). When T = Z,(1), by a well-known theorem of Iwasawa, Hypothesis 3.1
is satisfied if no finite place of K splits completely in K., (in particular, it is satisfied if K./K is the
cyclotomic Z,-extension). When K = Q and T = T),(E) with an elliptic curve E over Q, Hypothesis 3.1
is proved by Kato [Kat04, Th. 12.4(1)]. For the case when K is imaginary quadratic and K../K is the
anticyclotomic Z,-extension, see Remark 5.15.

Under Hypothesis 3.1, we see by (3.1.1) that
O(A) @a Hy (0.5, T) = Q(A)".
In particular, we have a canonical isomorphism
O(A) ®pdet, ' (RTx(0k 5,T)) ~ Q(A) @a A\ Hi (O 5, T).-

Since we have Q(A) @A NAH =~ Q(A) ®x NAH for any finitely generated A-module H, we obtain a
canonical isomorphism

O(A) ®pdety ' (RTs(0k 5,T)) = Q(A) @ [ ), Hi (O 5, T)- 3.1.2)

We need the following lemma proved by Sakamoto in [Sak23, Lem. B.15], which is used frequently
in this paper.
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Lemma 3.3. Assume Hypothesis 2.3. Then there is a canonical isomorphism

ﬂAHg(OK,S,T): lim ﬂﬂ[gF]Hzl(oRs,T).
FeQ(L)

(Recall that (L) denotes the set of finite subextensions F /K of L./K and S := Gal(F /K).)

We shall now formulate the Iwasawa main conjecture. We assume that a certain canonical element

L. € ﬂ:\HEI(OKS,T)

is given. By Lemma 3.3, this is equivalent to assuming that a canonical Euler system

%

¢ €ES,(T,L.) = lim ﬂ;[g ]HEI(OF,S,T)
FeQ(L.) d

is given. A reasonable way is to assume that 7 comes from a motive M as in §2 and assume Conjecture
2.6, but we do not need to assume it. For example, in the elliptic curve case, one can take c¢ to be Kato’s
Euler system, although we do not know if it satisfies the properties (i) and (ii) in Conjecture 2.6 (see
Remark 2.10 and §2.3.2).

Conjecture 3.4 (The Iwasawa main conjecture). Assume Hypotheses 2.3 and 3.1. Then there exists a
(unique) A-basis
3. € det, ! (RTx(Ok 5, T))

such that the isomorphism

O(A) @adety (RTx (0,5, T)) = Q(A) @a [ H(Ok.s,T)

sends 31 to cy,,.

Remark 3.5. In the G,, case (i.e., M = h°(K)(1) and ¢ = n®S: see §2.3.1), Conjecture 3.4 is equivalent
to IMC(L/K,S,X) in [BKS17, Conj. 3.1] (see also [BKS17, Rem. 3.6]).

Remark 3.6. 1If K = Q, M = h'(E)(1) with an elliptic curve E over Q and ¢ = zX%° (see §2.3.2), then
Conjecture 3.4 in the case L = K is equivalent to Kato’s main conjecture [Kat04, Conj. 12.10] (see
[BKS24, Rem. 7.2]). In the “equivariant” case (i.e., L is a general abelian extension of K), Conjecture 3.4
is studied by the first author in [Kat21] and [Kat22].

Remark 3.7. Using the language introduced in [BuSa21], we can rephrase Conjecture 3.4 as follows. The
module of “vertical determinantal systems" introduced in loc. cit. for L. is simply defined by

VS(T, L) := det,' (R’ (Ok 5, T)).
Then by [BuSa21, Th. 2.18] there is a canonical map

®T,L°° : VS(T,LDO) — ESr(T,Loo)
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which induces (3.1.2). (Namely, one can show that the image of det, ! (RI'x(Ok s, T)) under the map
(3.1.2) lies in ﬂf\Hg(O k.5, T).) Thus Conjecture 3.4 predicts the existence of a A-basis

3L € VS(T,Loo)

such that
®T,L.x, (Zum) =CL,-

We note that the map ®@r ;. can be defined without assuming Hypothesis 3.1. However, if Hypothesis
3.1 is not satisfied, then one can show that ®7;_ is not injective.

Remark 3.8. Let X /K be an abelian extension as in §2. The observation in Remark 3.7 can be generalized
naturally for X: under Hypothesis 2.3, one can define an A[[Gal(X/K)]]-module VS(7,X), which is
free of rank one, and a canonical map

Orx : VS(T,K) — ES,(T,X).

It is natural to expect that, for a given canonical Euler system ¢ € ES, (7, K), there exists an A[[Gal(K/K)]]-
basis
3 € VS(T,X)

such that
Orx(3) =c.

This gives a generalization of Conjecture 3.4. (Namely, Conjecture 3.4 is the special case of this prediction
for X = L...) We note that, by the work of Burns-Greither [BuGr03], this generalization of Conjecture
3.4 is known to be true when K = Q and c is the cyclotomic unit Euler system (see §2.3.1 and [BDSS23,
Lem. 5.2]).

3.2 The “non-equivariant'' Iwasawa main conjecture

In this subsection, we give another formulation of Conjecture 3.4 in the “non-equivariant” case, i.e., when
L = K. We moreover assume that K../K is a Z,-extension, that is, d = 1. In this case, the Iwasawa
algebra A = Ak := A[[Gal(K./K)]] is a two-dimensional regular local ring.

As before, we assume that a canonical element (Euler system)

r . r
ck. €[, He (0,5, T) = lim (Y, g, ]Hg(oKmS, T) =ES,(T,K-.)
n n
is given, where K, denotes the n-th layer of the Z,-extension K../K.
We propose the following.

Conjecture 3.9 (The non-equivariant Iwasawa main conjecture). Assume Hypotheses 2.3 and 3.1. Then
we have

chara (ﬂ:\Hz](OKS,’]I‘)/A : CKN> = charx (H2(Og 5,T)).

Proposition 3.10. Conjecture 3.4 for L= K and d = 1 is equivalent to Conjecture 3.9.
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To prove this proposition, we need the following algebraic lemma.

Lemma 3.11. Let A be a ring isomorphic to the formal power series ring A[[X]]. Let Q(A) be the
quotient field of A. Let H be a finitely generated A-module and set r := dimgx)(Q(A) @5 H).

(i) The A-module (\H is free of rank one and the natural map
ﬂ H— QO(A ®Aﬂ H~Q(A ®A/\ H
is injective.
(ii) The image of the canonical map
det(H) — Q(A) ®dets (H) ~ Q(A) @ /\\ H

coincides with
charp (Hyors) ™ ﬂ H,

where Hios is the A-torsion submodule of H, and we regard (\\H C Q(A) @x ANAH by (i).

Proof. Since we have Q(A) @a Mp\H = Q(A) @ A\H, we see that the A-rank of () H is one. The A-
module (4 H is actually free, since it is reflexive by definition (see [NSWO00, Cor. 5.1.3 and Prop. 5.1.9]).
This proves (i).

To prove (ii), it is sufficient to show that for any height one prime p of A we have

im (det/\p (Hp) — O(A ®Ap /\ Hp) Fltt/\p Hp tors) (ﬂ H) .
Since Homy,, (Hy, Ap) = Homp, (Hy i, Ap), we have an identification

<ﬂ:\H> = AL Hag in Q(A) @, AL Hy.

The claim follows from the following well-known fact: for a discrete valuation ring R and a finitely
generated R-module M, we have

im (detR( ) — Q ®R/\ M) Fittg Mtors /\ M,

where s := dimgg) (Q(R) ®r M).

O
Proof of Proposition 3.9. Since A is regular, we have a canonical isomorphism
det, ! (RTx(Ok 5, T)) = detr (Hy (Ok 5, T)) @a dety ' (HE(Ok 5, T)).
By Lemma 3.11, under (3.1.2), this module corresponds to
chars (HZ(Ok 5, T)) (), H2 (O s, T).
The claim easily follows from this. O
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3.3 Deduction of one half of the main conjecture

In this subsection, we state Theorem 3.17 below, which is one of the main results in this paper. It gives a
general strategy to solve Conjecture 3.4. The proof will be given in the next subsection.

We keep the preceding notations. For simplicity, we assume X = (). Note that then, for each abelian
extension K /K, Hypothesis 2.3 is equivalent to H°(X, T /p) = 0. We will essentially consider the case
where K contains L., and K /L., is a pro-p extension, and in that case H*(X,T /p) = 0 is equivalent to
HO(L,T/p) = 0, which will be a part of Hypothesis 3.13 below.

We give a list of hypotheses. Let (—)" denote the Pontryagin dual.

Hypothesis 3.12. For every q € S\ S»(K), we have
H(LogK,, TV (1)) =0,
which is by the local duality equivalent to
H*(L®k Ky, T) =0.
Hypothesis 3.13 ([BSS18, Hyp. 3.3]). We have
H(L,T/p) =0

and
HO(L,(T/p)" (1)) =0,

For each integers m > 1 and n > 0, we put
Ry = A/p"[Gal(L,/K)],

where L, is the n-th layer of L../L (i.e., Gal(Lo./L,) = Gal(L../L)?" and Gal(L, /L) ~ (Z/p")?). Then
Ry 1s a zero-dimensional Gorenstein ring, and we have A = l'glm an,n. We also put

Tm,n =T A Rm,na

which we regard as a Galois representation over Ry, , in the same way as T =T ® A.
As in [BSS18, §3.1.2], we use the following notation. We put

Ky = K (s, (05)/7)K(1),

where K(1) denotes the maximal p-extension in the Hilbert class field of K. For each m,n, let K(7,, ,) be
the minimal Galois extension of K such that the action of Gk on T, , factors through Gal(K(7,,.,)/K).
We pllt K(Tm,n)p’" = K(Tmﬂ)Kpm .

Hypothesis 3.14 ([BSS18, Hyp. 3.2]).

(1) The residual representation of 7 is irreducible as a representation of Gg.
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(ii) For every m > 1 and n > 0, there exists T € Gk, such that T, /(T —1)T,, , is a free R, ,-module
of rank one.

(iii) For every m > 1, n > 0, we have
H (K(Tyn) pr /K, Tyun) =0

and
H' (K (T p)pn /K, Ty, (1)) = 0.

The following result gives a sufficient condition for Hypotheses 3.13 and 3.14 to be satisfied.

Proposition 3.15. Put a := rank4(T) and suppose a > 2. Then Hypotheses 3.13 and 3.14 are satisfied if
p>5, (a,p—1) # 1, and the image of the Galois representation

Gk — AutA(T) ~ GLa(.A)
contains SLy(Z,).

Proof. This result will not be used in this paper, so the reader may skip the proof.

The basic idea is the same as [BSS19, Lem. 6.17(ii)]. We first observe the following claim: for
any solvable extension M /K (i.e., a Galois extension whose Galois group is solvable), the image of the
homomorphism

Gy — Auty(T) ~ GL,(A)

also contains SL,(Z). This follows from the fact that SL,(Z,) is a perfect group since we assume p > 5.
Let 7 be a uniformizer of A. Then the above claim implies that, for any solvable extension M /K, the
image of the homomorphism
Gy — AutA(T/n) ~ GLa(.A/TC)

contains SL,(FF,). It is easy to see that the action of SL,(F,) on (A/m)%* is irreducible. From these
facts, Hypothesis 3.13 and Hypothesis 3.14(i) follow immediately.

Let us show Hypothesis 3.14(ii). By the above claim, we can take an element 7 € Gy, Ky such that 7
acts on T ~ A% as the matrix

Then T /(T — 1)T is a free A-module of rank one. Moreover, since T € Gz, , we have

n’

Tnn/(t—D)Tyn=T/(t—1)T @4 Ry p.

Therefore, this 7 satisfies the condition of Hypothesis 3.14(ii).
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Finally let us show Hypothesis 3.14(iii). We have an injective map H'(K(T,,,) /K, Tnp) =
H'(L,K (Tonn)pn /K, T n) by inflation. Also, we have the inflation-restriction exact sequence

H' (LyKpn /K, HO (LK, Tynn)) = H' (LK (T) p /K, T

— HY (LK (T ) pr | LuK oy, T ) -

i

The first term here vanishes because we have
H(LyKyn, Tyun) = H (LK, T/ P™) @)y Rinn

and the above irreducibility of the Galois representation implies that H%(L,K o, T /p™) = 0. Moreover,
we can show that the last term of the sequence also vanishes in the following manner. The action of
Gal(L,K(T.n) pn /LnKpn) on T, , is presented by a homomorphism

Gal(LyK (T ) pn /LuK ) < Autg, (Tnn) = GLg(Ryp).-

The first claim in this proof implies that the image of this homomorphism contains SL,(Z,/p"). By
the assumption (a,p — 1) # 1, there exists an element A € Z; such that A # 1 and A“ = 1. Then we
may use the “center kills” argument for the scalar matrix A € SL,(Z,/p™) C GL4(R,,) and obtain
HY (LK (Tyup) p | LuKpm, Typ ) = 0 as claimed. O

Hypothesis 3.16 ([BSS18, Hyp. 6.11]). Frgk —1 is injective on T for every finite place q ¢ S and k > 0.

Recall that, for an abelian extension X /K, the module of Euler systems ES,(7,X) is defined in
Definition 2.2 (we take ¥ = 0). When X D L.., we can consider the composite map

ES(T,K) = ES,(T, L..) =~ (| H' (Ok 5. T),

where the first map is the natural restriction map and the last isomorphism follows from Lemma 3.3. For
each ¢ = (cr)r € ES,(T,X), we write ¢, € (\H'(Ok s, T) for the image of c.

The following is the main result of this section, which roughly says that “one half" of the Iwasawa
main conjecture (Conjecture 3.4) holds for any Euler system ¢ € ES,(T,X).

Theorem 3.17. Let K be an abelian extension of K that contains L. and K(q) for each finite place q & S,
where K(q) denotes the maximal p-extension in the ray class field of K modulo q. Let us assume that
Hypotheses 3.1, 3.12, 3.13, 3.14, and 3.16 hold. We assume r > 1 and p > 5. Then, for any Euler system

c € ES,(T,X),

there exists an element
3. € dety ' (R[(Og 5,T))

such that the isomorphism

Q(A) @ dety (RT(0x.5,T)) "= Q(A) @[\, H' (Oks.T)

sends 31 to cr,,.
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3.4 Proof of Theorem 3.17

This subsection is devoted to the proof of Theorem 3.17. One of the main ingredients is the work [BSS18]
by Burns, Sakamoto, and the second-named author. Another is the work [Kat22] by the first-named
author.

3.4.1 Reformulation using basic elements

The first step is to reformulate Theorem 3.17 in terms of basic elements that are introduced in [Kat22]. It
will be clear that the reformulation has a similar background to that in Remark 3.7.

Recall that the complex RI'(Og 5, T) is perfect over A. By the Euler-Poincare characteristic formula,
the Euler characteristic of RI'(Og s, T) equals to the basic rank r = rr.

Definition 3.18 ([Kat22, Def. 3.1 and 3.2]). Suppose that H*(L,T /p) = 0 holds. This implies that, for
each m > 1,n > 0, the complex RI'(Ok s, T;,,) is acyclic outside degrees one and two. Then we have a
natural homomorphism

_ r
M, : detg! (RT(Ok.s,Tnn)) = ﬂRM H (0.5, T)

for each m, n (see [Kat22, Def. 3.1]). Then an element of ﬂlrgm‘nH 1 (Ok.s5,Tnn) is called basic (resp. primi-
tive basic) if it is the image of an element (resp. a basis) of detg”}_n(RF (Ok.5,Tnn)) under I, ,,.
Note that, by Sakamoto [Sak23, Lem. B.15] as in Lemma 3.3, we have a natural isomorphism

(M H' (k5. T) = 1im(), H'(Ok,s, Tun)-

Then, taking the limit of I1,, ,, we obtain a natural homomorphism
_ r
IT: dety' (R[(Ok 5, T)) — (| H' (Ok.s,T).

In a similar way as above, we define the notion of (primitive) basic elements in \\H'(Ok s, T).

In fact, the homomorphism II can be identified with ®r;_ in Remark 3.7. Therefore, we can
reformulate Conjecture 3.4 as follows, respecting the spirit of [Kat22].

Conjecture 3.19. The given canonical element cr, € (\\H'(Oks,T) as in §3.1 is primitive basic for
RI'(Ok s, T).

If we assume Hypothesis 3.1 (the weak Leopoldt conjecture), then Conjectures 3.4 and 3.19 are
equivalent. Moreover, as in Remark 3.7, the homomorphism IT is injective if and only if Hypothesis 3.1
holds. In the rest of this section, we do not assume Hypothesis 3.1. In fact, a general strategy to prove it
is to use Theorem 3.20 below and the property of ¢y, that its annihilator ideal vanishes.

In the same way as the equivalence between Conjectures 3.4 and 3.19, we can now restate Theorem
3.17 as follows.
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Theorem 3.20. Assume the same hypotheses as in Theorem 3.17 except for Hypothesis 3.1. Then every
element in the image of the natural map

ES,(T,%) — (|, H' Ok 5,T)
that sends c to cy_, is basic.

The rest of this subsection is devoted to the proof of Theorem 3.20. First let us observe that we
may assume that K /L is a pro-p extension. For, writing X' for the maximal pro-p subextension of
XK /L, the extension K'/K also satisfies the conditions in Theorem 3.17, and that the homomorphism
ES,(T,X) — N\H'(Ok s, T) factors through ES,(T,X).

Let us outline the proof of Theorem 3.20. We assume that /L is a pro-p extension. By [Kat22,
Prop. 3.3], the theorem is equivalent to that, for each m > 1 and n > 0, every element in the image of

ES,(T,%) = ES/(T, L) — ﬂ; H'(Ok.5,Tpun)

is basic. We shall prove this by constructing the following natural commutative diagram whose upper
diagonal arrow is the last displayed map:

ES,(T,X) (3.4.1)

Ksr(Tm,na iP(Tm,n)) - ﬂ;em)nHl (OK,57 Tm,n)

wl

SSH (T, P(Tnn)) —= dety! (RC(Ok.s, Tn))-

Here KS, denotes the module of Kolyvagin systems, SS, the module of Stark systems, D, the Kolyvagin
derivative map, Reg, the regulator map, and the other unnamed arrows are all natural maps (see the
subsequent discussion for more detailed definitions). It is clear that this diagram proves the theorem.
Basically, the lower triangle is (a direct generalization of) [Kat22, Th. 5.12]. The other triangles are
obtained by applying main results of [BSS18].

Note that we have an advantage in using I instead of @7 ;_ in Remark 3.7; IT has obvious counterparts
I1,, , for zero-dimensional ring R, ,,, for which the above diagram can be constructed.

In the rest of this subsection, fixing m > 1 and n > 0, we put

R=Ry,, A=T,,.

(Note that A denoted the quotient field of A in §2, but it will never appear in the following and there will
be no danger of confusion.)

3.4.2 Stark systems

Let us define the module of Stark systems and then construct the lower triangle of (3.4.1). We closely
follow [Kat22, §5].
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We set
P(A) ={q & S| q splits completely in K,» and A/(Fry —1)A is free of rank one over R}.
This coincides with the set P in [BSS18, §3.1.2]. Then for each q € P(A), we have submodules
H}(anA)aHtlr(anA) - Hl(Kq7A)7

which are free of rank one, and H' (Kq,A) = H(Kq,A) © Hy (Kq,A) (see [BSS18, §3.1.3]).

For a subset Q C P(A), we define N(Q) as the set of square-free products of elements of Q. For
n € N(P(A)), we write v(n) for the number of the prime divisors of n. By convention, for the unit ideal
(1), we have (1) € N(Q) for any Q and v((1)) =0.

Definition 3.21 ([Kat22, Def. 5.2]). We say that n € N(P(A)) is large (for A) if the natural localization
map

H'(0k5,A"(1)) = @DH}(Kq,AY (1))
qln

is injective.

For each n € N(P(A)), let us put S* = SUprime(n), where prime(n) denotes the set of prime divisors
of n. Then, since we have an exact sequence

0— H'(0g 5,4 (1)) = H' (O 50, AV (1)) = D HJ(Kq, A" (1)),
qln

we see that n is large if and only if the map

H'(Og s, AY(1)) — PH' (KA (1))
gn

is injective.
The following is a consequence of the Chebotarev density theorem. We make essential use of
Hypothesis 3.14 here.

Lemma 3.22 ([BSS18, Lem. 3.9]). Suppose Hypothesis 3.14 holds. Then there exist infinitely many
elements n € N(P(A)) which are large for A.

Proposition 3.23 ([Kat22, Prop. 5.8]). Suppose that Hypotheses 3.12 and 3.13 hold. Let n € N(P(A)) be
large. Then H'(O ks, A) is a free R-module of rank r + v(n) and we have a quasi-isomorphism

RI(Ok5,A) =~ Hl((‘)&sn,A)—)@H/lf(Kq,A) ) (3.4.2)
qn

where the right hand side is regarded as a complex concentrated in degrees one and two.
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Proof. We shall first show that H! (O sn,A) is free of rank r+ v(n). By Hypothesis 3.13, we have
H°(Og gn,A) = 0. Since RT'(Og g1,A) is a perfect complex with Euler characteristic r, it is enough to
show that H?(Ok gn,A) is free of rank v(n).

We use the Poitou-Tate duality:

H'(Ogs,A) = @  H'(Ky,A) = H' (Oksn,A" (1))
qES™\Swe(K)

—H*(Ogsn,A) = P H*(Kg.A) = H(Og s0,AY(1))".
qE€S™\Sx (K)

By the assumption that n is large, the map with * is surjective. Also, by Hypothesis 3.13, the last term
vanishes. Hence, by Hypothesis 3.12, we obtain an isomorphism

H?(Og sn,A) = EDH?(Kq,A), (3.4.3)
qln

which shows that H?(Ok sn,A) is free of rank v(n).
To complete the proof, we need to show the quasi-isomorphism (3.4.2). But this follows immediately
from (3.4.3) and the natural long exact sequence

0— H'(Og5,4) = H' (O s,4) = D H)(Kq,A)
afn
— H*(Ok 5,A) = H*(Og s»,A) = D H*(Kq,A).
qln

O]
We shall review the definition of the module of Stark systems.

Definition 3.24 ([BuSa21, §3.2], [BSS18, §4.1], [Kat22, Def. 5.4 and 5.5]). Let Q C P(A) be a subset.
For each n € N(Q), we put

r r+v(n) _
X (A) = (QR H1(0K7Sn,A)) ordety | DH},(Kq.A)
qn

For each n | v, by the exact sequence

0— H'(Ogs,A) = H' (O gv,A) = ?? H):(Kq,A),
qn'/n

we have a natural homomorphism X, (A) — X (A). With respect to these transition maps, we define

$S,(4,9) = lim X;(A).
neN(Q)

We shall obtain the lower triangle in the diagram (3.4.1).
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Theorem 3.25 ([Kat22, Th. 5.12]). Suppose that Hypotheses 3.12, 3.13, and 3.14 hold. Then we have a
commutative diagram

SSH(A, P(A) ————= X}, (

- H

dety,! (R[(Og 5,A4)) ——> mRH (Ok.5,A).

Here, (1) denotes the unit ideal. The upper horizontal map is the canonical projection. The right vertical
equality is by definition.

Proof. The left vertical isomorphism follows from Lemma 3.22 and Proposition 3.23. The commutativity
is a consequence of the actual constructions of maps. O

3.4.3 Kolyvagin systems

We introduce the module of Kolyvagin systems and construct the other two triangles of (3.4.1).
First we introduce a Selmer structure J on the Galois representation A = T,, , (see [BSS18, §3.1.1]
for a general definition of Selmer structures) by

H'(K3,A) (9 € S\S=(K))

Hy (K ) = {H}-(Kq,A) (a¢S).

Then the Selmer group H}(K,A) is identified with H'(Ok s,A). More generally, for n € N(P(A)), we
have

H. (K,A) = H' (O s0,A)
and
H:}:(n)(K,A):Ker H](OKiSrHA)%@H/][r(Kq)A)
qn

(see [BSS18, §3.1.3] for the definitions of the modified Selmer structures " and F(n)).
For each q € P(A), we put Gq = Gal(K(q)/K (1)) (recall that K(q) denotes the maximal p-extension
in the g-ray class field of K). More generally, for n € N(P(A)), we put Gy = Qg Gq-

Definition 3.26 ([BuSa21, Def. 4.1], [BSS18, §5.1]). Let Q C P(A) be a subset. We define a Kolyvagin
system

k=(kne [] ﬂHrf (K,A)® G,
neN(Q

by requiring the “finite-singular relation” (we do not recall the precise definition). Let KS,(A, Q) denote
the module of Kolyvagin systems.

Now we consider the middle triangle of (3.4.1).
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Definition 3.27 ([BuSa21, §4.2], [BSS18, §5.2]). Let Q C P(A) be a subset. We define the regulator map
Reg, : SS,(A,Q) — KS,(A,Q)
as follows. For each n € N(Q), by the exact sequence defining H;( W) (K,A), we have a natural map
M H Ok 0, 4) = [V Hiy (K. A) @ R H}, (Kq A).
qfn

By combining with the “finite-singular comparison map,” we then obtain a map
r "yl
X3 (A) = (N Ho () (K,A) @ G
These maps for various n define Reg,.

By the construction, we obtain the middle commutative triangle in (3.4.1). Then we have to show
that Reg,. is an isomorphism:

Theorem 3.28 ([BSS18, Th. 5.2(1)]). Suppose that Hypotheses 3.12, 3.13, and 3.14 hold. Suppose p > 5.
Then the regulator map

Reg, : SS,(A,P(A)) = KS,(A,P(A))
is an isomorphism.

Proof. In order to apply [BSS18, Th. 5.2(i)], we have to check [BSS18, Hyp. 4.2], i.e., that there exist
infinitely many elements n € N(P(A)) such that

Hiz., (K,AY(1)) =0

and that H},(K,A) is free of rank r+ v(n) over R. By Lemma 3.22, it is enough to show that every n €
N(P(A)) which is large for A (in the sense of Definition 3.21) satisfies the conditions. By Proposition 3.23,
the module A+, (K,A) = H'(Ok sn,A) is actually free of rank r+ v(n). Moreover, since H(lg*)n (K,AY(1))
is the kernel of

HI(OK7S7A\/(1))_> @ Hl(KK]aAv(l))7
qES™\Se (K)

it vanishes as n is large. O

Finally we consider the upper triangle of (3.4.1).

Theorem 3.29 ([BSS18, Cor. 6.13]). Let X be an abelian extension of K such that X O L., and K /L
is a pro-p extension. Suppose that X D K(q) for every q € P(A). Suppose that H*(L,T /p) = 0 and
Hypothesis 3.16 hold. Then we have a natural homomorphism

D, :ES,(T,X) — KS,(A,P(A)),
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called the derivative operator, such that we have a commutative diagram

ES, (T, K)

Dfl T~

KS,(A,P(A)) —= NzH' (Ok 5,A),

where the diagonal and the horizontal maps are the natural projection maps.

Proof. We only have to apply [BSS18, Cor. 6.13], taking the following remarks into account. In the
corollary, the Selmer structure is taken as the canonical one JF,,, but that does not matter since our Selmer
structure J is larger. We also removed the latter condition in [BSS18, Hyp. 6.7], that is, “XK contains a
Zf,-extension of K (d > 1) in which no finite place of K splits completely.” For, this condition is only
used in order to check that the Kolyvagin derivative of an Euler system satisfies the unramified condition
outside S", which is already assumed in our definition of Euler systems. O

Thus we have the upper triangle in (3.4.1). This completes the construction of the commutative
diagram (3.4.1), so we have also finished proving Theorem 3.20 and Theorem 3.17.

4 Derivatives of Euler systems

In this section, we generalize several conjectures and results in [BKS24], where the case of elliptic curves
over QQ is considered, to a general motive.
We use notations in §2. Throughout this section, we assume Hypothesis 2.3.

4.1 Bockstein maps

As in §2.5, we set
e :=dimy (H*(Og.s5,V)) = rank 4 (HE (Ok s, T )if)

and fix an A-basis x € /\;H%(O k.5, T )i In this subsection, we define a “Bockstein regulator map"
Bocy = Boerpe: ) Hi(Oks.T) — N\ Hi(Ok.s.T) 0I5 /15!
for each F € Q(X), where Ir denotes the augmentation ideal of A[Sr]:
Ir :=ker(A[GF] — A).

The definition of the map is more or less the same as that in [BKS24, §2.3].
Let
B =Br : Hy(Ok.s5,T) = Hg (0.5, T )g @ Ir /I

be the Bockstein map, i.e., the map induced by the connecting homomorphism of the natural exact triangle

RIs(Oks5,T) @Y% Ir /I; = RTs(OFs, T) @16, AlSF] /T — RUs(Ok 5,T) — .
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Write x = x; A -+ Ax, and define ; : HZI(OKS, T)— Ir/I% by

e
= Z x; @ Pi(a)
i=1
The Bockstein regulator map is now defined by

Bocr(ai A-+- Aayye) ngn ac et+1) N Nag(etr) @ det(f3; (ao )))1<17J<€7

where o runs over the elements of the symmetric group S,4, such that 6(1) < --- < o(e) and o(e+1) <
-+ < o(e+r). Note that Bocy depends on the choice of x, but is independent of xi, ..., x,.

4.2 Derivatives and extended special elements
We now assume that a canonical Euler system
c € ES,(T,X)

is given. In this subsection, we formulate a conjecture which relates “derivatives" of ¢ with the extended
special element Mg defined in §2.5. (Here “derivatives" are different from Kolyvagin’s derivatives, which
are considered in the usual Euler system argument [Rub00] as in Theorem 3.29, but similar to those
considered by Darmon [Dar92].) This conjecture is a generalization of the “generalized Perrin-Riou
conjecture" for Kato’s Euler system formulated in [BKS24, Conj. 2.12].

As in Conjecture 2.6, we fix an A[[Gal(K/K)]]-basis

b= (bFFG 1# /\A[S 1))*

FeQ(X

(As Conjecture 2.6 suggests, the Euler system ¢ should depend on the choice of b.)
We fix F € Q(X), which is unramified outside S (so that S(F) = S). Let

.
i N\ He(Oks, T) @alp /I — ﬂ H2(0rs, T) @ 1 /11
C ﬂ He(0rs, T) @4 AlSFI/ I
be the canonical injection defined in the same way as [San14, Lem. 2.11]. (Note that /\;lHyl(O ks T)=
N4 Hs (Ok s, T) since the A-module Hy (Ok 5, T) is free.)

Let
~ ~ r+e
Nk =Nksx(T) € C,®z, /\A H'(0ks,T)

be the extended special element in Definition 2.11 (which depends on the fixed A-bases x € /\qug(O k.5 T )it
and bx € Ny Yk (T*(1))").
The following conjecture predicts a precise relation between the element

Nek(cr) =), ocr®o™ Eﬂ A5 ]Hz Ors,T) @4 A[SF]

oeSr

and 7.
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Conjecture 4.1. Assume Hypothesis 2.3 for F.

(i) We have
NF/K(CF) S mA[gF]HZI'(ORS’T) ®AI;:.

(ii) Assume the integrality of N, i.e.,
ke N\, H(Oks.T).
(This is a consequence of the Tamagawa number conjecture: see Proposition 2.17.) Then we have
Nijx(er) = (1)1 (Bocr (7)) in [V, o HE(Ors. T) @a i/ I5,

where
r+ r
Bocr = Bocrre: N\, Hi(Oks,T) =\ He(Ok s, T) @l /I

is the Bockstein regulator map defined in §4.1.

Remark 4.2. Conjecture 4.1(ii) in particular predicts the existence of a unique element

Kr € /\AHZI(OK&T) &a pr/[fjl

such that
tr(kr) = Np/k(crp) in ﬂA[SF]HEI(OF,Sv T) @4 AGF]/ I

We call this conjectural element the Darmon derivative of the Euler system cr. Conjecture 4.1(ii) is then
equivalent to the equality

Kr = (—l)reBOCF(ﬁK)‘

Remark 4.3. Whene =0 (.e., H 2((f) k.5,V) =0), Conjecture 4.1(i) is trivially true and (ii) is equivalent
to the equality
CKk = nK7

where Nk € C, @z, ANyH '(Oks,T) is the special element in Definition 2.7 (in this case we do not need
to assume the integrality). If K = Q, M = h'(E)(1) with an elliptic curve E over Q and ¢ = zK¥°,
then Conjecture 4.1 is equivalent to [BKS24, Conj. 2.12] and the equality z(g““’ = T is equivalent to

Perrin-Riou’s conjecture (see §2.3.2).

Remark 4.4. Tn the G,, case (i.e., M = h°(K)(1) and ¢ = n®S: see §2.3.1), Conjecture 4.1 is equivalent
to the (p-part of the) “Mazur-Rubin-Sano conjecture” formulated in [MaRu16, Conj. 5.2] and [San14,
Conj. 3]. More precisely, Conjecture 4.1 is equivalent to MRS(F /K /K, S,Z,S-(K),S\ {vo}), in [BKS17,
Conj. 4.2], where we choose a finite place vo € S. (This choice corresponds to the choice of a Z,-basis
x € N7 H3(Ok 5, Zp(1) ). See Remark 2.15.)

Remark 4.5. One can show that the equivariant Tamagawa number conjecture for (M ® F, A[GF]) (see
[BuFl01, Conj. 4]) implies Conjecture 4.1 when cr is the special element 1r in Definition 2.7 (see also
Remark 2.9).
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Concerning the existence of Darmon derivatives in Remark 4.2, we have the following result.

Proposition 4.6. Let L../K be an extension as in §3.1 and cy., € (\\Hx (Ok_s,T) an Euler system. Assume
Hypothesis 2.3 for X = Le.. If there exists an element 3;_ € detX1 (RI's(Oks,T)) such that the map
(3.1.2) sends 31 to cr_, then the Darmon derivative K of cp exists for any F € Q(Le).

Proof. Let
5r € ety (RT3 (05, T))

be the image of 37 under the natural surjection det, ' (R['s(Ox s, T)) —» det;l[lgF] (RT2(OFs,T)).
We have the following commutative diagram:

® 4 r N r e
(RTs(0p5,T)) — = g HL(Ors. T) — = oo, Hi (Ors. T) @4 A[GFI/IET (4.2.1)

| )

detﬁl(RFZ<OKS, T)) T /\‘}Z‘reHEl(OK’S,T) W /\;]'H21<OKS, T) ®j{ IIE:/I;-+1

-1
det A[SF]

Here O7 f is the F'-component of the map ©r;_ mentioned in Remark 3.7, and ©; is the following map:

det;' (RI'g(Ok s, T)) =~ dety(Hy(Oks,T
~ FittA(Hg O[(7S7T

) @4 det,! (HF (Ok.s5,T))
r+e 4 "
tors)'/\A HZI(OK,SaT) XA /\AHg(OICSyT)tf
r+e
tors)'/\A Hil‘,(OK,SaT)

_ —

(
~ Fitta(Hg(Oks, T

~—

N
&
G
kgl
2
3

9

where the third isomorphism is defined by using the basis x € /\ilHé(O k.5, T ). The commutativity of
the diagram is proved in the same way as [BKS16, Lem. 5.22] or [BKS24, Th. 7.8].

Since we have @7 r(3r) = cr, the commutative diagram implies that the element Ny /x(cr) lies in
the image of 1. This shows the existence of the Darmon derivative. O

4.3 An Iwasawa theoretic version

As in [BKS24, §4.3], we can formulate a natural Iwasawa theoretic version of Conjecture 4.1.
Let K../K be a Z,-extension and consider the case X = K... We keep assuming Hypothesis 2.3. Note
that each F € Q(K.) is of the form K,, (the n-th layer) for some n. We set

I, :=Ix, and I := ker(A[[Gal(K-/K)]] - A) ~ Hm7,.
n
We define the Bockstein regulator map for K. by
Boce, := limBocg, : /\;HH){(OK,S,T) — /\;HQ(OKS,T) @4 @Ij/[,f“
n n
~ N\ HE(Oks, T)@a I /1.
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This map induces

r+e

Boc.. : C, ®z, /\A

H)}(OK,Sa T) — (Cp ®Z,, /\;HZI(OK,Sv T) XA Ie/Ie+] .

(Note that ¢/ I¢t1 ~ A and so it does not vanish after taking C, ®z, —)
For a given canonical Euler system ¢ € ES, (7, K), we assume the existence of the Darmon derivative
of ¢

p
Kn = Kk, € /\AH)%(OK,SvT) ®A1§/1§+1

in Remark 4.2 for every n. Then one sees that (k;,), is an inverse system and so we can define the limit
Koo i=lim i, € N\ HE(Ok s, T) @ limIg /10 ~ N| HE (O 5, T) @1 /1.
n n

We now propose the following conjecture.

Conjecture 4.7. We have
Koo = (—1)“Bocw(TIk) in Cp @7, \| HE (Ok 5, T) @4 1 /1.

Remark 4.8. Unlike Conjecture 4.1, we do not need to assume the integrality of 1x in Conjecture 4.7.
This is one of the advantages of taking limits.

Remark 4.9. Conjecture 4.7 is a generalization of [BKS17, Conj. 4.2] and [BKS24, Conj. 4.9]. In
particular, by [BKS17, Th. 4.9] and [BKS24, Cor. 6.7], Conjecture 4.7 constitutes a generalization of
both the Gross-Stark conjecture [Gro82] and the p-adic Birch-Swinnerton-Dyer conjecture [MTT86].

We shall show that Conjectures 4.1 and 4.7 are equivalent under suitable assumptions.

Proposition 4.10. Let L../K be an extension as in §3.1 (withd = 1) and cr, € ﬂf\HZI(OKVS,']I‘) an Euler
system. We assume Hypothesis 2.3 for K = Le.. We also assume the following.

(i) There exists an element 31 € detX1 (RI'z(Oks,T)) such that the map (3.1.2) sends 31 to cy._.
(ii) The map Boc. is non-zero.
Then Conjecture 4.1 for any F € Q(L) is equivalent to Conjecture 4.7.

Proof. 1t is obvious that Conjecture 4.1 (for K,, for all n) implies Conjecture 4.7, so we shall prove the
converse.
Let
3k € det' (RTs(0k s, T))

be the image of 3;_ . Let
_ +
®, : det,'(R[x(Ok 5, T)) = N\ “HE(Ok 5,T)

be the map defined in the proof of Proposition 4.6. By the commutative diagram (4.2.1) (for F = K, for
all n), we see that the Darmon derivative of ¢k, exists and it is given by

Koo = (—1)"Boce (O (3x))-
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Since Boc., is non-zero by assumption, we see that Conjecture 4.7 is equivalent to the equality

0.(3x) = Nk - 4.3.1)

Note that, since Oy (3x) lies in A}

assumed in Conjecture 4.1(ii).
Let F € Q(L.). By the proof of Proposition 4.6, the Darmon derivative of cf is given by

H{(Oks,T), this equality implies the integrality of 7k, which is

kKr = (—1)"“Bocr(0,(3x))-
So Conjecture 4.1 for F is equivalent to the equality

Bocr (04 (3x)) = Bocr (Nk).
This is obviously implied by (4.3.1). Thus we have proved that Conjecture 4.7 implies Conjecture 4.1 for
any F € Q(L.,). O

4.4 A strategy for proving the Tamagawa number conjecture

As in the previous subsection, we consider the case K = K.
Theorem 4.11. Assume Hypotheses 2.3 and 3.1. If we also assume
* Conjecture 3.9 (the non-equivariant Iwasawa main conjecture) for c,
* Conjecture 4.7 for ¢, and
* the map Boc., is non-zero,
then the Tamagawa number conjecture for M*(1) (with coefficients in A) is true.

Proof. Conjecture 3.9 implies the existence of a A-basis 3k, € det,! (RT’s(Oks,T)) such that the map
(3.1.2) sends 3k to ck,,. Let
3k € det;ll (er(oK,S, T))

be the image of 3x_, which is an A-basis. By Proposition 2.17, it is sufficient to prove that

®x(3K) = ﬁKv

where 0, is the map in the diagram (4.2.1). Since Boc.. is non-zero by assumption, this is implied by
Conjecture 4.7 (as in the proof of Proposition 4.10). So we have completed the proof. 0

Remark 4.12. Theorem 4.11 is a direct generalization of [BKS24, Th. 7.6], where a strategy for proving
the Birch-Swinnerton-Dyer formula for an elliptic curve over Q is given.

Remark 4.13. In the G, case, a natural equivariant version of Theorem 4.11 is given in [BKS17, Th. 5.2].
Since the main aim of this paper is to study a general motive, we do not give an equivariant generalization
of Theorem 4.11 in this paper.
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S Heegner points

The aim of this section is to study how the theory of Heegner points fits in the general framework given in
earlier sections. In particular, we study relations between Perrin-Riou’s “Heegner point main conjecture”
and the (non-equivariant) Iwasawa main conjecture in Conjecture 3.9.

In this section, we consider an imaginary quadratic base field K and the motive M = h'(E/K)(1)
(with coefficients R = Q, A = Q, and A = Z,), where E is an elliptic curve over QQ such that K satisfies
the Heegner hypothesis for E (i.e., every prime divisor of the conductor of E splits in K). Let T := T, (E)
and V := Q, ®z, T. In this case, note that

V(T (1)) = @) HOK T (1)) = HOC.T°(1) = T*(1)
VESw(K)

and so
rankz, (Yx(T*(1))) =2,

i.e., the basic rank is two (see Definition 2.1). So Conjecture 2.6 suggests that there should be a canonical
Euler system of rank two in this setting. For this reason, we expect that Heegner points are related with
rank two Euler systems.

5.1 Heegner elements and Euler systems of rank two

In this subsection, we introduce ‘“Heegner elements", which lie in the second exterior power of H I and
relate them with special elements in Definition 2.7 (see Proposition 5.3). As an application, we construct a
rank two Euler system which is related with Heegner points in the case of analytic rank one (see Theorem
5.5).

We fix a finite set S of places of K containing {co} US,(K) U Sram (7). (Here Se.(K) = {oo}.) We need
the following lemma.

Lemma 5.1. Assume rank(E(K)) = 1 and #111(E /K)[p~] < eo. Then H*(Ok s,V) = 0 and there exists a
canonical exact sequence

0—Q,2zEK)— H"'(0gs,V) = Q, ®QF(E,QIE/K) —Q,®zE(K)" — 0.
Proof. We have a canonical exact triangle

RI4(K,V) = RT(Oks5,V) = PR 4(K,,V) — .

ves

(See [BuFI101, p. 522] for example.) If v & S, (K), we know that RI"/4(K,, V) is acyclic. So we obtain a
long exact sequence

0— Hi(K,V) = H'(Oks,V) — H/lf(Kp,V) — H7(K,V) = H*(Og.s5,V) — 0.
Since we assume the finiteness of II(E/K)[p*], we have

H}(K.V)=Q,®zE(K) and H}(K,V) = Q, @z E(K)".
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Also, we have H/1 #(Kp,V) =Qp R, (@nE (Kp)/p")*, which is canonically isomorphic to Q, ®qg
I'(E, Q}s / ) via the dual exponential map. Hence we have an exact sequence

0—Q,@zE(K) = H' (0k5,V) = Q,@0T(E, Qp k) = Qp@zE(K)" — H*(0g 5,V) 0. (5.1.1)

We shall show that H?(Ok s,V) = 0. Since we assume rank(E(K)) = 1, we see that the map Q, ®z,
E(K) — Qp®z, (im E(K,)/p") is injective. This implies that the map Q, ®q F(E,Q}Y/K) —Q,®z
E(K)* is surjective, so we have H?(Og 5,V) = 0. This completes the proof. O

Throughout this subsection, we assume rank(E(K)) = 1 and #1I1(E /K)[p™] < ec. Then, by Lemma
5.1, we obtain a canonical isomorphism

detq, (H' (0k5,V)) = detg, (Q, @z E(K)) ®q, detq, (Qy ®o I'(E, Q x)) ©q, dety (Q, @z E(K)"),

ie.,
/\?QPHI (Ok.s,V) = Q&g (E(K) @2 E(K) @2 \JT(E,QL ) (5.12)

Now we fix a modular parametrization ¢ : Xo(N) — E and let
yk € E(K)

be the associated Heegner point. Let ¢y be the Manin constant and set ug := #0Og /2. We fix Néron
differentials @ and ®X of E/Q and EX /Q respectively, where EX be the quadratic twist of E by K.
Then {®, ®*} is a Q-basis of I'(E, Q. /x)- Let Bulg € Q™ be the product of Euler factors at v € S\ {eo}
satisfying

Euls-L*(E/K,1) =L{(E/K,1).

We now define the Heegner element.

Definition 5.2. Assume rank(E(K)) = 1 and #11I(E /K)[p™] < co. Then we define the Heegner element
for E/K

2
e N\l H'(Oks.Y)
as the element corresponding to
2
EulS . (uKC¢)72 ®yK®yK® ((D/\ a)K) c Qp ®Q (E(K) ®ZE(K> X7, /\QF(E’QE/K)>
under the isomorphism (5.1.2).

We choose a Z-basis
2 2
bk € /\ZpYK<T*(1))* _ /\ZPT(—l) (5.1.3)

in the following way. Let Qg /x be the Néron period of E /K. We first take a Z,)-basis
2 *
V* € /\Z(p)Hl (E((C)’Z(p))

JOURNAL OF THE ASSOCIATION FOR MATHEMATICAL RESEARCH, 2(2):154-208, 2024 192


https://jamathr.org

ON EULER SYSTEMS FOR MOTIVES AND HEEGNER POINTS

so that the period map
2 ~ 2 *
R®g AQF(E,Qg/K) = R®g /\@Hl (E(C),Q) (5.1.4)

sends @ A @X to |

——Qg V"

v/I1Dk]

—A—Qp x coincides with Q} Q, up to 2-power, where Q' and Q denote the

V IDk|
real periods of E /Q and EX /Q respectively. See [GrZa86, p. 312].) We then define by to be the image

of ¥* under the comparison isomorphism

(This is possible, since

o HUE©).Z,) =\, T(=1). (5.15)

Let
2
Nk = Nk/k.s0(T) € Cp @z, /\ZpH] (Oks,T)

be the special element defined by using bk (see Definition 2.7). A relation between ergg and Mk is given
as follows.

Proposition 5.3. Assume ord,—L(E/K,s) = 1 (which implies rank(E (K)) = 1 and #111(E /K) < oo by
the well-known theorem of Gross-Zagier-Kolyvagin). Then we have

H
Zl(g =Nk-

In particular, Nk lies in /\(%%H] (Oks,V).
Proof. Let
2 ~ 2 * *
A'T,K : (Cp ®ZP /\Z Hl(OK,&T) — (Cp ®Zp /\Z YK(T (1))
p p

be the period-regulator isomorphism defined in §2.4. By definition, the special element 1 is characterized
by
Ark(nk) =Ly(E/K,1) bk

So it is sufficient to show that
Ark(z®) = Ly(E/K, 1) - b.

Under the assumption, one checks that A7 x coincides with the following composition map:

2 (5.1.2) 2
Cpz, N\, H'(Oxs,T) "= €000 (E(K) @2E(K) @2 \T(E.Qfx))

2
CP ®Q /\QF(EvQ}E/K)
(5.1.4) 2 §
= (Cp ®Q /\QHI (E((C)aQ)

(5.1.5) 2 2 N «
~ Cp®z, /\ZPT(—I) =C,®z, /\ZPYK(T (1)),

12
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where the second isomorphism is induced by the Néron-Tate height pairing
(— =)ok 1 E(K) x E(K) = R.

By the definition of zgg, we have
Az (z5%) = Buls - (uxcp) ™2 (VK YK )ook - L Qp /g bk.
V|Dk|
By the Gross-Zagier formula [GrZa86], we know that

L'(E/K,1) = (ukcy) > (YK, YK )oork -

1
— QO ks
x| E/K

so we have
Ark(2h8) = Bulg - L'(E/K,1) - by = Ly(E/K,1) - bg.

This proves the proposition. O

Let Tam(E /K) be the product of Tamagawa factors and Rk the Néron-Tate regulator for E/K.
Recall that the p-part of the Birch-Swinnerton-Dyer formula for E /K predicts the equality (in C,)
#II(E/K) - Tam(E/K) 1

Z, - L"(E/K,1)=17,- . Q -Rp/x.
14 ( / ) ) 14 #E(K)tzors \/W E/K E/K

Proposition 5.4. Assume ord;—L(E/K,s) =1 and E(K)[p] =0. Then the p-part of the Birch-Swinnerton-
Dyer formula for E /K holds if and only if we have an equality of Z.,-modules

2
Ly 258 = #H?(Ok s, T) N\, H' (Ok,s,T).
P
In particular, the p-part of the Birch-Swinnerton-Dyer formula for E /K implies the “integrality” of zgg:
2
Zgg € /\Z H1(0K73,T).
P

Proof. Note that the assumption E(K)[p] = 0 implies that H'(Ok s,T) is Z,-free. Since the p-part
of the Birch-Swinnerton-Dyer formula for E /K is equivalent to the Tamagawa number conjecture for
h'(E/K)(1) (with coefficients in Z,), the proposition follows immediately from Propositions 2.17 and
5.3. 0

The following result gives a connection between Heegner points and rank two Euler systems.

Theorem 5.5. Assume ords_L(E/K,s) =1, E(K)[p] = 0 and the p-part of the Birch-Swinnerton-Dyer
formula for E /K holds. Then for any abelian p-extension X /K there exists a rank two Euler system

c € ESy(T,X) such that

CK ZK .
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Proof. Note that we have a canonical isomorphism
2
G)T,K . detipl (RF(OKS7 T)) ~ #HZ(OK75, T) . /\Z Hl((i),gg, T).
p

Since we assume the p-part of the Birch-Swinnerton-Dyer formula, Proposition 5.4 implies that there
is a basis 3% € detip1 (RT(Ok 5, T)) such that Ok (3%) = 25 Let VS(T, %K) be the module mentioned

in Remark 3.8, which is defined to be a certain inverse limit @Fe oK det! ](RF(O FsF),T)) with

) Z,}[SF
surjective transition maps. Then we have a commutative diagram

Orx

VS(T,X) ES,(T,X)

: |

dety|(RT(Ok.s.T)) 5= A3, H' (Ok5.T),

where the left vertical surjection is the natural projection map and the right vertical arrow sends c to cg.
Take a lift
3 € VS(T,X)

of 3% € det;, (RT'(Ok.s,T)) and put
c:=0rx(3) € ES2(T,X).
Then this Euler system has the desired property. 0

Remark 5.6. The Euler system constructed in Theorem 5.5 is not canonical. A canonical rank two Euler
system should be constructed directly from Heegner points over ring class fields (so that it satisfies the
properties (i) and (ii) in Conjecture 2.6).

5.2 The Heegner point main conjecture

In this subsection, we relate our formulation of the Iwasawa main conjecture (Conjecture 3.9) with the
Heegner point main conjecture formulated by Perrin-Riou [Per87] (which has been studied in many
works including [Ber95], [How04], [Wan21], [Cas17] and [BCK21]).

In the following, we assume E has good ordinary reduction at p and K /Q is unramified at p.

5.2.1 Formulation of the Heegner point main conjecture

We first review the formulation of the Heegner point main conjecture. Let K../K be the anticyclotomic
Z,-extension and K,, its n-th layer. We set

I, :=Gal(K,/K), I' := Gal(K../K) and A :=Z,[[I']] ~ @Zp[l"n].

We also set
(T), W:=V/T and W := limIndg, /x (W).
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For X € {T,W}, we define a A-adic Selmer group Sel(X) as follows. Note first that, since E has
good ordinary reduction at each v € S,(K), we have a natural filtration F "X C X (as Gg,-modules). We
set F~X := X /F*X and define

Sel(X) :=ker [ H'(0x5,.X) = P H'(K,.F X)® ., H'(K".X) |,
veS,(K) vES\ (See(K)USp(K))

where K} denotes the maximal unramified extension of K.
We set
Sel(W)" := Homg, (Sel(W),Q,/Z,) and 1., := (Sel(W)" ) ors.

Let
Yoo € Sel(T)

be the A-adic Heegner class, which is denoted by zy in [Cas17, §3.1]. By [Cor02] and [CoVa07], we
know that y., is non-torsion.
Lastly, let 1 : A — A; a — a' denote the involution induced by ' — I'; y+— y~ 1.

Conjecture 5.7 (The Heegner point main conjecture). We have

chara (Sel(T)/A - ye) - chara (Sel(T) /A - yoo )" = char (I11..).
Remark 5.8. Building on works by many people (including Howard [How06] and Zhang [Zhal4]),
Burungale-Castella-Kim has recently proved Conjecture 5.7 under mild hypotheses (see [BCK21, Th. A]).
5.2.2 Selmer complexes

For later purpose, we give another formulation of the Heegner point main conjecture by using Nekovai’s
Selmer complexes [Nek06].
Let . . . .
RFf(T) = er7IW(Km/K, T) and RFf(W) = RFf(KS/Koo,W)

be Selmer complexes defined in [Nek0o6, (8.8.5)]. We write FI}(—) for Hi(ﬁ"f(—)).
Lemma 5.9.

(i) Let X € {T,W}. There is a canonical exact triangle

RL(X) — RO(Oks5,X) » P RI(K,F X)& P U; (X),
veS, (K) ves\({eohUS, (K))

where U, (X) is defined by

v

U (X) := Cone (RF(K;“ /Ky, XOKir) - RF(KV,X)> :

(ii) We have N
H}(T) = Sel(T).
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(iii) There is a canonical surjection

H}(W) — Sel(W)
with finite kernel.
(iv) There is a canonical isomorphism
HY(T) = (H; ' (W)")",

where we write (=)' for the module on which A acts via the involution t and (—)" for the Pontryagin
dual.

(v) There is a canonical map
HJ%(T) — HomA(H}(T),A)’

such that

— the cokernel is pseudo-null,

— the kernel is pseudo-isomorphic to 11L,.
Proof. Claim (i) follows from [Nek06, (6.1.3.2)]. Claim (ii) follows from claim (i) by noting that
HO(K,,F~T)=0forveS,(K)and H'(U, (T)) =0 for v ¢ {0} US,(K). Claim (iii) again follows from
claim (i) by noting that H°(K,,, F~W) is finite for v € S,(K) and H°(U,”(W)) = 0 for v & {eo} US,(K).
Claim (iv) follows from the duality [Nek06, (8.9.6.2)] and the natural identification W = T (1) induced
by the Weil pairing.
We prove claim (v). By [Nek06, Th. 8.9.9], we have a short exact sequence

0— ﬁ}(qr)m - ﬁ}(qr) - HomA(ﬁ}(T),A)’ =0

modulo pseudo-null. By (iii) and (iv), we see that FIJ%(T)torS is pseudo-isomorphic to I1I%. This proves
the claim. ]

Remark 5.10. Combining Lemma 5.9(ii), (iii), (iv) and (v), we obtain a canonical isomorphism
Q(A) @4 Sel(T) ~ Homy (Sel(W)", Q(A)),

where Q(A) denotes the quotient field of A. In particular, the A-ranks of Sel(T) and Sel(W)" are the
same.

We also know the following.
Proposition 5.11. Sel(T) is a free A-module of rank one.

Proof. This is proved in [NekO1, Lem. 2.3] (see also [Nek06, Prop. 9.6.7.5]). ]
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We define a canonical isomorphism
Q(A) @ dety ' (RT(T)) ~ Q(A) @4 Sel(T) @4 Sel(T)! (5.2.1)
by the composition
O(A) @adety (RTH(T)) = QO(A) ®adeta(H}(T)) @pdet, (HF(T))
O(A) @4 detp (Sel(T)) @4 deta (Sel(T)")
~ Q(A)®aSel(T) ®4 Sel(T)",
where the first isomorphism follows by noting that fl(f)(']I‘) =0and ﬁ% (T) = (PNI(f) (W)")Y is finite (which

follows from the fact that E(K..)[p~] is finite, see [NekO1, Lem. 2.1(v)]), the second by Lemma 5.9(ii)
and (v), and the last by Proposition 5.11.

1R

Proposition 5.12. Conjecture 5.7 holds if and only if there is a A-basis
3= € det, (RT4(T))
such that the map (5.2.1) sends 3o 10 Yoo @ Yoo
Proof. By Lemma 5.9(i1) and (v), we have a canonical isomorphism
dety ' (H}(T)) ~ det, ' (I1L,) @4 det (Sel(T)").

Since we have det/(1 (II1%,) ~ charp (Il )* (see the argument in the proof of Lemma 3.11(ii)), we see that
the image of det, ' (RT'#(T)) under the map (5.2.1) coincides with

charp (II.)" - Sel(T) @ Sel(T)".

The claim follows easily from this. O

5.2.3 A-adic Heegner elements

To simplify the notation, we set _ _
Hl = HI(OK,S,T).

We shall define a “A-adic Heegner element"
2
e o(A) @) H'

and compare the Iwasawa main conjecture (Conjecture 3.9) for 228 with the Heegner point main conjec-
ture.
We fix an isomorphism

deta [ €p RI(K,,F T)® P U7 (T) | ~A. (5.2.2)
veS(K) ves\({eo}us, (K))

Then the exact triangle in Lemma 5.9(i) induces an isomorphism

det, ! (RT(T)) ~ det; ' (RT(Ok 5, T)). (5.2.3)
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Definition 5.13. Assume Hypothesis 3.1 (i.e., H? is A-torsion). We define the A-adic Heegner element

2
SN JUNEINN:E

as the image of
Yoo @ Yoo € Sel(T) @4 Sel(T)"

under the map

Sel(T) @a Sel(T) 3"

O(A) @4 det;' (RT(T))
O(A) @4 det, ' (RT(Og 5, T))

O(A) @ ﬂiHl.

(5.2.3)

(3.1.2)

Remark 5.14. The element zgg is canonical up to A* (it depends on the choice of an isomorphism (5.2.2)).

Remark 5.15. Note that Hypothesis 3.1 is equivalent to

0.

H*(Ok.s, W) = limH(Ox, 5, E[p”])

(See [Per95, Prop. 1.3.2] or [Nek06, Lem. 9.1.5].) The vanishing of H 2((‘) k.5, W) is proved by Bertolini
[BerO1, Th. 5.4] under mild assumptions. Thus Hypothesis 3.1 is known to hold under mild assumptions.

The following is our formulation of the non-equivariant Iwasawa main conjecture (Conjecture 3.9) in
the present setting.

Conjecture 5.16 (The Iwasawa main conjecture for zgg). Assume Hypothesis 3.1. Then we have
Hg 2l
Ze” € (AH' and

2
chary (ﬂAH] /A.Zgg) — chary (H2).

Theorem 5.17. Assume Hypothesis 3.1. Then the Heegner point main conjecture (Conjecture 5.7) is
equivalent to Conjecture 5.16.

Proof. This follows immediately from Propositions 5.12 and 3.10. O
The following is an Iwasawa theoretic analogue of Theorem 5.5.

Theorem 5.18. Assume Hypothesis 3.1 and the Heegner point main conjecture (Conjecture 5.7). Then,
for any abelian p-extension X /K containing K., there exists a rank two Euler system ¢ € ESy(T,X) such
that

- _ Hg: 1 2 1 et
I%HCKH =2z, in l%nﬂzp[rn]H (Ok, s, T) =~ ﬂAH .
Proof. The assumed validity of the Heegner point main conjecture implies the existence of a A-basis

38 € det, ' (RT(Ok 5, T))
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such that the map
®TK detA (RF oKS, —> n H!

induced by (3.1.2) sends 5§g to Z28. Similarly to the proof of Theorem 5.5, we have a commutative
diagram

VS(T,K) ES,(T,X)

L |

dety ! (RI (O 5, T)) —5—= MAH,
where the right vertical arrow sends c to lim, cx, . Take a lift
3 € VS(T,X)
of 3uf € det,' (RT(Ok 5, T)) and put
c:=0rx(3) € ES»(T,X).
Then this Euler system has the desired property. O

Remark 5.19. We expect that the element 258 coincides with &nﬂ Nk, up to normalization, where

Nk, = Nk, /k,s50(T) € C, 2z, /\ H'(0k,s,T)

is the special element in Definition 2.7. Since l'gln Nk, is defined even in the supersingular and bad

reduction cases, we expect there is a construction of 228 without assuming E has good ordinary reduction
at p.

5.3 Derivatives of Heegner elements

In this subsection, we study Conjecture 4.7 for the A-adic Heegner element 22 in Definition 5.13. We
keep assuming that E has good ordinary reduction at p. In this subsection, we always assume Hypothesis
3.1 (i.e., H? is A-torsion).

We set ¢ := dimg, (H*(Oks,V)). We also set

Iy :=ker(Zp[y] - Zp) and I := ker(A — Zj) ~ lim 1,
n
Let
2
b =1, /\Zle(OK,SvT) ®z, I/ — ﬂ g (Ok,.s,T) @z, /1"
C ﬂ n] YOk, T)®z, ZpTu) /15

be the canonical injection in §4.2.
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Proposition 5.20. Assume the Heegner point main conjecture (Conjecture 5.7). Then there exists the
Darmon derivative of .

He _ .. . Hg 2 e petl _ A2 gl e e+l
Ko —lgmn c /\sz (0.5, T) @z, 1%11,1/1,1 _/\ZPH (Ok.s.T) @z, I° /1t
i.e., the unique element satisfying

1. 2
plLn

ocl,
for every n. (Note that Theorem 5.17 implies that 72 lies in NIH' = lim, ﬂ%p[rn]Hl(OKmS,T), and
mEe ﬂ%p [mHl (Ok,.s,T) denotes the element such that IS lim, e
Proof. This follows from Theorem 5.17 and Proposition 4.6. O

g

. Hg . . . . . Hg . .
Remark 5.21. Since z." is canonical up to A*, its Darmon derivative k. is canonical up to Z,.

In the following, we assume the following hypothesis. (Recall that EX /Q denotes the quadratic twist
of E/Qby K.)

Hypothesis 5.22.
(i) E(K)[p] =0;
(i) r* :=rank(E(Q)) > 0 and r~ := rank(EX(Q)) > 0 (in particular, rank(E(K)) > 2);
(i) #ITI(E /K)[p™] < oo.
Lemma 5.23. Assume Hypothesis 5.22.

(i) We have canonical isomorphisms
H'(0ks,V) = Qp @z E(K) = Q, 7 (E(Q) ®EX(Q)).
(ii) We have a canonical exact sequence
0— Q,@qI(E,Q k) = Q,®zE(K)" — H*(Oks5,V) — 0. (5.3.1)

In particular, we have
e .= dim@p (Hz(ons,V)) = I”+ +r =2.

Proof. By (5.1.1), it is sufficient to prove that the map Q, ®q I'(E, Q}E/K) — Q, ®z E(K)* is injective,
or equivalently, the localization map Q, ®z E(K) — Q, ®z, (@nE (Kp)/p") is surjective. Since we
have

Q,®zE(K) =Q,®z(E(Q) ® EX(Q))
and

Qy®z, (ImE(K,)/p") = Qy®z, (imE(Q,)/p" ©ImE*(Q,)/p"),

n n
it is sufficient to prove the surjectivity of Q, ®zA(Q) — Q, ®z, U&,,A(Qp)/p”) for A € {E,EX}.
However, this is true by Hypothesis 5.22(ii). O
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Remark 5.24. The Heegner hypothesis implies that ord,—; L(E /K, s) is odd, and so by the parity conjecture
[NekO1] we know that rank(E(K)) is also odd. So by Lemma 5.23(ii) we have e > 0 under Hypothesis
5.22.

We shall define a canonical “anticyclotomic Bockstein regulator”
B L 1
RR* € /\QPH (Ok.s5,V)®z, I°/1°F

as follows.
We fix a Z,-basis x € /\eZsz((f)Kg7 T ), and let

1 s 2 e /e+1
BOCDO—I%HBOCT,K”,X. Q, H (OK’S’V)%/\Q,,H (O[gs,V) ®Zpl /I

be the limit of Bockstein regulator maps defined in §4.1. By Lemma 5.23, we have rank(E(K)) =
r*+r~ =e+2 and we fix a Z-basis {Pi,...,P.;2} of E(K)y, which is regarded as a Q,-basis of
H'(Oks,V) by identifying Q, ®7z E(K) = H' (O 5,V ). Let {P,..., P}, } be the basis of H' (g s,V)*
which is dual to {Py,...,Pey2}.

Recall that we fixed Néron differentials @ and ®* of E/Q and EX /Q respectively. Then {®@, 0%} is
a Q-basis of I'(E, Q}, /K) and so we can identify I'(E, Q. /K) = Q°. By the exact sequence (5.3.1), we get
an isomorphism

N HA(Ors.V) = /\f@f(@p @z EK)) = N-H (0k.5,V)". (53.2)

=g,
Definition 5.25. Assume Hypothesis 5.22. We define the anticyclotomic Bockstein regulator by

2
R%ic = Cx -BOCOO(PI N /\Pe+2) c /\Q HI(OK,ng) ®Zl, IE/IeJrl7
P

where C; € Q,, is the element satisfying

DA AR
(One checks that REZC is independent of the choice of x and {Py,...,P.42}.)

Recall that Conjecture 4.7 for o predicts the equality
~ .. 2
K5¢ = Boca(Tlk) in C, ®7, A, H'(Oks,T) @z, I°/1F,
P

where Nk = Nk s0(T) € C, ®z, /\eZJ;ZH '(Oks,T) is the extended special element in Definition 2.11
(with respect to bg € /\%PYK(T*(l))* in(5.1.3)and x € /\eZpHZ(OKS, T )¢ fixed above).

Proposition 5.26. Assume Hypothesis 5.22. Then Conjecture 4.7 for 228 holds if and only if we have an

equality
Ly(E/K,1)\/|Dk|
Qp k- Re/k

2
e RE inCp @y, \, H'(Oks,T) @, I/1V.
P
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Proof. 1t is sufficient to prove that

_ LNE/K1)\/ID
T]K: S( / ) )m_CX.PI/\.../\Pe+2,
.QE/[(‘RE/K

Let
~ e 2
Ark:C, ®z, /\ "(0k,5,T) = Cp g, (/\Zsz(OK,SpT)tf@ZF /\ZPYK(T*(I))*)

be the extended period-regulator isomorphism defined in §2.5. Since Nk is characterized by IT, k(M) =
L{(E/K,1)- (x®bg), it is sufficient to prove that

Qp k- Re/x

Ar(Co-PLA - APrin) = (x®bg).

|Dk|

One checks that IT., k 1s explicitly given by the following composition map:

e+2 e+2

(C®Z/\ HOKs,) = C@Z/\

~ C ®Z/\
(5.3.1)
~° C, ®q, </\QpH (Ok,5,V) ®q /\?QF(E,Q}E/K))
(5.1.4) .
=" g, (N HA(Oks,V) o \ 1 (E(©),Q)")
(5.1.5)

~" C,Q®z, (/\EZPHZ(OK,S,T)&®ZP /\;pYK(T*(l)>*) ;

e+2

where the first isomorphism is induced by the Néron-Tate height pairing. The claim follows easily from
this description. 0

The following result is an analogue of [BKS24, Th. 7.3]. (Recall that Eulg is the product of Euler
factors at v € S\ {eo} satisfying Euls-L*(E/K,1) = L{(E /K, 1).)

Theorem 5.27. Assume Hypothesis 5.22 and the Heegner point main conjecture (Conjecture 5.7). Then
we have

Z,- k8¢ =7, Bulg-#111(E/K)[p™] - Tam(E /K) - Rg>¢ in /\; H'(0g5,T) &g, I°/1°7.
P

Proof. The Heegner point main conjecture implies the existence of a A-basis 5gg such that the map
(3.1.2) sends 312 to 2. Let
3 € det|(RT(O s, T))

be the image of 3§g, which is a Z-basis. By the commutative diagram (4.2.1) (for F' = K,,), we have

kM8 — Boc.. (@, (35%)).
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So it is sufficient to prove that
Zp-Oy(33) = Z, - Bulg - #111(E /K)[p~] - Tam(E /K) - Cc - Py A+ - A Pos.
By the definition of ®,, we have
Zp-0O,(5x8) = Zp - #H*(Ok 5, T )tors - P A+ A Poya,
so it is sufficient to prove that
Z, - #H*(Ok 5, T )tors = Z, - Eulg - #111(E /K) [p™] - Tam(E /K)) - C.
It is not difficult to prove this equality, and we leave it as an exercise for the reader. 0

Remark 5.28. In a forthcoming work, we prove that the formula in Theorem 5.27 implies the conjecture
of Bertolini-Darmon (see [BeDa96, Conj. 4.5(1)] or [AgCa21, Conj. 3.6]) up to Z;. Furthermore, we
formulate a refinement of Conjecture 4.7 so that it essentially implies [AgCa21, Conj. 3.11].

The following result is an analogue of [BKS24, Th. 7.6] (and a special case of Theorem 4.11).
Theorem 5.29. Assume Hypothesis 5.22. If we also assume

* Conjecture 5.7 (the Heegner point main conjecture),

* Conjecture 4.7 for 2 and

. RE* 40,

then the p-part of the Birch-Swinnerton-Dyer formula for E /K holds, i.e.,

Zp-L*(E/K,1) = Z,, #111(E/K) [p”] - Tam(E/K) - ——Qp xR .

VD]

Proof. This is a consequence of Theorems 4.11 and 5.17, but we can also deduce it directly by combining
Proposition 5.26 and Theorem 5.27. O
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Abstract: In 1980 J. Powell [Po] proposed that five specific elements sufficed to generate
the Goeritz group for any genus Heegaard splitting of S3. Here we prove that a natural
expansion of Powell’s proposed generators, to include all eyeglass twists and all topological
conjugates of Powell’s generators, does suffice.

Key words and phrases: Geometric Structures on 3-Manifolds, Goeritz group

1 Introduction

Suppose that M is a closed orientable 3-manifold and M = A U7 B is a Heegaard splitting of M. Following
[IM] the Goeritz group G(M,T) is the group of isotopy classes of diffeomorphisms (M,T) — (M, T) for
which the induced diffeomorphism M — M is isotopic to the identity. An element of the Goeritz group
can be viewed as the final result of a (possibly non-unique) loop Ty,0 < 8 < 27 of embeddings of T in M,
that is an element in 7y (Diff(M)/ Dift (M, T)) [JM, Theorem 1]. That is the viewpoint we will take.

Little is known about the Goeritz group, even in the case that M = S and the Heegaard splittings are
fully described [Wa]. In [Po] J. Powell proposed (indeed he believed he had proven) that five specific
isotopies generate the Goeritz group G(S3,T) of the 3-sphere. (In [Sc2] one is found to be redundant,
and so the number is reduced to four.) Figures 1 to 4 give important examples of Goeritz elements acting
on the standard Heegaard splitting of S 3.

Powell’s conjecture has been verified for genus < 3 splittings of S3 [FS1], but even the question of
whether G(S3,T) is finitely generated remains open when genus(7’) > 4. Here we define a generalization,
shown in Figure 4 and called an eyeglass twist, of Powell’s proposed generator Dy. We ultimately show
(Corollary 18.4) that if Dy is replaced by the collection of all eyeglass twists, and we include also all
topological conjugates of the other three Powell generators (i. e. conjugates by elements of G(S 3, T)), the
subgroup € C G(S 37) thereby generated is all of G(S 3.7).
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In [Sc3] we show that this leads to the following observation: Suppose T is the standard genus g+ 1
Heegaard surface in S3. Any element of G(S3, T) that acts trivially on a standard genus 1 summand of
T is a consequence of the Powell generators acting on 7. In other words, the Powell Conjecture is true,
stably.

The strategy for the proof of Corollary 18.4 is rather simple: Suppose T is the standard genus g
Heegaard splitting of S3, and 7 € G(S3,T). In [FS1] it is shown that there is a ‘cycle of weak reductions’
capturing 7. That is, given a loop of embeddings Ty,0 < 6 < 27 of T in S> that represents 7, there is a
natural topological way to extract, for generic 6, a pair of properly embedded disjoint essential disks
ag C A, by C B that thereby weakly reduce Ty. Moreover, at the finite number of non-generic points, the
chosen weakly reducing pair does not change much. Since the method of choosing the pair (ag, by) is
topological, it follows relatively easily that (aa., b2,) = (t(ag), 7(bo)). A landmark result of Casson and
Gordon [CG] shows that a weakly reducing pair gives rise to a reducing sphere for 7'; one might naturally
hope that one could track such a reducing sphere K around 6, as was done for the weakly reducing pairs,
and thereby be able to meaningfully compare K with 7(K) and so understand the action of 7.

Sadly, the transition from a weakly reducing pair (a,b) to a reducing sphere involves much choice, so
there is no naturally derived reducing sphere K for 7" as hoped for above. The program here is to find one,
via this natural topological method: Let F c §3 be the surface obtained from 7' by weakly reducing along
the pair (a,b). There is a natural and oft-used way to sweep out S> by level 2-spheres S ; and, given F, a
natural value of s to pick: a value so that the genus of the part of F' lying below S ; matches the genus of
the part above. Could S s be turned into a viable, topologically defined reducing sphere for T that could
play the role of K above?

It turns out that although S itself may not play that role, it does give a recipe for weak reduction that is
robust: it doesn’t change abruptly as T moves through S 3. And as the weak reduction proceeds (as guided
by S) and F becomes more complicated, its complementary components in S> (called the chambers) are
more likely to contain reducible components. Reducing spheres in these reducible components naturally
cut off summands of the original Heegaard surface, and these (inductively) determine an isotopy to the
standard picture that is unique, up to action by €. If no complementary component becomes reducible,
then at the end of the process we fall back on S ; as the required reducing sphere for T (see the second
bullet in the statement of Proposition 10.2).

One can think of the progression Proposition 3.7 — Corollary 3.9 — Corollary 8.4 — Corollary 8.9
— Corollary 17.4 — Corollary 18.4 as guideposts for the argument.

Although the program is easy to describe, the technical difficulties encountered below are complex
since, in effect, they will involve 4 dimensions of sweep-outs. Much of the machinery is new, and then
so is the terminology. We call the attention of the reader to the Index at the end of the paper for a guide
to this new terminology. A plausible strategy for a proof is presented in Section 3, including a rough
overview of the final proof in Subsection 3.3. Some of the argument is not restricted to M = §3, so
perhaps some of the methodology can be useful in understanding stabilized Heegaard splittings of other
3-manifolds as well.

General Remarks: All manifolds will be orientable and, unless obviously not, compact. We mostly
work in the TOP category (locally flat embeddings, homeomorphisms) to avoid discussion of corner
rounding, etc. But at several points (see especially Section 17) we need results from smooth topology.
At those points we will work in the DIFF category. In these dimensions (two and three) the difference
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in categories is immaterial, see for example [Moi]. Unexplained notation in the statement of a Lemma,
Proposition, etc. may well be found in the discussion that immediately precedes it.

2 The eyeglass subgroup

Powell’s proposed generators are expressed in terms of standard genus 1 summands in a canonical picture
of a genus g Heegaard surface in §3. In [FS1, Section 2] some consequences of these Powell generators
are presented that include the Powell generators themselves, but also include more general moves on the
standard genus 1 summands. These more general moves would make sense on any stabilized Heegaard
splitting of any closed orientable manifold, if we drop the requirement that the summands are ‘standard’,
which is not meaningful in the context of arbitrary stabilized splittings. Below is a brief description of
those generalized moves; more detail can be found in [FS1]. In addition, note that the last move described
(an eyeglass twist) is a significant generalization of Powell’s move Dj.

For a Heegaard splitting M = A Ur B define a bubble for T to be a 3-ball b in M whose boundary
intersects 7 in a single essential circle. Via Waldhausen [Wa] we know that any bubble is the boundary
sum of a collection of genus 1 bubbles.

1. A bubble move is an isotopy of b along a closed path in 7 — b that begins and ends at b, returning
(b,bNT) to itself. See Figure 1. Note that if the closed path is null-homotopic in M, which is
automatic if M = S, the bubble move is isotopic to the identity on M, so it represents an element
of G(M,T).

Figure 1: A bubble move

2. Let b be a genus 1 bubble. A flip is the homeomorphism (b,bNT) — (b,bNT) that reverses
orientation of both the meridian and longitude of the summand, as shown in Figure 2. Powell’s
[Po] label for a flip on the first standard summand is D,,. In a genus 1 splitting, where T is a torus,
regard the hyperelliptic involution (S3,7) — (S3,T) as (a degenerate case of) a flip.

3. Let by, by be disjoint genus 1 bubbles, and let v C T — (b; Uby) be an arc connecting them. Let b be
the genus 2 bubble obtained by tubing together the genus 1 bubbles along v. A bubble exchange
exchanges the two genus 1 bubbles within B, as shown in Figure 3. Powell’s label for a bubble
exchange on the first two standard summands is Dy, .
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Figure 3: A bubble exchange

4. An eyeglass is the union of two disks, £,, €, ( the lenses ) with an arc v (the bridge) connecting their
boundaries. Suppose an eyeglass 1 is embedded in M so that the 1-skeleton of 7 (called the frame)
lies in T, one lens is properly embedded in A, and the other lens is properly embedded in B. The
embedded 7 defines a natural automorphism (M, T) — (M, T), as illustrated in Figure 4, called an
eyeglass twist. Powell’s generator Dy is an example, but topologically special because the lenses
are primitive disks in each handlebody.

Figure 4: An eyeglass twist

Let Mod(M, T) be the group of path components of Diff(M, T); it is the Goeritz group G(M, T) when,
as is the case with S3, Mod(M) is trivial [JM].
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Definition 2.1. Suppose M = AUy B is a Heegaard splitting. The subgroup of Mod(M, T) generated by
the four types of moves just described is called the eyeglass group & C Mod(M, T). Any finite composition
of these eyeglass generators will be called an eyeglass move.

When M = S3 call the subgroup of G(S3,T) = Mod(S 3, T) generated by Powell’s proposed generators
the Powell group. Any finite composition of these generators will be called a Powell move.

Remarks: It is shown in [FS1, Section 2] that the Powell group can also be described as the subgroup
of G(S3,T) generated by Dj together with those flips, bubble moves, and bubble exchanges that act on
the standard genus 1 bubbles, not on arbitrary genus 1 bubbles.

It follows that any Powell move (indeed any topological conjugate of a Powell move) is an eyeglass
move. Note also that whereas the Powell group is not known to be normal in G(S 3, T), the eyeglass group
is normal, since any topological conjugate of a generator is a generator.

The Powell Conjecture is that the Powell group is the entire Goeritz group G(S 3, T); we will eventually
show the weaker result that the eyeglass group is the entire Goeritz group. If one could show that each
eyeglass twist and any topological conjugate of a Powell generator is in the Powell group, the Powell
Conjecture would follow. This seems unlikely.

Let M = AUt B be a Heegaard splitting; we briefly review terminology, and make some elementary
observations:

Definition 2.2. A sphere S in M is aligned with the Heegaard splitting if S NT is at most one circle.
Similarly, a properly embedded disk (D,0D) C (M,0M) is aligned with the splitting if DN T is at most one
circle, and, if it is one circle, the annulus component of D —T is a spanning annulus in the compression
body in which it lies. See [Scl], [FS2].

For example, the boundary of a bubble b is an aligned sphere.

Suppose disjoint spheres S and S’ are aligned, and « is a properly embedded arc in T so that
a intersects S exactly in one end of a and intersects S’ only in the other end of @. A thin tubular
neighborhood N = D? x I of a will intersect S US” in the two disks D? x {0, 1}. Delete those disks from
S US’ and glue on the annulus dD? x I.

Definition 2.3. Call the resulting aligned sphere the tube sum of S and S’ along «.

The same construction on S and a disjoint aligned disk D results in another aligned disk, called the
tube sum of D and S.

Ifb and V' are disjoint bubbles, say of genus p and q then the tube sum of db and O’ naturally bound
a genus p +q bubble, called the tube sum of b and V'.

Since a bubble move is an eyeglass move, the tube sum of a sphere or disk with a bubble, and, in
particular, the tube sum of two bubbles, is well-defined up to eyeglass moves; it does not depend on the
choice of a.

Definition 2.4. For D an aligned disk in M and b a disjoint bubble, the tube sum of D and b is an aligned
disk D' properly isotopic to D in M. Replacing D with D' is called a bubble pass of b through D.

Lemma 2.5. Suppose D is an aligned non-separating disk in M, b is a disjoint bubble, and D’ is the disk
obtained from D by a bubble pass of b through D. Then there is an eyeglass move which isotopes D to D’
in M.
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Proof. Let a be the arc between D and db along which the bubble pass is made, and let D’ be the resulting
aligned disk. Since D is assumed non-separating, there is another arc 8 C T disjoint from « so that
0B = da but the end of 8 at D is on the opposite side of D as the end of « at D. Thus the union y = ¢ U
is a path in T — b that passes exactly once through D. Then a bubble move of b via y will isotope D to D’
as required. (See Figure 5. The bubble move of b to itself that carries D to D’ is along the concatenation
loop Ba.) |

A S D

Figure 5: A bubble move of b to itself that carries D to D’

3 The search for a plausible strategy

The proof that G(S3,T) = € will be by induction on the genus of T'; it is known for genus < 3 by [FS1]. In
this section we lay some groundwork and describe (see Corollary 3.12) a special circumstance that makes
the inductive step straightforward. The goal of the rest of the long and technical argument in Sections 4
through 17 is simply to show that conditions sufficiently similar to this special circumstance always arise.

3.1 A technical lemma

The following technical lemma is needed almost immediately for an inductive step:

Let (S3,7) be a genus g > 1 Heegaard splitting and B, be a small ball around a point p € T that
intersects T in a single disk D,. Let B_ be the 3-ball that remains when int(B,) is removed, and
T_=TnB_=T-int(D,). T- is once-punctured genus g surface properly embedded in B_. Let
Mod(B_,T-) be the group of path components of Diff(B_,7T_). (We do not require that a diffeomorphism
f:(B_,T-) —> (B_,T-) € Diff(B_,T-) be the identity on 0B, = 0B_.)

Echoing the definition of bubble move above, define a B,-bubble move B, : (S 3.7)— (S3,T) tobe
the result of an isotopy of (B, D) along a closed path in 7 that returns (B, D)) to itself. It is understood
that D, remains in T throughout the isotopy, so 7 is preserved throughout the isotopy. This means that
the final map g, : (S 3,T) — (S3,T) still represents the identity in Mod(S 3, T). However, the restriction
BplB- : (B_,T_) — (B_,T_) may not be isotopic to the identity and so may represent a non-trivial element
of Mod(B_,T-)

Define £_ C Mod(B_,T-) to be the subgroup generated by B,-bubble moves, together with the flips,
bubble moves, bubble exchanges and eyeglass twists that generate & and whose associated paths, bubbles,
lenses and bridges are disjoint from B, so they all lie in B_.

JOURNAL OF THE ASSOCIATION FOR MATHEMATICAL RESEARCH, 2(2):209-335, 2024 214


https://jamathr.org

GENERATING THE GOERITZ GROUP OF S°3

Lemma 3.1. I[fMod(S3,T) = & then Mod(B_,T_) =& _.

This is a natural statement, and is relevant here because G(S3,7) = Mod(S3, 7).

Proof. Leth_:(B_,T-)— (B_,T-) represents an element of Mod(B_, T-); after an isotopy we can assume
that h_ is the identity near B, = dB_. Extend h- to a diffeomorphism / : (S3,T) — (S3,T) representing
a class in Mod(S3,T) by setting /|B,, to be the identity. Under the assumption Mod(S 3.T) =€ there is an
eyeglass move i’ : (S3,T) — (S3,T) so that ”’h~' : (S3,T) — (§3,T) is isotopic to the identity. We may
as well take the generators of /4’ to lie in B_, since each of these generators has support near a 1-complex
in T and so, by general position, can be chosen to be disjoint from B,,. For example, for an eyeglass twist
choose the frame of the eyeglass disjoint from B), and it becomes a frame in B_; in a bubble move, regard
the bubble as a thin neighborhood in 7" of the bubble’s 1-skeleton, which we can also take to be disjoint
from B,,. Once this is done, the generators give a diffeomorphism 4’ : (B_,T_) — (B_,T_) representing
an element of €_. (There is no claim that 4" is well-defined. In fact a particular choice of 4_ depends on
how the supporting 1-complexes of the generators of 4" have been isotoped away from B,,.)

By construction, the diffeomorphisms #’A~! and id(s3 1, both of which are the identity on B, are
isotopic, but such an isotopy might well move B, so it does not induce an isotopy from W hZ':(B_,T_)—
(B-,T-) to the identity. Our intention is to fix this, by suitably altering 4’. Denote by 6, the isotopy
from 6y = W'h™' : (S3,T) = (§3,T) to 6, = id(ss ry and view 6; as a path in Diff(S3,T). The isotopy 6;
determines a p-based loop @ : [0,1] — T in T via a(f) = 6,(p). Now alter b’ to h”" : (S 3T)— (S3, 1) by
post-composing with a B,-bubble move along the loop @ defined by a(?) = a(1 —1). By definition of
&_, the B,-bubble move h” : (B_,T_) — (B_,T_) still lies in £_. Furthermore, the maps /" and /" are
isotopic as diffeomorphisms on (S3,T), but the isotopy 6; is replaced by an isotopy 6, from 4’h~! to the
identity for which the loop 6;(p) in T becomes the concatenation @, and so is nullhomotopic in 7.

Consider the evaluation map e, : Diff (S 3,T) — T given by ep(f) = f(p). We canregard T as the space
of embeddings Emb(p, T) and deduce from [Pa] that e, is a fibration. In particular, the null-homotopy of
aa to p € T just described lifts to a homotopy rel end points from the arc ; in Diff(S 3,T) to an arc in
Diff(S 3, T) that lies entirely over p. This arc then defines an isotopy 6" from Wh':(S3,T)— (S3,T)
to the identity, but now an isotopy in which the point p is fixed throughout. That is, for every 0 <t < 1
6/'(p) = p.

Finally, we will alter below the isotopy 6" so that for every 0 <t < 1, 6;'(B,,) = B,. This will imply
that the restriction 8 = @”|(B_,T_) is an isotopy from A”’h=' : (B_,T_) — (B_,T-) to the identity, so 1"’
and h_ represent the same element of Mod(B_,T-); since i’ € _ this will conclude the proof.

Here then is a brief sketch of how, using standard tools of differential topology [GP], the isotopy 6"
can be altered so that not just p, but all of B, is mapped diffeomorphically to itself during the isotopy.
The first step is to observe that the derivative of any diffeomorphism f : (S 3T, p)— (S 3T, p) determines
a linear automorphism Df,, of the tangent space of S 3 at p which also sends the tangent space of T at
p to itself. The space of such linear automorphisms deformation retracts to the subspace in which the
automorphism is orthogonal. (Such a deformation retraction can be easily constructed, for example, from
the proof of [Sp, Theorem 4.2].) Via this deformation retraction, continuously alter 6" so that for any
0 <t <1 the derivative D(6;"),, is orthogonal. Once this is done, &’ can be further altered near p so that
each map 6;" becomes itself the orthogonal map D(6;’),, near p. In particular it takes a small ball around
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p diffeomorphically to itself while continuing to preserve the Heegaard surface T . The final step is to
deform 6" so that the ball on which this is true contains the original B,,.
(Aside: when genus(T) = 1, B,-bubble moves are not needed, per [EE, Theorem 1b].) O

A bubble exchange between genus 1 bubbles b; and by, as shown in Figure 3, takes place in the
neighborhood of b; Ub, Uv, where v is an embedded arc in T that connects the bubbles. A more general
operation, which we will call a generalized bubble exchange, isotopes b; to by along an arc v; C T while
simultaneously isotoping b, to b; along an arc v, C T disjoint from v;. A generalized bubble exchange is
a simple bubble exchange if the arcs vy, v, are parallel in T

Lemma 3.2. Any generalized bubble exchange is an eyeglass move.

Proof. A generalized exchange of bubbles b; and b, using arcs v; and v; (first column of Figure 6) can
be written (see second column of Figure 6) as a composition of the simple bubble exchange along v; and
a bubble move of b, along the closed path v; Uv,. Each of the latter is an eyeglass move. m|

Following Lemma 3.2 we will use the term “bubble exchange” to include generalized bubble exchange,
unless the distinction is important.

by by /\
@

Vi
viUvy

/\.
P e
O O
O O

Figure 6: Generalized exchange as an eyeglass move

3.2 Resuming the search for a strategy

We begin by setting up a standard picture for the genus g Heegaard splitting of S3 that is somewhat
different than the one used by Powell. Let T, C § 3 be the standard genus g Heegaard surface in S°,
dividing S into the genus g handlebodies Ag and B,.
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Let {c1,...,cg—1} be the disjoint separating circles on Ty shown in Figure 7, with each ¢; separating the
first i standard summands from the last g —i standard summands. Note that each ¢; bounds a disk in both
A and B and so defines a reducing sphere S; for T,. Let b; be the genus i Heegaard split 3-ball component
of $3-85; containing S ;. Both b; and its complement S 3 _p; are bubbles.

Figure 7: The standard Heegaard surface T, C S 3

It is easy to construct a sequence of (generalized) bubble exchanges (and perhaps a flip) that ultimately
moves each bubble b;, 1 <i < g— 1 to the bubble 3 — b,_;. The sequence is best seen in the elaboration
Figure 8 of Figure 7 that we now describe. The unit sphere S in S? is shown intersecting the x-y-plane,
with the z-axis coming out of the page. Denote by C the unit circle in which § intersects the x-y-plane.
For g = 2n or 2n —1 (depending on the parity of g) consider n planes Qy,..., 9, parallel to the x-z plane
(horizontal planes in the figure) starting at Q; the x-z plane itself and ascending from there. Each
Qi,1 <i<n-1intersects S in a circle d;; d,, = S N Q, is either a circle or a point, depending on the parity
of g. Place a genus 1 bubble (shown in green in the figure) on S at each point of d; N C. The curves c; that
separate the bubbles, as shown in Figure 7 may be taken to be the intersection of vertical planes (that is,
planes parallel to the y-z-plane) Py, ..., P;_1. These planes are distributed symmetrically across the y-z
plane and are shown in red in Figure 8. In this picture, simple -rotation around the y-axis will take each
c; to cq—; and each genus i bubble b; to the bubble § 3 by;, as we seek.

It remains to show that (up to pairwise isotopy of (S3, T,)) this  rotation, which we will denote &,
can be accomplished by generalized bubble exchanges and perhaps a flip. This is easy to see; for each
1 <i < ndo a generalized bubble exchange between the two bubbles that lie in d; (or a flip on the single
bubble in d,, if g is odd) using the subarc of d; having z positive (the front face of the sphere ') for one
arc of the exchange and the subarc of d; on the back face of S (z negative) for the other arc. Since each
generalized bubble exchange (and the flip) is an eyeglass move, A, is an eyeglass move. (In fact, since the
bubbles are standard, &, is a Powell move.)

Suppose T C S3 is a genus g Heegaard surface, and A,/ : (S3,T) — (S 3,Tg) are two orientation-
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Figure 8: h, as sequence of bubble exchanges (g odd)

preserving homeomorphisms.

Definition 3.3. /,h’ are eyeglass equivalent (written & ~ /") if the composition Wh':(S3, Ty)— (S 3, T,)
is isotopic in (S3, T,) to an eyeglass move.

For example, the argument above shows that 4, is eyeglass equivalent to the identity.
Throughout the remainder of this section we continue to make this inductive assumption:

Assumption 3.4. G(S3,T") = € whenever genus(T’) < g— 1.

Lemma 3.5. Suppose S is a reducing sphere for a genus g Heegaard splitting (S3,T). Then there is an
orientation preserving homeomorphism hg : (§3,7)— (S3, T,) sothat hs(S)e{S;,i=1,..,g—1}.

Suppose that S’ is a reducing sphere for (S3,T) that is disjoint from S and hs : (S3,T) — (S3, T,)is
similarly defined, so that hg:(S’) € {S;,i = 1,...,g — 1}. Under Assumption 3.4, the homeomorphisms hg
and hg: are eyeglass equivalent. In particular hg is well-defined up to eyeglass equivalence.

Proof. The first statement follows almost immediately from [Wa], as we now describe. S divides T
into surfaces 7. of genus g. > 1 respectively, with g, + g_ = g. Choose any orientation-preserving
homeomorphism f : S° — §3 that carries S to § ¢. and the complementary ball component of S that
contains T, to the ball bg, . Adjust so that the circle TN S is sent to ¢g, CSg,. Then f(T,) and Ty ND,,
each determine a genus g, Heegaard splitting of be, and [Wa] then implies that the surfaces are isotopic
rel ¢, . Similarly isotope f(7_) to T, N (S> =Dy, ) in (S* — by, ). The resulting homeomorphism /5 takes
S toS,, and T to Ty, as required.

Note that this construction subtly depends on a choice: if we had reversed the labels g. then the
requirement that 7', be sent to b, would have sent S to S,_ instead of Sg,. But this could also be
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accomplished by composing with the homeomorphism 7, defined just before this lemma, and we have
shown that 1, ~ id(s3 r,). So the choice of labelling makes no difference in the construction of /s, up to
eyeglass equivalence.

Proceeding then with the second statement, we first claim that g is well-defined up to eyeglass
equivalence. To that end, suppose another orientation preserving homeomorphism /4’ : (S3,T) — (S?, T,)
has #'(S) €{S;,i=1,...,g—1}. Using possibly h, as above, we may as well assume hg h"l(bg+, T,,)=
(be,,T,,). Noting that g, < g, apply Lemma 3.1 and Assumption 3.4 to the pair (b, , T, ) with the goal
of showing that there is an eyeglass move on (S >, T,) which, when composed with hg h'~1, is the identity
on b, and remains hsh’~! on §° —b,, . Lemma 3.1 says that, under the inductive assumption, this is true
for some move hgy : (bg,,Tg,) — (b, ,Ty,) in E_. By definition, each flip, bubble move, bubble exchange
or eyeglass twist used in the construction of 4, is also an eyeglass move on (S 3, T,). On the other hand,
amove in &_ corresponding to a B, bubble move in the proof of Lemma 3.1 here corresponds to a bubble
move on the bubble S3 — b,, in (S 3, T,), and this is also an eyeglass move. So indeed there is an eyeglass
move as we seek. Now apply the same argument on the complementary ball S> — b, and deduce that
hsh'~! is an eyeglass move on (S 3, T,), so I’ is eyeglass equivalent to hg, as desired.

Now consider the reducing sphere S’. We may as well choose labels g. so that hg(S”) C b, . Let
by = hgl(bg+), a genus g, bubble for (S3,T). Apply the first statement again, this time to Ag|bs : (bg,T4) —
(bg,,Tg,), and deduce that hg|bg, could have been chosen so that Ag(S") = §; for some i < g, that is
hs(S")e{S;,i=1,...,g+}. The same is true, by definition, for the given hg-. The argument we have just
given that hg is well-defined up to eyeglass equivalence, repeated now for hg/, shows that Ag ~ hg- as

required.
The last comment, that under the inductive assumption Ag is well-defined up to eyeglass equivalence,
follows simply by taking S’ to be a parallel copy of S in the previous argument. m|

Our goal is to show that for any genus g Heegaard surface T in §3, G(S3,T) = €. Another way of
expressing this is that any two orientation preserving homeomorphisms (S3,7) — (S?3, T,) are eyeglass
equivalent.

Suppose F c 3 is a possibly disconnected closed surface, dividing S into possibly disconnected
3-manifolds M4 and Mp. Suppose further

1. Each component C of My has a Heegaard splitting C = Ac Ur,. B¢ in which A is a handlebody. In
particular, dC = d_B¢. Here we follow [FS2] and [Sc1] in allowing sphere components of d_Bc,
so the compression body B¢ may be reducible.

2. The symmetric statement is true for each component of Mp.

3. The splitting of each ball component of M4 or Mp has genus > 1. Hence any component that has
a genus 0 splitting is a punctured 3-sphere (since it has genus 0) with more than one boundary
component (since it is not a ball).

4. The Heegaard splitting (S 3, T) that is obtained by amalgamating all of these Heegaard splittings is
of genus g. (See [La, Section 3] for a description of Heegaard surface amalgamation.)

The defining surface F C S, together with the Heegaard splittings of M, and Mp as described above,
will be called a Heegaard split chamber complex that supports the Heegaard splitting (S3,7T). Each
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component of M4 or Mp is called a chamber. Heegaard split chamber complexes are formally defined
and explored more extensively in section 5. (See for example Definition 5.9)

Before proceeding we list some Elementary Facts about surfaces and amalgamation that will be
useful:

e EF1: A compact surface is non-planar if and only if it contains two simple closed curves that
intersect in a single point

o EF2: Consequently, if F' is subsurface of a compact surface F’ and F' is non-planar, then so is F”.

e EF3: If F is a non-planar surface and F’ is obtained by removing a finite number of disjoint disks
from the interior of F (that is F” is a punctured F), then F’ is non-planar.

o EF4: Suppose Heegaard splittings (M1, T1), (M»,T>) of compact orientable 3-manifolds M and M,
are amalgamated along a closed surface F' that is a boundary component of each. Then a punctured
copy of F'lies in each of T, 7T, and the amalgamated Heegaard surface T ¢ M = M| Ug M,. See
[La, Figure 12]. In particular, if F is non-planar, so are 71,7, and T

e EF5: Under the amalgamation just described, a punctured copy of each 7;,i = 1,2 lies in 7. In
particular, if either 7; is non-planar, so is 7. Again see [La, Figure 12].

Lemma 3.6. Suppose, in a Heegaard split chamber complex in S> as described above, S is a sphere
component of F. Then, after amalgamation, a slight push-off of S becomes a reducing sphere for the
splitting (S3,T), intersecting T in a single circle that is essential in T.

Proof. We first show that after amalgamation the part of T lying in each of the ball components of S —§
must contain a non-planar surface. There are two cases:

If every chamber within a ball B bounded by § is a punctured 3-sphere, then every component of F
within B is a sphere. Pick a sphere (possibly S itself) that is innermost among these components. The
ball it bounds contains no other component of F and therefore is a ball chamber. By the third property of
Heegaard split chamber complexes described above, the splitting surface for this ball chamber has genus
> 1 and so is non-planar. It follows that 7' N B is non-planar, using EF5 above.

On the other hand, if there is a chamber in B that is not a punctured 3-sphere then a boundary
component of the chamber is non-planar, so again 7' N B is non-planar, using EF4 above.

We now follow the methodology of [CG]: after amalgamation S becomes a punctured sphere lying in
T with some of its boundary components bounding disks in A and others bounding disks in B. Choose a
circle ¢ C § that divides S into two disks: D4 that contains all disks of § — T that lie in A and Dp that
contains all disks of § —7 that lie in B. Push int(D,4) slightly into A and int(Dp) slightly into B. The
resulting sphere S’ intersects 7 only in the circle c. As we have just shown, each of the two components
of T — S’ contains a non-planar surface, namely the part of T lying in a ball component of §3 — . Thus
neither component of 7 — S is planar so, in particular, neither component is a disk. Hence S’ is a reducing
sphere for T and ¢ = S’ NT is essential in 7. O

Proposition 3.7. Suppose, for the Heegaard split chamber complex above, S is an incompressible sphere
in a chamber of My or My. Then there is an orientation preserving homeomorphism hs : (S3,T) —
(83,T,) so that hs(S) €{Sii=1,...g— 1}
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Moreover, suppose for T € G(S>,T) a homeomorphism hrs) is similarly defined, for the Heegaard
split chamber complex whose defining surface is T(F). Then, under Assumption 3.4, hxsyt ~ hg.

Proof. Let C be the chamber in which S lies, say C C M4, so C = Ac Ur,. B¢ with Ac a handlebody.

The main theorem of [Scl] says that the Heegaard surface T¢ in C may be isotoped so that it is
aligned with S, that is so that it intersects S in at most one circle.

Claim: When § is aligned with T¢ in C and the Heegaard surface T C S is created by amalgamation
of the splittings of the chambers, S becomes a reducing sphere for the splitting (S >, T).

There are three cases to consider:

Case 1: T¢ cannot be isotoped in C to be disjoint from S .

S is aligned with T¢, and in this case T¢ NS cannot be empty, so this intersection must be a single
circle c. Furthermore ¢ must be essential in 7¢: Indeed, if ¢ bounded a disk Dy C T¢ then the union of
Dr and the disk $ NA¢ would be a sphere in the (irreducible) handlebody A¢, and the ball the sphere
bounds could be used to isotope D7 through S NA¢ and so off of S, contradicting the hypothesis of this
case.

Since S is separating in S3, the curve ¢ is separating in T¢. Since c is essential in T¢, neither
component of T¢ — ¢ is a disk, so both components are non-planar surfaces. By the argument of EF5
above, each side of c in T is then non-planar, so c is essential in 7. Under amalgamation, the disk S NA¢
becomes a disk in A.

It is easy to arrange that, similarly, the disk S N B¢ remains a disk in B after the amalgamation: isotope
the disk S g =S N B¢ so that it intersects the defining B—disks for the amalgamation B C B¢ only in arcs.
Then S g intersects B¢ —n(B), which is a collar of dC in B¢, only in disks, namely the complement in
S p of the arcs S 5N B. Finally, properly isotope the disks S g —(B) so that they avoid the A-disks of the
amalgamation, so S g ends up entirely in B. Then § is the union of two disks, S4 C A and S p C B along
their common boundary ¢, an essential circle in 7. Hence S is a reducing sphere for (S3,7).

8,Bc =Tc

0-Bc
Figure 9: A spine X (in aqua) of B¢ intersecting S in a single point.
Case 2: T¢ can be isotoped in C to be disjoint from S and genus(7¢) > 1.
Since the chamber C € My, Ac is a handlebody and so is irreducible. Hence if S is disjoint from

T¢ it must lie entirely in the compression body B¢. This implies that B¢ is reducible, so 0-B¢ contains
spheres, some of which lie on the other side of S from T¢ = 9, B¢ in B¢. Let S ¢ C 0_Bc be one of them.
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Since § separates S ¢ from T¢ in B¢, any spine of B¢ intersects S, and there is some spine X of B¢ that
intersects S in a single point (as pictured in Figure 9). Now isotope T¢ to be a neighborhood of that
spine, so it intersects S in a single circle c. Amalgamation happens well away from S, so S also ends up
intersecting T in c. The circle ¢ divides T¢ into a disk, on the side of S containing S ¢, and a positive
genus surface on the other, since by assumption genus(7¢) > 1. By Lemma 3.6 the part of T that lies in
the ball in S bounded by S ¢ (not visible in Figure 9) also has genus > 1. Hence each of the surfaces into
which S divides T has genus > 1, so S is a reducing sphere for 7. Moreover the spine X has been chosen
so that the disk S N B¢ is one of the defining disks for the amalgamation, so it automatically persists as a
disk in B after amalgamation. Thus S becomes a disk intersecting 7 in the single essential circle ¢ and so
a reducing sphere for (S3,7).

Case 3: T¢ can be isotoped in C to be disjoint from S and genus(7¢) = 0.

By assumption (3) on F above, C is a multiply punctured 3-sphere. Since S is incompressible in T,
each side of S in T¢ contains some of the punctures, i. e. some sphere components of d_C. Just as in
Case 2, applying Lemma 3.6, T¢ can be isotoped to intersect S in a single circle and the part of 7 lying
on each side of S must have positive genus, so S is a reducing sphere.

This establishes the Claim; the proof of the first statement then follows from [Wa].

The proof of the second statement follows from the observation that hg @) elSni=1,.., g—1}
so for hy(s) we could take hst~!. So, under the inductive assumption, Lemma 3.5 says that any other
choice of h(s) is eyeglass equivalent to hg =1 or hes)T ~ hs. O

Proposition 3.8. Suppose S and S’ are not necessarily disjoint spheres, each in possibly different
chambers of My or Mp and each is incompressible in the chamber in which it lies. Suppose h = hg :
(S3,7) > (S3, T,)and i’ = hg: : (S 3T) - (S3, T,) are homeomorphisms as described in Proposition
3.7, so, in particular, S and S’ are both reducing spheres for (S3,T). Under Assumption 3.4, the
homeomorphisms h and i’ are eyeglass equivalent.

Proof. The proof is an examination of interlocking special cases.

Case 1: S and S’ are isotopic rel 7.

In this case S and S’ both divide T into components 7. of genus g. > 1 where g, +g_ =g. It
follows that A(S) = S, or S,_, say the former. After perhaps composing with the homeomorphism
hy (S 3 ,Ty) — (S 3 T,) defined before Lemma 3.5, we may as well assume that also 4'(S") = S, , so
W h~! leaves S ¢. invariant. Apply Lemma 3.5 to two copies of S, ; the homeomorphism Ih~'; and the
identity homeomorphism id(ss 7). Deduce that Wh!~ id(ss r,)- Hence h ~ n.

Case 2: S and S’ both lie in the same chamber C of §3 — F and there is an eyeglass move of T¢ in C
which carries S to S”.

As discussed in the proof of [FS2, Theorem 5.1], the handle slides that define the eyeglass move in C
determine, up to eyeglass twists, parallel handle slides in T after amalgamation. So in this case there is
also an eyeglass move of 7 in S that carries S to a sphere isotopic to S’ rel 7. The proof of Case 2 then
follows from Case 1.

Case 3: S and S’ are disjoint.
Apply Lemma 3.5.
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Case 4: S and S’ both lie in the same chamber C and are isotopic in C.

The main theorem of [FS2] says that there is a sequence of reducing spheres for T¢ starting at § and
ending at S’ so that each successive pair is either isotopic rel T¢, differ by an eyeglass move in (C, T¢), or
are disjoint, because they differ by a bubble pass in 7. The result then follows from Cases 1, 2 and 3.

Case 5: S and S’ are isotopic in S — F to disjoint spheres.

If S and S’ lie in different chambers of S — F the result follows from Case 3. Suppose S and S’
lie in the same chamber C of S — F and can be isotoped in C, but not necessarily rel T¢, to be disjoint.
According to the main theorem of [Sc1] the Heegaard surface T¢ can be aligned with the sphere set
S US’, so that the S and S’ become disjoint reducing spheres for T¢. This new alignment of S and S’
may change & and /', but by Case 4 the eyeglass equivalence class of the homeomorphisms will not
change. The result then follows from Lemma 3.5.

The general case If S and S’ lie in different chambers of S3 — F the result follows from Case 3.
Suppose they lie in the same chamber C. Ignoring 7T¢ for the moment, recall that in classic 3-manifold
theory a standard innermost disk argument shows that there is a sequence of incompressible spheres in C
beginning with S and ending with S’ so that sequential spheres are isotopic in C to disjoint spheres. The
result then follows from Case 5. O

The following corollary is then a summary:

Corollary 3.9. Suppose in a Heegaard split chamber complex (with notation as in conditions (1)-(4)

preceding Lemma 3.6), the manifold S* — F contains an incompressible sphere, then under Assumption

3.4, F determines a natural eyeglass equivalence class hy of homeomorphisms (S3,T) — (S3, Ty).
Moreover, for T € G(S3,T), ilT(F)T = hp.

Proof. Choose any incompressible sphere S in S3 — F and let hs : (S°,T) — (S 3, T,) be a homeomorphism
as given by Proposition 3.7. Then Proposition 3.8 shows that, up to eyeglass equivalence, As is independent
of any choice, including the choice of incompressible sphere S. The last sentence follows from the last
sentence of Proposition 3.7. O

To simplify (but slightly abuse) notation, we will often use hf : (§3,7) - (S3,Tg) to denote any
representative of the eyeglass equivalence class . With this notation the last sentence of 3.9 would be
]’lT(F)T ~ hF.

Definition 3.10. Suppose there are two Heegaard split chamber complexes in S> with corresponding
associated surfaces F,F’ C S* and each Heegaard split chamber complex supports the same Heegaard
splitting surface T for S3. Suppose each of S> — F and S3 — F’ contains an incompressible sphere, so
(eyeglass equivalence classes of) homeomorphisms hp,hg : (S3,T) — (S3, T,) are defined. If hy ~ hp:
then F and F’ cocertify.

(This definition will be expanded later, see comments following Definition 8.2.)
Lemma 3.11. Suppose, in Definition 3.10 F ¢ F’ and a component C' of S — F’ contains an incom-

pressible sphere S that is also incompressible in the component C > C' of S® — F in which it lies. Then F
and F’ cocertify.
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Proof. Via [Scl] isotope in C the incompressible sphere to a sphere S C C that is aligned with T¢. By
the Claim in the proof of Proposition 3.7 § becomes a reducing sphere for the splitting (S3,7’) after
amalgamation. Similarly isotope S in C’ to a sphere S’ C C’ that is aligned with T¢» and again conclude
that S’ upon amalgamation becomes a reducing sphere for (S3,7). Then by definition hg, € hp and
hs € hp. Since C’ c C, the isotopies of both S and S” to alignment take place in C so, by Proposition 3.8,
hs: also represents hp. Since hp and Ay have the representative ig- in common, they cocertify. O

Corollary 3.12. Suppose F c S3 is the surface associated with a Heegaard split chamber complex that
supports T. Suppose T € G(S3,T). If the Heegaard split chamber complexes given by F and T(F) cocertify,
then T € €.

Proof. Corollary 3.9 shows that A ~ hr(r)T. On the other hand, the assumption that F* and 7(F) cocertify
implies that i.(r)7 ~ hp7. Hence hp ~ hpt or idg3 1) ~ 7, as required. m]

3.3 An overview of the argument

Corollary 3.9 suggests a line of attack towards proving G(S3,T) = &: For each 7 € G(S3,T), find a
Heegaard split chamber complex in S* with associated surface F so that

o the Heegaard split chamber complex supports 7'

e some chamber contains an incompressible sphere and

o hp ~ hyp).

There are three conditions required for this example to work that are difficult to realize:

1. The Heegaard splitting of each ball chamber has genus > 1, as required by the definition of a
Heegaard split chamber complex. This property is needed to show, as in Lemma 3.6 and Proposition
3.7 above, that an incompressible sphere in a chamber determines a reducing sphere for 7.

2. Some chamber contains an incompressible sphere
3. The Heegaard split chamber complexes derived from F and 7(F) cocertify.

Section 1 gave a brief description of how the second requirement is addressed in the general case:
given a position of T in §3, a pair of weakly reducing disks is found for T, with weak reduction defining
a chamber complex. Next a particularly useful level sphere (a ‘guiding sphere’, see Section 9) S is
found, and innermost disks in S — 7 are used to decompose the chamber complex into a typically more
complex one. The process is repeated until all circles of intersection are removed. It will be shown that
at some stage in this disk decomposition process a chamber will contain an incompressible sphere or a
sphere that is equally useful for determining an eyeglass equivalence class of homeomorphisms from
(S3,T) - (S3,Ty). (See Definition 8.2 of a certificate.)

This process raises many technical questions: How to find a guiding sphere whose associated disk
decomposition sequence must issue a certificate, Section 10. How to ensure, for a given sphere, that the
certificates issued during this process cocertify, Section 8. The most difficult problem is showing that a
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different choice of such a sphere will result in an equivalent certificate. This takes many steps, occupying
Sections 11 through Section 17. The philosophy behind these steps borrows heavily from [FS1] (see next
paragraph): the guiding spheres are isotopic in S through appropriate guiding spheres (Section 17) and
such an isotopy between them can be broken into small steps, each of which either adds to, subtracts
from, or delays a single disk in the associated disk decomposition sequence. We then examine the effect
of each such minimal change. The upshot is that, up to cocertification, the certificate issued depends only
on the Heegaard split chamber complex itself, and not on the choice of guiding sphere.

To address the third requirement, that is, to show that the Heegaard split chamber complexes derived
from F and 7(F’) cocertify, we construct a sequence of Heegaard split chamber complexes beginning with
F and ending with 7(F) so that each successive pair cocertify, see Section 18. The heavy lifting for this
part of the argument was done in [FS1]. Recall that a Heegaard split chamber complex is derived from a
Heegaard splitting (S3,7) by weak reduction, see Section 5. In [FS1] a series of pairs of weakly reducing
disks is found so that, roughly, the resulting Heegaard split chamber complexes are a series beginning
with some F and ending with 7(F), see Section 18. Moreover, successive pairs of weakly reducing disks
are related in such a way that Proposition 17.8 guarantees the resulting Heegaard split chamber complexes
cocertify. So in the end F and 7(F) cocertify and the third requirement above is satisfied.

This leaves the first requirement, that each chamber in the chamber complex comes with a splitting
surface of genus > 1. Establishing this is particularly vexing, and adds great technical complexity to the
argument, for reasons we now describe:

It is necessary to eliminate, whenever they arise, any ball chambers that have genus 0 splittings. In the
argument below these will be the ball chambers (called goneballs) that are absorbed into the surrounding
chamber and so their bounding spheres disappear from F. Goneballs can arise in troublesome ways: a
chamber that is a handlebody at one stage can be cut up by a disk decomposition to become a collection
of balls; if the handlebody had trivial Heegaard splitting, the resulting balls will be goneballs and their
boundaries need to be deleted from F. Since chambers may be deleted in this way, what is to prevent F/
from disappearing entirely, as pieces are cut up in this manner? We will show that unless the chamber
complex is of a particularly simple type, called tiny, its defining surface will never completely disappear,
see Subsection 5.4.

There is an additional but related complication: it is a classical result that a non-trivial Heegaard
splitting of a ball or handlebody chamber is stabilized, that is it will contain bubbles (standard genus
one summands). It follows from [FS2] that disk decomposition of a Heegaard split chamber gives a
Heegaard splitting of the resulting chambers, but it is defined only up to eyeglass moves and passing
bubbles through the decomposing disks. As noted above, it will be important to know if a newly created
handlebody chamber could have trivial Heegaard splitting, so we want to flag handlebody chambers that,
because of how they arise, are known to have non-trivial splittings. This gives rise to the notion of flagged
chamber complexes: the exact Heegaard splitting of each chamber is typically unknown, but certain
handlebody chambers (including ball chambers) are flagged as necessarily having non-trivial splittings.
See Section 7.

Following this informal overview, we begin the more formal argument.
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4 Chamber complexes and disk decomposition

Suppose M is a compact orientable 3-manifold. Let F c S3 be a (typically disconnected) closed surface
in int(M) that divides M into two typically disconnected 3-manifolds M4 and Mp, with each component
of F incident on one side to M4 and on the other to M. Call the collection C = (F, M4, Mpg) a chamber
complex with defining surface F = F(C). Each component of M — F is called a chamber, with those in
M, called A-chambers and those in Mp called B-chambers.

A Heegaard splitting M = AU7 B is a familiar example of a chamber complex in M, with C = (T, A, B).
A Heegaard splitting belongs to a class of chamber complexes, called tiny, that, for our purposes, contain
too little information to be useful. However, a Heegaard splitting together with a pair of weakly reducing
disks (see Section 5 below) does produce a possibly useful chamber complex, through a process called
disk decomposition, or, more formally, chamber complex decomposition, which we now describe.

Phase one of disk decomposition: For C a chamber complex in M, let ‘D be a collection of disjoint
properly embedded disks, some perhaps inessential, in the chambers of C, with 9D disjoint from oW,
so D c F. We will call D a disk set in C. Let Fp C M be the surface obtained by doing surgery on
F(C) along the disks D, and denote by @@ the associated chamber complex M — Fp. (The reason for the
circumflex will be given shortly.) In particular, the surgery alters M4 by deleting a bicollar neighborhood
of each disk in D N M, and adding a bicollar neighborhood of each disk in D N Mp. The symmetric
statement applies to Mp.

Each disk D in D is the core of a 2-handle used in the surgery as just described. The bicollar
neighborhood of dD in F will be called the belt annulus of the surgery; the two copies of D in Fqp that
are the result of the surgery are called the scars of D. Let C’ be a chamber of Cp and D € D a disk which
leaves a scar or two on AC’. If the disk D lies outside the new chamber C’ then so does the associated belt
annulus and we call the scars external scars on dC’. If the disk lies inside C” we call the scars internal
scars on dC’. Clearly if D leaves one internal scar on C’ it will leave two, since the associated belt
annulus lies in C’, but the two internal scars may be on different components of dC’.

One can think of a chamber C of Cyp as obtained in two stages: it starts as the complement C_ of a
bicollar of D N C in a chamber C of D, a result of surgery on D N C. Then 2-handles are added along
those disks in D that are incident to AC but lie outside C. The chamber C is called a remnant of C, even
though strictly speaking it doesn’t lie entirely inside of C.

Phase two of disk decomposition: Among the components of the surgered surface Fp may be
spheres that bound balls in M. In the second phase of disk decomposition a collection of these balls is
chosen and, for each ball G C M in the collection (henceforth called a goneball) all components of Fg
that lie in G , including the sphere dG, are removed from F'p,. Whether a ball in M bounded by a sphere
in Fp will be chosen to be a goneball of the decomposition is a delicate and important part of the theory.
(See, for example, Rules 4.4 and 5.6.) After eliminating all components of Fp that lie in goneballs, call
the resulting chamber complex Cp (note: no circumflex).

Any chamber Cp in the chamber complex Cy, is obtained from a chamber Cp in Cy) by attaching
balls, each corresponding to a goneball for the decomposition. We then say that Cp is a remnant of the
chamber C in C if Cp is a remnant of C in @@. Notice that a chamber C in C may have no remnants
in Cp. For example, C might be handlebody for which D contains a complete collection of meridian
disks, so the remnants in Cy) are all balls. If these all happen to be declared goneballs, then there are no
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remnants of C in Cp.

For C,D, F,Fp,Cqp and Cop as above, suppose F’ is a component of the surface Fyp such that one
of the complementary components W of F’ in M is a handlebody. (A ball is considered a genus 0
handlebody). W is not necessarily a chamber of Cq), but rather the union of those chambers that lie within
it.

Definition 4.1. The handlebody W is disky if each component of F Nint(W) is a disk.
Lemma 4.2. If W is disky then

1. No component of F lies entirely in the interior of W.

2. Each component of Fy that lies in the interior of W is a sphere.

3. Suppose D € D lies in the interior of W. Then the corresponding two scars do not lie on the same
component of the surface Fo.

Proof. Take the statements in order:

1) Each component of F is a closed surface, so none can be a disk.

2) Suppose F” is a component of F'py that lies in the interior of W, and let F”’ be the compact surface
obtained from F”’ by deleting the interior of all scars of the disk surgery that lie in F’”’. Then F” lies in
a component of F Nint(W) and, by assumption, this component is a disk. Hence the surface F”’ has no
genus, so neither can F”’. See Figure 10.

3) Suppose the two scars left by surgery on a disk D € (D Nnint(W)) were on the same component F”’
of Fp. If F”” = F’ then the belt annulus for the surgery is a component of F Nint(W) that is not a disk,
contradicting our assumption that W is disky. Similarly, suppose F’’ were in the interior of W, and let
a be an arc in F”’ running between the two scars. Then the union of the belt annulus and a collar of «
would be a punctured torus lying in some compongnt of F Nint(W), so that component cannot be a disk,
again contradicting our assumption that W is disky. O

w

Figure 10: Construction of F”’ in proof of Lemma 4.2 (2)

Lemma 4.3. Suppose the handlebody W is disky, and F”' is a component of Fq that lies in the interior of
W. Then F' bounds a disky ball in W.

JOURNAL OF THE ASSOCIATION FOR MATHEMATICAL RESEARCH, 2(2):209-335, 2024 227


https://jamathr.org

MARTIN SCHARLEMANN

Proof. By Lemma 4.2 any such component F”’ is a sphere and, since the handlebody W is irreducible, it
will bound a ball in W. The issue is to show that such a ball is disky. By assumption, F' Nint(W) consists
of a collection E of disks; if E = () then there are no components of Fp in the interior of W and there is
nothing to prove.

Otherwise, since E lies inside W, the annulus in E adjacent to any circle ¢ € 9E is a belt annulus for a
surgery disk D € D that lies in W, with one of its scars on 0W. Let Dy C D be the subset of disks that lie
in W; we now induct on n = |Dg| > 0.

Let Dy € Dy be a disk whose boundary is innermost in £ among the circles 3Dy; let Eq be the subdisk
of E that it bounds. Since W is irreducible, the disks Dy and Ej together bound a ball By in W. The
ball is disjoint from F by Lemma 4.2, so we can think of Dy as just being parallel to Ey, via the ball
By. Inductively apply the lemma to D’ = D — Dy, creating a collection S of spheres, each of which, by
inductive assumption, bounds a disky ball in W.

Finally, do surgery on the disk Dg. The result of the surgery is two-fold: The ball By bounded by Ej
and a copy of Dy becomes a ball chamber that is disky because it is empty. And the sphere S|) in " that
contains Ej is altered, in effect, by isotoping Ej across By to the other copy of Dy. Depending on which
side of S|, the disk Dy lies, this change in S | may add the disk E( C F' to the ball that S bounds in W.
But since Ej is a disk, it does not change the fact that the ball is disky. See Figure 11. O

Figure 11: Eo C F in the interior of ball bounded by S ;. (Figure not incorporating decomposition by
D’ =Doy—Dy.)

The decision process that will be used to decide if sphere components of Fp in a chamber complex
decomposition bound goneballs will have certain properties. The ultimate decision process is subtle,
but some of those properties can be described already. At this point, view them as rules that disk
decompositions follow; later it will be shown that the decision process that will be used satisfies these
rules. To that end, declare the rule:

Rule 4.4. In a chamber complex decomposition, only disky balls can be goneballs.
Following Lemma 4.3 we then have

Corollary 4.5. In the second phase of a chamber complex decomposition, any component that is removed
from Fq is a sphere that bounds a disky ball.
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Continue with C,D, F, F’ D,@@ and Cp be as above. Denote the two-stage operation of chamber
complex decomposition just described by

D
C — Cop.

The next rule limits the amount of disturbance caused by adding or removing a single disk from the
chosen disk set.

Rule 4.6. Suppose D is a disk set in C, D € D, and D_ is the disk set D — D. Let S be a sphere component
of Fp that does not contain either scar from D. Then S bounds a goneball in Cyp if and only if it bounds
a goneball in Cp_.

Corollary 4.7. Suppose D consists of a single disk. Then a sphere in Fq that does not contain a scar of
D does not bound a goneball.

Proof. Since D_ = () such a sphere would necessarily be a component of F' = F'p_ and so does not bound
a goneball in C = Cp_. By Rule 4.6 it does not bound a goneball in Cp. O

An example of a decision process that satisfies both rules is to simply declare each disky ball to be a
goneball. For example, it satisfies Rule 4.6 because a sphere S C F'p not containing either scar will also
be in Fp_ and a ball it bounds is disky in either Cp or Cq_ if and only if F intersects the ball only in
disks. Unfortunately declaring each disky ball to be a goneball would be too broad for our purposes; too
much information would be lost. But the rules so far do suffice to prove an important property:

Proposition 4.8. Suppose C is a chamber of C so that every remnant of C in Cq is a disky handlebody.
Then C is a handlebody.

Proof. We proceed by induction on |D|, noting that if D = () there is nothing to prove.

Case I: There is a disk in D whose boundary is inessential in dC.

In this case, let D be a disk whose boundary is innermost among all such disks, let E be the disk
in dC — D bounded by dD. Push int(E) slightly into the chamber of C on the opposite side of D. That
chamber is either C” if D lies in C (the top row of Figure 12) or C itself, if D lies in a chamber C’ adjacent
to C (the bottom row of Figure 12). Consider the sphere S = DU E, lying either in a remnant of C’ or a
remnant of C, and in either case parallel in that remnant to a sphere component S’ of Fop.

Claim 1: With the proper choice of D for the construction above, S bounds a ball Bg in M containing
S’. Moreover, if D lies in C’, so S is in a remnant of C, then the subball of Bg bounded by S’ is a
goneball.

Proof of Claim 1: Suppose first that S lies in a remnant C.. of C’, so D lies inside C, as in the top
panel of Figure 12. Then S is a sphere in the boundary of a chamber C, of Cy, that is a remnant of C. If
C, is a goneball the claim follows. If instead C, remains as a chamber in Cp, C, must be a ball, since
every remnant of C in Cyp is a handlebody, proving the claim in this case.

Suppose instead that S lies in a remnant C, of C, so D lies inside C’, as in the bottom panel of Figure
12. Then by hypothesis C, is a handlebody, and so is irreducible. Hence S bounds a ball Bg in C,. If
Bg lies on the side of S containing S’ the claim is shown. Suppose Bg lies on the other side of S, so S’
bounds a ball in C, and that ball contains the punctured handlebody dC — E. Since each remnant of C
is disky, it follows that dC — E must be a disk, so C is a ball. In this case use instead of D a disk D’ in
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D whose boundary is innermost among those in the disk dC — E and repeat the construction. The new
sphere corresponding to S lies in By so it bounds a ball entirely in C,, a ball that contains the disk E’ in
0C — E bounded by 9D/, i. e. the one that now corresponds to E. This proves Claim 1, using the disk D’
instead of D.

Figure 12: When a disk D € D has dD inessential in dC

Claim 2: The disk D of Claim 1 is inessential in the chamber (either C or C’) in which it lies.

Proof of Claim 2: Suppose instead that D is essential in the chamber in which it lies, so there are
closed components of F' lying between D and E, i. e. in the ball Bs. By Lemma 4.2 the subball of Bs
bounded by S’ could not then be a disky ball, so by Rule 4.4, S’ remains as a sphere component of F(Cp).
Claim 1 then implies that D lies in C so S is in a remnant of C’. Then, as in Claim 1, S’ is a sphere in the
boundary of a chamber of @D that is a remnant of C. Since S’ remains in F(Cqp) the ball it bounds in
Bs must be a ball remnant B’ in Cq since every remnant of C is a handlebody. But even then there is a
contradiction, for every remnant of C is assumed to be disky, and here B’ contains closed components of
F, contradicting Lemma 4.2, and so proving Claim 2.

Let D_ =D — D. Observe that since D is inessential by Claim 2, D_ still satisfies the hypotheses of
Proposition 4.8: Indeed, from Case 1 and Rule 4.6, the only difference in the remnants of C if we add D
back to D_ before decomposing is:

e possibly adding a disky ball bounded by S’ to the set of remnants of C or

e isotoping E to D, if the ball that S’ bounds is a goneball. This is the case when D € C’ and may be
the case when D € C.
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Neither will affect whether each remnant of C is a disky handlebody. So, by inductive assumption,
replacing D with D_ leads to the conclusion of Proposition 4.8, namely C is a handlebody. This
concludes the proof of Proposition 4.8 for Case 1.

Case 2: Any disk incident to C has essential boundary in dC. (In particular, any disk incident to dC
is essential.)

First consider a remnant C, of C in Cq, which by hypothesis of the Proposition is a disky handlebody.
Since C, is a remnant of C, each scar on dC, is incident to dC, so by the hypothesis of this case its
boundary is essential in dC. But since C, is disky, this implies it can have no internal scars, i. e. F is
disjoint from int(C,), since the belt annulus for an internal scar lies on a component of dC Nint(C,) and
these are all disks. This in turn implies that int(C,) contains no goneballs, so C, is a remnant of C in @@,
before goneballs are absorbed. Thus the remnants of C in Cp consist of a union of disky handlebodies,
though among these may be balls that become goneballs in Cp. See left side of Figure 13.

NS

. SED

SN

® @ = @
S

Cop @ g/onel\)aﬁ’l Cop_
N s
Figure 13: When each disk D € D has 9D essential in C

Let D be any disk in D and, as in Case 1, let D_ = D — D. Inductively, it suffices to show that D_ still
satisfies the hypotheses of the Proposition, namely that every remnant of C in Cq_ is a disky handlebody.
If D is not incident to dC then removing D from D has no effect on the remnants of C in @@7, so the
remnants are the same as those in @@. By Rule 4.6, the remnants of C in Cp_, are then also the same
as those in Cp, namely a union of disky handlebodies. Thus in this case D_ satisfies the hypothesis of
Proposition 4.8 as required.

What remains is the case that D is incident to C. See right side of Figure 13. Since there are no
internal scars on remnants of C, the two scars in @@ left by D are external scars, so D lies in C. Thus
Cyp_ is obtained from Cqp by simply attaching a 1-handle dual to D to a component, or between two
components, of Cp. Since each such component is a disky handlebody, the result of adding the 1-handle
is also a handlebody, and it is disky because its interior is still disjoint from F. Hence Cp_ is a union
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of disky handlebodies. Cq_ is obtained from Cp_ by removing some ball components (the goneballs).
Hence Cp_ is also a union of disky handlebodies, so it satisfies the hypothesis of Proposition 4.8 as
required. |

Definition 4.9. A chamber complex C in M, with defining surface F = F(C), is tiny if either
o F=0or

e there is a chamber C of C so that M — C consists of handlebody chambers. These chambers are
called the designated handlebody chambers.

A Heegaard surface in which at least one complementary component is a handlebody is a familiar
example of a defining surface of a tiny chamber complex. On the other hand, a weak reduction of a
Heegaard surface will yield a chamber complex that is not tiny. That fact (see Proposition 5.18) will be
the entryway to our study of Heegaard splittings below. The word “tiny" is used because the tree dual to a
chamber complex is particularly small for tiny chamber complexes: at its most complicated, it is a star
graph with central vertex corresponding to the chamber C.

D
Proposition 4.10 (Tinyness pulls back). Suppose C — Cq is a chamber complex decomposition in which
the chamber complex Cp is tiny. Suppose further, if the defining surface of Cp is not empty, that each of
the handlebody chambers named in Definition 4.9 is disky. Then C is tiny.

Proof. We first consider the case in which the defining surface of Cp is not empty. That is, per Definition
4.9, there is a single chamber C’ of Cp so that M — C” consists of a union W’ of disky handlebody
chambers. Without loss, assume C” is a B-chamber, so each component of W’ is an A-chamber adjacent
to C’ in Cp. See Figure 14.

Since each component of W’ is a disky handlebody, any disk D € D that lies in int(W’) lies on a disk
in F and so has inessential boundary on F; let D be one whose boundary is innermost on F. Surgery on
D creates a ball in int(W’), which must be a goneball since W’ is irreducible. The effect then of surgery
on D followed by declaring the ball gone is merely to isotope F Nint(W’); it has no effect on either the
hypothesis of the proposition or the conclusion. Hence we may inductively assume that D Nint(W’) = 0,
so W’ has only external scars.

Let Bc denote the collection of B-chambers in C. C’ is a B-chamber in Cp, in fact the only B-chamber
in Cp. Recall that it is obtained from Bc in three steps:

e Bc is cut along those disks in D that lie in Be.
e Two-handles are added along those disks in D that lie in the A-chambers
e Goneballs are eliminated.

Towards understanding the third step, eliminating goneballs, notice that no goneball can lie in int(W”)
since W’ has no disks of D in its interior and, in particular, only external scars. Suppose then that U is a
maximal goneball in the B-chamber C’. Since U is maximal and lies in the B-chamber C’, the chamber
of Cop immediately inside U is an A-chamber. Rule 4.4 says that U is disky. Applying the same argument
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as just applied to W/, we may as well then assume that the only scars on U are external scars, so U
itself is an A-chamber in Cqy. With this simplification, so that the only goneballs of the decomposition are
A-chambers, none of the three steps in the process above decreases the number of B-chambers (though
the first step may increase it). Since, by hypothesis, there is only one B-chamber in Cp we conclude that
Bc is also a single chamber in C.

C
TS (&
Bc «> Q c’ (\/ \/

C Cop
Figure 14: Tininess when the defining surface of Cp is not empty

Consider any chamber C of C other than B¢. C is then an A-chamber in C and so has the property
that each of its remnants in Cq is in W’, so each is a disky handlebody. It then follows from Proposition
4.8 that C itself is a handlebody. Hence C consists of a union of handlebodies (the A-chambers) whose
complement Bc is a single B-chamber. That is, C is tiny.

The other possibility from Definition 4.9 is that Cq is tiny because the defining surface for Cp is
empty. This means that in Cp, M is entirely a B-chamber, say. This implies that either F' was empty
(completing the argument) or surgery on D resulted only in spheres bounding goneballs. In that case,
the argument is basically the same: Rule 4.4 says that each goneball is disky. Then, examining maximal
goneballs as above we can assume without loss that each goneball is an A-chamber with only external
scars. This implies that every A-chamber in C can be recovered from a collection of balls (the maximal
goneballs) by attaching 1-handles, dual to the disks that leave external scars. The result is visibly a
collection of handlebodies. So again C is tiny. O

5 Heegaard splittings and chamber complexes

5.1 Review of weak reduction and amalgamation

Chamber complexes are naturally relevant to weakly reducible Heegaard splittings, as we now describe.
This first subsection is essentially a review of relevant known results; see, for example, [La, Section 3] to
which we refer for relevant notation.

Suppose, in a Heegaard splitting M = A U7 B of a compact 3-manifold M, A, B are disjoint families
of disks, properly embedded in A, B respectively, with A,0B c T and at least one member of each disk
family an essential disk. Such a pair of families is called a weakly reducing disk family, a notion with a
long and important history in the study of Heegaard splittings (cf [CG]). Surger T along A U B and call
the resulting surface F.
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F defines a chamber complex € in M as follows. One set of chambers, called the A-chambers, are
derived from A in two stages: first bicollars of disks in A are removed (so these disks lie outside the
resulting A-chambers) and then bicollar neighborhoods of B are attached (so these are disks that lie
inside the resulting A-chambers). The remaining chambers, the B-chambers are derived from B in the
symmetric fashion. The result is the perhaps counter-intuitive fact that after the surgery, each A-chamber
may contain some disks from B, but none from A, and symmetrically for the B-chambers. In any pair of
adjacent chambers, one is an A-chamber and the other is a B-chamber, since the surface between them is
(except for some disks) a submanifold of 7.

Each A-chamber C (and symmetrically for B-chambers) inherits a natural Heegaard splitting C =
Ac Ur. Bc. See Figure 15. This can be demonstrated by considering the two-stage construction just
described, see Figure 15 : In the first stage, (NE to SW in Figure 15) the surface T is compressed in A
along A and a component C” is chosen. Since A was a compression body, so is C’. Let T¢ € C’ be the
end of a collar of 3,C’ in C’, so T¢ C int(C’) (shown in red in the figure). T¢ is a trivial Heegaard surface
for C’, dividing it into the collar of §.C” and a copy Ac of C’ lying entirely in int(C’). In the second
stage of the construction of C (bottom row of Figure 15) 2-handles lying in B are attached to C” along
0.C’, turning the collar of 0, C’ into a compression body Bc. Thus T¢ remains a Heegaard surface for C.
(Note that, as in the outermost surface in the final panel of Figure 15, C may have spherical boundary
components, so Ac and B¢ would classically be described as punctured compression bodies, as discussed
on [Scl] and [FS2].). The new boundary components of C, that is 0C —dM = 0C — d_A are, except for
the scars of the surgery, subsurfaces of 7.

oM

SC

Bc C

Figure 15: Inherited Heegaard splittings in disk decomposition
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Note that in this construction, the result is technically not a Heegaard split chamber complex as
defined before Lemma 3.6 because that definition requires that in each A-chamber C, A¢ is a handlebody,
whereas in the construction above d_A¢ may contain components of d_A. We will be mostly concerned
with a special form of Heegaard splitting in which this is not an issue:

Definition 5.1. A Heegaard splitting M = AUt B is called a pure Heegaard splitting if all the components
of OM lie in OB (or all in 0A). Put another way, it is pure if either A or B is a handlebody.

Obviously if M has at most one boundary component then the splitting is pure. Moreover,

Proposition 5.2. Suppose C is the chamber complex resulting from weak reduction on a Heegaard
splitting of a closed 3-manifold. Then the Heegaard splitting of each chamber in C is pure, so the result
of the weak reduction is a Heegaard split chamber complex.

Proof. Since M = AUr B is closed, both A and B are handlebodies. Suppose C is an A-chamber and
consider the construction of its Heegaard structure above. (In Figure 15 take M = (.) In the first stage,
A is cut up by A into handlebodies and a component C’ of the result is chosen. Next T¢ is defined as
the end of a collar of dC’ in C’. A is the complement of the collar, so in particular the surface dC’ is
entirely disjoint from the handlebody A¢. That doesn’t change when B is created by adding 2-handles
to dC’ to create dC. Thus JC lies entirely in d_ B, as required. |

There is a natural construction that is inverse to weak reduction: Suppose we are given a chamber
complex C with defining surface £ in which we are able to alternately label the chambers A-chambers and
B-chambers, for example when each component of F is separating in M. Pick a pure Heegaard splitting
C = Ac Ur, B¢ for each chamber C. These Heegaard splittings induce a Heegaard splitting M = AUr B
by amalgamating the Heegaard splittings along F', and the amalgamated Heegaard splitting is unique up
to isotopy, cf [La, Proposition 3.1].

As described in [La], amalgamation in this setting proceeds as follows: for each A-chamber C =
Ac Ur,. B¢ choose a complete set of meridian disks B¢ for the compression body B¢. That is, if B¢ is cut
along B¢ the result is a collar of d_B¢ = dC — M. The disks B¢ define a natural spine y¢ for B¢ C C,
namely the union of the surface dC —dM and a collection of arcs in the interior of C, specifically the arc
cocores of the 2-handle neighborhoods of B¢. The arcs are then extended down through the collar using
its product structure. Do the dual construction in each B-chamber. Then A can be recovered from ¢ by
deleting from each A-chamber C a neighborhood of the graph y¢ and attaching a neighborhood of the
graph constructed in each B-chamber. (And, as usual, symmetrically for B.)

An important point for our purposes is that it is possible to choose a different spine y,. for B¢ in each
A-chamber C, by originally making a different choice By, of meridian disks. This will result in a different
set of arcs and so a different set of of 1-handles but will not change the recovered Heegaard splitting
(and dually for B-chambers). As argued more formally in [La] one can get from the arcs of y¢ to those
of v, by edge slides, which correspond to handle-slides in B that replace B¢ with B, (and dually for
B-chambers).

Two cautionary notes on pure Heegaard splittings:

a). The result of amalgamating pure Heegaard splittings may not be pure. For example, suppose F is
a closed surface and F X I is given a pure Heegaard splitting. Take two copies of this pure Heegaard split
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F % I and attach them along one end of each to get a combined copy of F X I. The Heegaard splitting of
F x I obtained by amalgamating the two splittings will not be pure. See top panel of Figure 16.

B —
A — > -

Figure 16: Amalgamation and weak reduction may destroy purity

b) Weak reduction, even of a pure Heegaard splitting, may not result in pure Heegaard splittings
in every chamber. For example, in M = F X I consider the following natural splitting: begin with four
horizontal copies of F in the interior of M labeled in order F1, ..., F4, breaking M into 5 copies of F' X I,
which we will call collars and which we alternately label A and B, so that both the top and bottom collar
are labeled A. In each of the three collars between F; and F;1,i = 1,2,3 tube F; to F;; by a vertical tube.
The result is a pure Heegaard splitting M = A Uy B of genus 4 - genus(F) in which each collar labeled
A becomes part of A, and symmetrically. Now weakly reduce along the meridians of the 3 tubes, two
of them disks in A and one of them in B, creating a chamber complex C with 5 chambers, alternately
A-chambers and B-chambers and each a copy of F X I. The middle 3 chambers all have pure splittings,
but the chambers incident to _M are each copies of F X I split into two copies by a single copy of F,
and so are not pure. See bottom panel of Figure 16.

Here are some useful preliminary results. We use the standard convention that the genus of a surface
is the sum of the genera over all components.

Lemma 5.3. Suppose M = AUr B is a pure Heegaard splitting of a 3-manifold M. Then for any collection
of components F C OM

o genus(7) > genus(F).

e genus(7T) = genus(F) only if each component of OM — F is a sphere.
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Proof. With no loss assume dM = d_B. A spine of B consists of the union of _B = dM and a graph y
that intersects 0_ B exactly in some valence 1 vertices. Since B is connected there has to be at least one
such end vertex in each component of d_B and, after edge slides, we can assume there is exactly one
in each, and that y is connected. Recall that for n a regular neighborhood of a graph y in a 3-manifold,
x(0n) =2x(y). T is the boundary of a regular neighborhood of the spine, so it follows immediately from
this construction that if 9M = d_B has n boundary components

X(T) = (x(0-B) —n) + (2x(y) —n) (X (0-B)—2n)+2x(y)

—2genus(0-B) + 2x(y).

Hence
2genus(T) =2 —x(T) = 2 +2genus(0-B) — 2y (y) > 2genus(0_B)

(with equality if and only if y(y) =1, i. e. y is a tree). Hence
genus(7T) > genus(d_B) = genus(dM) = genus(F) + genus(OM — F)
so genus(7") > genus(F) with equality only if genus(OM — F) = 0, that is M — F consists of spheres. O

Lemma 5.4. Suppose a closed surface F divides a 3-manifold M into two components C and C,, and
each is given a Heegaard splitting C; = A; Ur, B;. Let T be the Heegaard surface for the splitting of M
obtained by amalgamating the two splittings. Then

X(T) =x(T1)+x(T2) — x(F).
In particular, if F is connected, then
genus(T) = genus(7T') + genus(73) — genus(F)

Proof. With no loss let A} (resp B;) be the compression body in the splitting by T (resp 75) that is
incident to F. In amalgamation, the construction of the splitting surface T of the amalgamated splitting
replaces a p-punctured copy of F in T and a g-punctured copy of F in T, with a single (p + g)-punctured
copy of F. The p punctures correspond to scars parallel to F of the chosen set of meridian disks in Ay,
after F| is compressed along these disks. A similar and symmetric statement is true for the g punctures.
See [La, Figure 12].

Computing Euler characteristics from this description we have

xX(T) =x(T)+x(T2)-x(F)+p)—x(F)+q) + x(F)+p+q)

or, more succinctly
X(T) = x(T1) +x(T2) = x(F).

Then, if F is connected,
genus(7T) + genus(F) = genus(7') + genus(7?)

follows since all surfaces are connected. O
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Proposition 5.5. Suppose M is a 3-manifold with connected boundary in which each closed surface
separates. Suppose C is a chamber complex in M with defining surface F and each chamber in C has a
pure Heegaard splitting. Let C = Ac Ur. UBc be the chamber whose boundary contains 0M. Suppose
M = AUr B is the Heegaard splitting of M obtained by amalgamating the Heegaard splittings of all the
chambers. Then

a) genus(T¢) < genus(T)
b) If genus(T¢) = genus(T) then T¢ is isotopic to T and

c) If genus(T) = genus(OM) then M = AU B is a trivially split handlebody, and F consists entirely
of spheres bounding balls in M. Moreover, amalgamating the Heegaard splittings in each ball
bounded by a component of F gives a trivial splitting of the ball.

Proof. With no loss, assume 0M C 0_Bc.

It will be useful to consider the natural graph I" associated to the chamber complex C, in which each
vertex corresponds to a chamber in C and two such vertices are connected by an edge if they are adjacent,
that is there is a component of the defining surface F' = F(C) that is incident to both. Since every closed
surface in M separates, I can contain no cycles, so it is a tree; we can take the vertex v¢ corresponding to
C as the root of the tree.

Case 1: M is a single chamber, so A is a handlebody and I' is a single vertex.

In this case T¢ is 7T, so a) and b) are automatic. For c), assume genus(7") = genus(dM). Then no
2-handles could be attached in the construction of B¢ from 0, B¢ = T, for if any attachment circle were
non-separating then genus(7") > genus(dM) and if any were separating on T then each component of the
result would be the Heegaard surface for a separate chamber, contradicting the assumption that M has a
single chamber. We conclude that B¢ is a collar of M. Since A is a handlebody, so then is M.

Case 2: M has two chambers, C > 0M and C’.
Since each component of F separates, ' = CNC’ is connected. By Lemma 5.4

genus(7T) = genus(T¢) + genus(7T¢r) — genus(F).

By Lemma 5.3 genus(7¢/) — genus(F) > 0, so genus(7) > genus(7T¢), establishing a). Moreover, if
genus(7T') = genus(7T¢) then genus(T¢) = genus(F) and, by Case 1 applied to C’, C’ is a trivially split
handlebody. But if C’ is a trivially split handlebody then amalgamating it with T leaves T¢ unchanged,
so T is isotopic to T¢, establishing b) in this case.

For ¢) observe that we so far have the inequalities

genus(T) > genus(T¢) > genus(OM).

Hence if genus(T') = genus(0M) then both inequalities are equalities. The first equality, by the second
claim, shows T¢ is isotopic to 7. The second equality, by Lemma 5.3 (applied to C and reversing the roles
of F and 0M) says F is a sphere, and we have already established that C’ is a trivially split handlebody.
Thus C’ is a trivially split ball, as claimed. Moreover, Case 1 applied to the amalgamated splitting of M
shows M is a trivially split handlebody, completing the proof of c¢) in this case.
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Case 3: Every chamber in M other than C is adjacent to the chamber C. That is, I is a star graph: a
collection of edges each of which has a single end incident to v¢.

The proof is by induction on the number n of chambers not C. Cases 1 and 2 above apply when
n=0,1, so we can assume n > 2, that is there are at least 2 chambers other than C. Let Cy, C;, be two
of them, separated from C by surfaces F', F; respectively. The chamber complex C; obtained from C
by amalgamating along F; satisfies the hypotheses of Case 3, but with n reduced. So we inductively
assume that the Proposition is true for C;. But further amalgamation of all of C; gives Heegaard surface
T and does not change dM so conclusion c) applies: If genus(7T') = genus(0M) then M is a trivially split
handlebody and each C;,i # 1 is a trivial split ball. Repeating the argument for the chamber complex C,
obtained from C by amalgamating along F» shows that C; is also a trivially split ball. Thus c) is true in
this case.

To prove a) observe that the inductive hypothesis applied to C; shows that the Heegaard surface T of
the chamber of C; containing M has genus(7') < genus(7'). But that chamber is obtained from C and
C, by amalgamation along F| so by Case 2) genus(7¢) < genus(71). Hence genus(7T¢) < genus(T') as
required to prove a).

Finally, if genus(7¢) = genus(7T') then we have just shown genus(7'}) = genus(7") and genus(7T¢) =
genus(71). The first equality shows, by inductive hypothesis, that 7 and T are isotopic; the second
shows, by Case 2), that T¢ is isotopic to 7';. Thus T¢ and T are isotopic, proving b) in this case.

Case 4: There is an edge in I that is not incident to vc.

There is then such an edge so that deleting the edge from I" leaves two components: one containing
vc and the other a star graph, as in Case 3. (For example, in a path from v¢ to a most distant vertex in
I choose the second to last edge traversed.). The component F”’ of F corresponding to that edge then
bounds a submanifold N C M containing a chamber complex Cy that satisfies the hypothesis of Case
3. That is, the chamber adjacent to F’ in N is adjacent to every other chamber in Cy. Let Ty by the
Heegaard surface obtained by amalgamating the chambers of N. The resulting splitting of N is pure,
since F’ = N is connected.

We induct on the number of chambers in C. Let C’ be the chamber complex in M obtained by
amalgamating the chambers of N. The inductive hypothesis applies then to C” and, since F’ # dM, the
chamber C is unchanged by the amalgamation within N. Moreover, the result of amalgamating the
Heegaard splittings of all the chambers in C’ is the same as amalgamating all those in C, so by inductive
hypothesis genus(7) > genus(7¢) and equality implies that T is isotopic to T¢. This verifies a) and b).

For c), suppose genus(T) = genus(dM). Again applying the inductive hypothesis to C’ we deduce
that M = A Uy B is a trivially split handlebody, and all components of F, other than those in the interior
of N, are spheres bounding balls in which the amalgamated Heegaard splitting is trivial. In particular, N
is a ball trivially split by 7. Finally, apply Case 3 to Cy: all components of F in the interior of N are
also spheres bounding trivially split balls. |

5.2 From weak reduction to chamber complex decomposition

There is a lot of inefficiency in the chamber complex C obtained by surgery on the weakly reducing
family A, B. For example, if two disks in A are parallel, then surgery as above turns the collar between
them into its own A-chamber, one that is simply a ball with trivial Heegaard splitting. This problem is
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easily addressed by viewing surgery on A, B as the first step in a disk-decomposition of the chamber
complex A Uy B along A, B, and adopting the following rule:

Rule 5.6. Following the weak reduction of AUr B along A, B, let W be a ball in M bounded by a
component of F.

e Declare W to be a goneball if and only if the Heegaard splitting of W obtained by amalgamating
the Heegaard splittings of all the chambers of C in int(W) gives a trivial Heegaard splitting of W.

e For each goneball G, amalgamate the Heegaard splittings of all the chambers of C in G (including
amalgamation along 0G).

Denote the resulting chamber complex C (circumflex removed) and say that it is obtained from the
splitting A Ur B by weak reduction along AU B. In Proposition 5.10 below we show that Rules 4.4 and
5.6 do not conflict, so weak reduction can be viewed as disk decomposition of the chamber complex
determined by 7. Each chamber in C is Heegaard split, and furthermore no chamber in C is a trivially
split ball.

When a goneball G is absorbed into the adjacent A-chamber C (or symmetrically), the effect on the
spine y¢ of Bc is to replace a collar of dG in C by a single vertex whose neighborhood is the ball G.
As aresult, each A chamber C in C continues to inherit a natural spine y¢ for B¢, but instead of just a
collection of arcs attached to C — M the spine is a graph attached to dC — M, containing vertices as
well as arcs. As before, slides of edges in the graph over other edges and over dC —dM can be used to
replace one spine by another and so a chamber-derived alteration of the disks B.

Proposition 5.7. Following the weak reduction of AUt B along A, B, let W be a handlebody in M bounded
by a component of F. Suppose the Heegaard splitting W = Ay Ur,, Bw obtained by amalgamating the
splittings of all the chambers in int(W) is trivial. Then

o T Nint(W) consists only of disks and

o [f W is not a ball after the absorption of the goneballs given by Rule 5.6, then it becomes a single
chamber in C. If W is a ball, it becomes a goneball in C.

Proof. With no loss assume that the chamber in W adjacent to W is an A-chamber, so W = d_By. Since
weak reduction is inverse to amalgamation, it is easy to derive this natural description of the splitting
surface Tyw: Delete from W the p disks corresponding to internal scars and call the resulting surface
OW_. Then attach to 0W_ the surface 7' Nint(W), which has p boundary components, each corresponding
to an internal scar in 0W. Then push the resulting surface into int(W) via a collar of OW.

The compression body By in W has a natural spine: the union of a graph y C int(W) with p end-points
attached to 0_By = W at the centers of the internal scars. We then calculate as in the proof of Lemma
5.3:

X(Tw) =x(@W)—-p)+Q2x(y)—p) = x(OW) +2x(y) - 2p)

By assumption Ty and 0W are homeomorphic, and this implies y(y) = p. Let n be the number of
components of y. Since Ty, hence By, hence the spine is connected, each component of y must contain
one of the end points of y on dW. This implies n < p. On the other hand, each component of y has Euler
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characteristic < 1. Hence p = y(y) < n. Together, these inequalities that p = n and each component of y
has Euler characteristic = 1. In other words, each component of vy is a tree. This in turn implies that each
component of 7 Nint(W) is a disk, verifying the first assertion of the Proposition.

The last assertion ¢) of Proposition 5.5 further says that each component of £ lying in the interior of
W bounds a goneball, establishing the second claim. O

Corollary 5.8. The interior of each goneball, as defined in Rule 5.6, intersects T only in disks.

Proof. Rule 5.6 says that each goneball has trivial Heegaard splitting, so Proposition 5.7 applies. |

The discussion above leads to

Definition 5.9. A Heegaard split chamber complex C for a compact manifold M is a chamber complex so
that:

o Each chamber is labeled as either an A-chamber or B-chamber.
o Adjacent chambers are labeled A and B

o Each chamber has a pure Heegaard splitting

e The Heegaard splitting of each ball chamber is non-trivial.

Note that the last property guarantees that a Heegaard split chamber complex satisfies the troublesome
third requirement of the chamber complexes discussed preceding Lemma 3.6.

Proposition 5.10. Let M = AUr B be a Heegaard split closed manifold and A, B be a weakly reducing
Sfamily of disks for the splitting. Let Cr denote the chamber complex in M defined by T. That is, the
chambers are A and B. Then surgery on AU B followed by goneball removal, as just described, defines a

chamber complex decomposition

AUB
CT — C,

and C is a Heegaard split chamber complex.

Proof. Surgery on AU B is the first step in chamber complex decomposition. The next step is goneball
absorbtion, where Rule 4.4 requires that any ball that is declared a goneball must be disky. That Rule
5.6 implies this follows immediately from Corollary 5.8. The construction above describes how each
chamber is endowed with a pure Heegaard splitting.

It remains to show that the Heegaard splitting of each ball chamber in C is non-trivial. Suppose S
is a sphere in F' that bounds a ball chamber C in C. Since the ball contains no other chambers, the only
components of F' that lie in the interior of C must be goneballs. Rule 5.6 says that these goneballs are
absorbed, so their boundary spheres are removed, by amalgamation of Heegaard splittings. In particular,
the resulting Heegaard splitting of C is obtained by amalgamation of all the chambers in int(C). Since
C is not itself a goneball, it follows again from Rule 5.6 that this Heegaard splitting is non-trivial, as
required. m|
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5.3 Heegaard split chamber complex decomposition

Suppose C is a Heegaard split chamber complex in M and M = A Uy B is the Heegaard splitting of M
obtained by amalgamation of the Heegaard splittings of the chambers of C. Then we say that C supports
the splitting M = AUy B. So a weak reduction of A Uy B as above produces a Heegaard split chamber
complex that supports it. (See the proof of Proposition 5.14 below.)

The process of decomposing chamber complexes, as described in Section 4, extends naturally to
Heegaard split chamber complexes, as we now describe. Suppose C is a Heegaard split chamber complex
with defining surface F, and D is a disk set in C with 9D C F. In each A-chamber C = Ac Uz, B¢ (and
dually for the B-chambers), isotope the splitting surface T¢ until it is aligned with the disk set D¢ = DNC,
as described in [Sc1]. That is, each disk D € D will either

e intersect T¢ in a single circle, and the complementary component D N B¢ of the circle in D will be
a vertical annulus in B¢, or

e lie entirely in B¢, as D1, D; do in Figure 17.

(D cannot lie in A¢ since in an A-chamber A¢ is disjoint from F.) In either case B¢ has a spine X
(illustrated in Figure 17) that intersects the disks D¢ exactly in dD¢. Bc is isotopic to a thin regular
neighborhood of the spine X, and after the isotopy every disk D € D¢ intersects T¢ in a single circle, with
the annulus D N B¢ vertical in B¢. We say then that D is aligned with C.

0-Bc
Figure 17: Alignment of disks in D¢ that lie entirely in B¢

The first step in chamber complex decomposition along D is to surger F along D, making the surface
Fp. When the Heegaard splittings of the chambers are aligned with D as above, this has two effects on
an A-chamber C:

o Surgery on the B-disks incident to dC, lying in adjacent B-chambers, adds 2-handles to C and B¢
along 0_Bc; call the results respectively C,. and Bc,. The manifold B, is still a compression body
so, in particular, T¢ remains a Heegaard splitting surface for C.,.. Note that a B-disk incident to 0C,
lying in an adjacent B-chamber and inessential in that chamber may become part of an essential
sphere in C., cutting off a punctured ball from C,
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e Further surgery on the disks D¢ creates a surface T¢, , each of whose components is a Heegaard
surface for one of the chambers Cp, obtained from C, by the surgery on D¢. For essential disks,
this observation is familiar in Heegaard theory as d-reduction of a Heegaard surface (see [Scl]).
Thus T, is a collection of Heegaard surfaces for the remnants of C in Cop.

The result of the operation just described, done simultaneously on all the chambers of C defines a
pure Heegaard splitting of each chamber in Cyp.

Definition 5.11. Let Cq be the Heegaard split chamber complex in M obtained from Cq, by the above
process, following Rule 5.6 to declare goneballs. Then Cq is obtained from C by Heegaard split chamber
complex decomposition and we write

D
C — Cop.

This choice of language implies that the process is indeed a chamber complex decomposition, that is
that following Rule 5.6 to declare goneballs is consistent with Rules 4.4 and 4.6. For example, we need
to show that if G is a goneball as declared by Rule 5.6 then each component of F NG is a disk, as was
shown for the case F = T in Corollary 5.8. That indeed both rules 4.4 and 4.6 are satisfied will follow
from the next two more general propositions, see Corollaries 5.13 and 5.15.

Proposition 5.12. Let C be a Heegaard split chamber complex in a 3-manifold M and F = F(C) be its
defining surface. Suppose D is a disk set in C and

D
C—Cop

is a Heegaard split chamber complex decomposition. Suppose a component of Fp bounds a handlebody
W in M. If the Heegaard splitting of W obtained by amalgamating the splittings of all the chambers
contained in W is trivial then each component of Fyy = F Nint(W) is a disk.

Proof. Denote by M = AUr B the Heegaard splitting of M obtained by amalgamating all the splittings of
C. Following the argument in Proposition 5.7 we know that Tw = T Nint(W) consists of disks.

We now exploit the fact that when Heegaard splittings of adjacent chambers are amalgamated to the
defining surface F, F can be viewed as a subsurface of T to which disks are attached. Hence Fy is a
subsurface of Ty with possibly disks attached, that is Fy is a planar surface with at most one boundary
circle per component. Fy then consists of properly embedded disks and spheres.

An only slightly more complicated argument rules out the existence of spheres. Suppose there were
closed components of Fy, necessarily all spheres. In this case, let Fy be an innermost such sphere, so that
it bounds a ball chamber C containing no other components of Fy. Since C is a Heegaard split chamber
complex, C has non-trivial Heegaard splitting, so its Heegaard surface T'¢ contains a non-separating circle.
But when the Heegaard splittings of the chambers are amalgamated, a punctured copy of T¢ persists
into 7', and the non-separating circle can be taken to be disjoint from those punctures. Again this would
contradict the fact that Ty consists of disks. We deduce that F'y consists entirely of disks. O

Corollary 5.13. Let C be a Heegaard split chamber complex in M, D be a disk set in C and Cop be the
chamber complex obtained by the process described before Definition 5.11. Then following Rule 5.6 to
declare goneballs is consistent with Rule 4.4.
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Proof. Suppose G is a ball in M that is bounded by a sphere in Fp. If G is a goneball under Rule 5.6
then the Heegaard splitting obtained by amalgamating all the splittings of chambers in Cy, that lie in G
is trivial. But by Proposition 5.12 this implies that F = F(C) intersects int(G) only in disks, that is G is
disky. Thus G is also a goneball under Rule 4.4. O

Proposition 5.14. Suppose C is a Heegaard split chamber complex for M that supports the Heegaard
splitting M = AUr B. Suppose D is an aligned disk set in C .Let C be the chamber complex obtained by
the process described before Definition 5.11. Then amalgamating all the induced Heegaard splittings of
the chamber complex Cy yields the original Heegaard splitting M = A Uy B.

Proof. We are given that amalgamating all the Heegaard splittings of the chambers in C gives M = AU7 B.
Our assumption is that each disk in D is aligned with the splitting of the chamber in which the disk lies.
Suppose D € D lies, without loss, in an A-chamber C = Ac Ur. B¢ and C” = Ac» Ur,, Be is the adjacent
B-chamber on whose boundary dD lies. The process described before Definition 5.11 affects a bicollar
neighborhood D x[—1,1] of D as follows (see Figure 18):

The ball int(D) x (-1, 1) is moved from int(C) to int(C”).

The annulus D X [—1, 1] is deleted from the spines of A¢» and Bc.

The disks D x {+1} are added to the spines of Ac» and Bc.

The arc {0} X [—1, 1] is added to the spine of A¢-.

On the other hand, amalgamation of the splittings of Cy does exactly the opposite near Dx [—1,1]: a
tube around {0} X [-1, 1], which we can take to be D x[—1, 1], is added to Fp after deleting the disks
D x {£1}, undoing each of the items above. Extending this observation now to all the disks in D, the
result of amalgamating all the Heegaard splittings after the process described before Definition 5.11 is

the same as amalgamating before the process, namely M = AUr B. O
c C c’
C
D - | e
Vo C spine(Ac¢)

Figure 18: Decomposition near D € D
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Corollary 5.15. Let C be a Heegaard split chamber complex in M, D be a disk set in C and Cy be the
chamber complex obtained by the process described before Definition 5.11. Then following Rule 5.6 to
declare goneballs is consistent with Rule 4.6.

Proof. Suppose G is a ball in M that is bounded by a sphere in Fp. Suppose further that the disk
D € D leaves no scar on dG, and define D_ = D — D. Since D leaves no scar on dG, the sphere is also a
component of Fp_. Moreover, if we let D 9C D_ be the set of disks in D that do leave scars on G, then
0G is also a component of Fp P and, as described before Definition 5.11, G inherits a chamber complex

structure @6’ in which each chamber is Heegaard split. Let T be the Heegaard splitting of the ball G
obtained by amalgamating all these splittings. That is, @8 supports 1.

According to Proposition 5.14 the chamber complexes in G obtained from @8 by decomposition
along DN G or along D_NG also support 7. In particular, under Rule 5.6, G is a goneball in Cq, if and
only if T is a trivial splitting of G and this is true if and only if G is also a goneball in Cp_. Thus Rule
4.6 holds. |

Theorem 5.16. Suppose C is a Heegaard split chamber complex for M that supports the Heegaard
splitting M = AUt B and D is a disk set in C.After perhaps a proper isotopy of ‘D within the chambers,
not moving T, the chamber complex decompositon

D
C—Cop

is a Heegaard split chamber complex decomposition and the resulting Heegaard split chamber complex
Co also supports T.

Proof. This would seem to be a straightforward consequence of Proposition 5.14 and the discussion at
the beginning of Subsection 5.3. Namely:

1. In each chamber C isotope the splitting surface T until it is aligned with D, as is shown to be
possible in [Scl1].

2. Mimic the handle slides used in the isotopies within each chamber by handleslides on T itself, as
discussed for example in [La].

3. Now that T and D are aligned, apply Proposition 5.14.

This (ultimately successful) strategy has an obvious conceptual weakness: The process requires isotoping
T by various handleslides, so T will typically end up in a different position in M than it began. We will
show that the process above can be reframed so that T is fixed throughout and only the disks D and the
chambers C are allowed to move. We must further ensure that the disks D stay disjoint, in particular that
the boundaries of disks in D that lie in adjacent chambers don’t end up intersecting, after their proper
isotopies, in the component of F = F(C) that lies between them. That is the goal of the argument that
follows.

Claim: There is an isotopy of D, fixed on 9D C F, so that afterwards D is aligned with the splitting
surface of each chamber.
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The proof of the Claim is straightforward and well-known: Let C be a chamber, D¢ be the set of
disks in D that lie in C, and T¢ C int(C) be the Heegaard splitting surface of the chamber. Per [Sc1] there
is an isotopy of embeddings ¢, : T¢ — C so that ¢y is the original embedding and ¢(7¢) is aligned with
Dc. By the isotopy extension theorem, ¢, can be extended to an isotopy 6, : C — C in which 6y is the
identity. Since T¢ C int(C), we can also take 6, to be fixed on dC.

Define an isotopy of embeddings p; : D¢ — C by p; = 6,)"'Dc. Observe that po is the original
embedding (since 6y is the identity). Moreover, it is easy to check that p(D) is aligned with T¢. Namely,
observe that

01(p1(Dc)NTc) =Den6i(Tc) =Dengi(Te)

and the last term consists, by construction, of at most one circle in each component of D¢. Hence
p1(De) N T consists of at most one circle in each component of D, that is the disks p (D) are aligned
with T¢. This proves the claim.

We continue our effort to bring D into alignment with 7', not by handleslides that move T (mimicking
handleslides within chambers), but by proper isotopies of D. In doing so, we do not use the Claim per se,
but rather note that the proof of the claim implies that we only need to show how to keep T fixed, during
the alignment, in a collar of the boundary of each chamber (i. e. near the defining surface F). Then a way
to keep T also fixed outside the collar, that is away from F, is provided by the proof of the Claim. So we
focus on how handle slides of the original splitting M = A Uy B that mimic handle slides in the splitting
of a chamber C = Ac Uz, B¢ can be replaced near F by proper isotopies of D.

Consider a bicollar neighborhood F X [—1,1] of a component Fy of F that separates an A-chamber
C of C from a B-chamber C’. Here we take Fyx[0,1] € C and Fox[-1,0] c C’. Fy itself is a
subsurface of 7' whose boundary is capped off by disk scars coming from surgery on a collection of disks
(B,0B) C (Bc,dBc¢) and disk scars coming from surgery on a collection of disks (A,dA) C (A¢r,0A¢).
B intersects Fy % [0,1] in vertical cylinders, the “legs" of 1-handles in B¢, one for each scar of B on
Fo. We denote the leg correspoinding to a scar b by b x[0,1]. (The symmetric statement is true for
AN(Fox[-1,0]).)

Let Dec =DNC and Der = DN C’. Also spanning the collar Fy X [0, 1] are vertical annuli, each of
them a collar neighborhood of the boundary of a disk in D¢. The symmetric statement is true in the collar
Fox[-1,0]. By general position in the surface Fy we can take take the legs to be disjoint from the annuli,
and, since D is embedded, we have that D¢ and 9D are disjoint in F.

Consider how a handle slide in B that mimics a handle slide of B¢ in C appears in this collar. As it
begins, the end of a leg b; X [0, 1] is slid via a path y C F to the end of a leg b, X [0, 1] and then up and
out of view. At the end of the handle slide the same thing occurs elsewhere in the collar. So it is only this
initial move that needs to be understood. By general position we may assume that the path 7y is disjoint
from all scars. Here are possibilities:

1. the path v is disjoint from both dD¢ and 9D, as in the left side of Figure 19.
2. the path vy is disjoint from dD¢ but not dD¢.

3. the path y intersects D¢ and possibly also dD¢-.
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In the first case, where vy is disjoint from 0D, this first stage of the handle slide can be accomplished,
leaving T fixed, by just replacing the disk in B whose scar is b, by the disk »” in B obtained by band-
summing b to b, along y. This new disk is disjoint from other scars and, by the assumption of this case,
still disjoint from dD. See right side of Figure 19.

...............................

Figure 19: When v is disjoint from both dD¢ and D¢~

In the second case, y may intersect only dD¢+. These intersection points can be removed by isotoping
0D along vy towards and then across the disk b; € Fp € C’. See Figure 20. (Another description is that
we band sum D¢ at the points it crosses y to copies of by by bands around subsegments of y). Such a
proper isotopy of D¢~ is allowed, and reduces this case to the previous case.

...............................

Figure 20: When v is disjoint from dD¢ but not 9D

In the third case, the slide of b X [0, 1] can be broken up into a series of slides along vy, each successive
one across a single intersection of y with 9D¢. For example, let y; be the segment of y lying between b
and the closest point p of yNdD¢. Just as in step 2, D¢ can be properly isotoped across by so that it
is disjoint from y;. The slide of the leg of b; X [0, 1] along y; creates a disk intersection of the leg with
De; as the leg is then straightened from below the disk intersection moves upwards out of view. There
is an obvious reinterpretation of this step that keeps the leg (hence T') fixed: instead slide p € dD¢ and
neighboring points of D¢ along y; and across the leg b; X [0, 1]. See Figure 21. Again this creates an
intersection disk and again, as the annulus that contains p is made vertical from below, the disk ascends
out of view. Note that because we have already cleared all points of 9D¢- from y1, D¢ and 3D remain
disjoint, as required. Continue the slide of the leg along the rest of y, proceeding as just described across
each successive segment of y — 3D, eventually reducing this case to the second case, which we have
already considered. O
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................................

Figure 21: When vy intersects 0D ¢ and possibly also D¢

5.4 Tiny Heegaard split chamber complexes

Proposition 4.10 has an analogue in Heegaard split chamber complex decompositions, as we now describe:

Definition 5.17. A Heegaard split chamber complex C is tiny if C is tiny as a chamber complex, and each
designated handlebody has a trivial Heegaard splitting.

Note that in a tiny Heegaard split chamber complex no designated handlebody can be a ball, since,
by definition, no chamber in a Heegaard split chamber complex is a trivially split ball. Also, since each
designated handlebody has only one boundary component, each must be adjacent to the unique chamber
C that is not a designated handlebody. Hence if C is a B-chamber, all the designated handlebodies are
A-chambers, and symmetrically.

Proposition 5.18. Suppose C is a Heegaard split chamber complex obtained from a Heegaard splitting
M = AUy B by weak reduction. Then C is not tiny.

Proof. Let A, B be the weakly reducing family of disks, and D4 be an essential disk in .A. Then after
surgery on AU B, Dy lies in a B-chamber C, with D4 on a component of 7' Nint(C). But that component
can’t be a disk, since 0Dy is essential on 7. Hence C is not a disky handlebody and so, by Proposition
5.7 it is not a trivially split handlebody. To summarize: some B-chamber of C is not a trivially split
handlebody.

The symmetric argument on a disk Dp € B shows that there is some A chamber of C that is not
a trivially split handlebody. This immediately implies that the defining surface F(C) # @ and also
contradicts the consequence of Definition 5.17 that either all A-chambers or all B-chambers are designated
handlebodies, and so must be trivially split. O

D
Proposition 5.19 (Tinyness pulls back). Let C — Cqp be a Heegaard split chamber complex decomposi-
tion as given in Definition 5.11, If Cp is a tiny Heegaard split chamber complex, so is C.

Proof. Proposition 4.10 and most of its proof apply in this situation: We are given that the designated
handlebodies of Cp have trivial Heegaard splitting so, per Proposition 5.12, each such chamber is disky,
and Proposition 4.10 applies. That is, C is tiny as a chamber complex. What remains to be shown is
that the designated handlebodies of C have trivial Heegaard splittings. The proof of Proposition 4.10 is
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also valid in this setting; that proof invokes Proposition 4.8 to conclude that all but one chamber of C is
a handlebody, and these become the designated handlebodies of C. Then this strengthened version of
Proposition 4.8 implies, in our setting, that each such designated handlebody is trivially split:

Lemma 5.20. Suppose C is a chamber of C so that every remnant of C in Cp is a handlebody with trivial
Heegaard splitting. Then C is a handlebody with trivial Heegaard splitting.

Proof. Proposition 4.8 suffices to conclude that C is a handlebody and the proof of that proposition
continues to apply here. According to that proof, all that is required to complete the proof of Lemma 5.20
is this additional claim:

Claim: Suppose C is a handlebody chamber in C and the disks D¢ in D that are incident to dC all lie
within C. Then C is trivially split.

Proof of Claim: Without loss suppose C is an A-chamber and denote by C, the collection of remnants
of C, by hypothesis each a trivially split handlebody A-chamber. Let F = C and let T¢ be the chamber’s
Heegaard surface. Then, by Propositiono 5.5¢), y(T¢) < y(F), with equality only if the Heegaard splitting
of C is trivial.

Let T be the union of the Heegaard surfaces for the chambers of @D that are remnants of C (some
of which may be goneballs). When aligned, as described at the beginning of Subsection 5.3, each disk
in D¢ intersects F in a single circle (its boundary) and intersects T¢ either in a single circle or not at
all. In the latter case, the disk lies entirely in B¢ and, since d_B¢ is incompressible in the compression
body B¢, the boundary of the disk is inessential in d_C. Hence surgery on such a disk creates a new
sphere component of Fp bounding a trivially split ball, so such a surgery adds a sphere component both
to T'p and to Fo . Similarly, surgery on a disk in D that intersects 7 in a single circle raises the Euler
characteristic of both Tp and F by 2. So in the end, surgery on D raises the Euler characteristic of both
Tp and F by 2|D¢|. (That is, y(Fp) —x(F) = 2|D¢|.) Consequently, y(T'p) < x(Fp), again with equality
only if C is trivially split.

Consider next what happens when the bounding sphere of a goneball is removed from Fq, and T'p is
altered by amalgamation along that sphere. Since goneballs are exactly those balls that are trivially split,
the result is to remove exactly a sphere from both Fp and T, lowering the Euler characteristic of both by
2. Once all spheres bounding goneballs are removed, we then have y(Tp) < y(9C,), again with equality
only if C is trivially split. (Here T'p is the union of all the Heegaard surfaces of the chambers of C,.) By
assumption, each component of C, is trivially split. This means that y(Tp) = x(9C,), so x(T¢) = x(F)
and indeed C is trivially split. This proves the Claim, hence the Lemma and so the Proposition. O

O

6 Sequences of aligned chamber complex decompositions in S

There is an important caveat about the structure of a Heegaard split chamber complex decomposition:
Typically the Heegaard splitting of a specific chamber of Cy will not be well-defined. Indeed, even the
genus of the chamber may be ambiguous, since, in the process described before Definition 5.11 there is a
choice of how to align D¢ with T¢ in a chamber C of C. One aspect of this choice (see [FS2]) is that a
bubble may be moved across a disk in D if, for example, the disk is separating, this changes the genus
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of the chambers on each side of the disk. One result of this ambiguity is that Cp may not be well-defined
even as a chamber complex: depending on alignment, a ball chamber in Cp may or may not be trivially
split, and therefore may or may not appear as a chamber in Cop.

Soon (see Section 7) this ambiguity will be directly addressed, by describing a preferred way of
aligning disks, a way that will eventually suffice to certify unambiguously a chamber complex obtained
by weak reduction of a Heegaard splitting of S3. In this section we avoid much of this ambiguity by
oversimplifying the full theory. The section is motivational and transitional: We present an application
of the theory of disk decompositions developed in Sections 4 and 5, one that extends Proposition 3.8
and so connects to our previous discussions. It also is a model for later arguments we will need in a
more complicated setting. We begin with a definition that will only be used in this section, as a way of
illustrating and simplifying the full argument that will eventually follow.

Definition 6.1. In the setting of Definition 5.11, suppose Cqyy is a Heegaard split chamber complex
obtained from Cq by declaring as goneballs all disky balls. Then

D
C— CD
is an aligned chamber complex decomposition.

Definition 6.2. Suppose C is a Heegaard split chamber complex, that supports a genus g Heegaard
splitting M = AUr B; C is a chamber in C; and b is a genus g’ < g bubble in the Heegaard splitting
C =Ac Uz, Bc. Let C/b be the chamber complex, with Heegaard splittings of each chamber, obtained by
destabilizing C = Ac Ur. Bc along b, replacing b with a neighborhood of a point = in the splitting surface.

Amalgamating all Heegaard splittings of C/b gives a genus g — ¢’ Heegaard splitting of M obtained
by destabilizing T along b.

Although every chamber in C/b is Heegaard split, C/b may fail to be a Heegaard split chamber
complex for a somewhat technical reason: when C is a ball and b is a maximal bubble in C, the chamber
C in C/b becomes a trivially split ball chamber and this is not allowed in a Heegaard split chamber
complex. Nonetheless, any disk set D in C/b can be aligned with the Heegaard splittings of the chambers,
the construction described in Subsection 5.3 carried out, and all disky balls declared goneballs. Denote
this aligned chamber complex decomposition

C/b 2 (C/b)o.

Lemma 6.3. Suppose, in the setting of Definition 6.2, D is a disk set in C. Then D can be aligned in C
and in C/b so that b remains a bubble in a chamber of Cp and Cq /b = (C/b)p.

Proof. This is immediate from the definitions: Align the disks D in C/b so that, by general position, they
do not contain the point *. This defines also an alignment of D in C. Following surgery on D absorb
goneballs in both C and C)v. They are the same goneballs because in both cases the goneballs are exactly
the disky balls. These are defined at the level of chamber complexes, and do not depend on the Heegaard
splittings of the chambers. m|
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Call an alignment as in Lemma 6.3 a b-wise alignment.
Suppose a Heegaard split chamber complex Cy supports 7. For example Cy could be the Heegaard

splitting A Ur B itself. Let

- DO Dl DZ ‘anl
C:. C—C —mC—...—C,

be a sequence of chamber complex decompositions.

Proposition 6.4. Suppose chambers Cy € Cy and C,, € C,, contain, respectively, incompressible spheres
S and S’. Then, for iteratively 0 < i < n—1 each disk set D; can be aligned in C;, so that Cy and the
resulting Heegaard split chamber complex structure on C,, cocertify.

Proof. We inductonn > 1.

A standard innermost disk argument shows that there is an incompressible sphere S in the chamber
Cy that is disjoint from the disks Dg. This implies that S will lie in a single chamber C; of the chamber
complex C;. Align the disks Dy as in Theorem 5.16 so that

Do
Co —> Cl

is an aligned disk decompositon. More specifically, in chamber Cy choose an alignment, per [Scl], so
that the incompressible sphere S is also aligned with the Heegaard splitting surface of the chamber and
hence, after amalgamation, also aligned with 7', per Proposition 3.7. Following Proposition 3.8 we may
as well substitute S for S.

If S is incompressible in Cy, then, according to Propositions 3.7 and Corollary 3.9, ks, : (S3,T) —
(83,T,) defines both hrcy) and hrc,). Thus hrcy) ~ hrc,). By inductive assumption rc,) ~ hrc,),
completing the proof in this case.

However, it is possible that the sphere S is compressible in the chamber C;. (For example, the
interior of a ball W that S bounds in C; could have contained a single handlebody chamber of Cy, one
that disappears in C; because it is decomposed by Dy into a ball that is a goneball.) If S is compressible
in C; then it bounds a non-trivial bubble b in (S3,T), by [Wal, one that already appears as a bubble in
the induced Heegaard splitting of C;. (The bubble is non-trivial because the presence in int(W) of other
chambers means that W is not a trivially split ball, per Proposition 5.12.) In this case, we argue as follows:

For the rest of the decompositions

Dy D, D1
Ci—C—...—>C,

in the sequence, choose b-wise alignments. Then the bubble b (bounded still by S¢) arrives intact in a
single chamber of C,,. In C,,/b, S’ can be taken to be disjoint from =, simply by general position. Then

in C,, b is disjoint from S’. Then Lemma 3.5 shows that Ag, and hg are eyeglass equivalent. Hence
hrcy) ~ hs, ~ hs' ~ hr(c,) as required. O

Having shown there exists a choice of alignment for which Cy and C,, cocertify, we next show that
any choice of alignments will do. The critical point is that we understand how different alignments of
disk-sphere sets in a Heegaard split 3-manifold are related: By [FS2] they differ by a sequence of eyeglass
moves and passing bubbles through the disk-sphere set. We begin with a lemma and proposition that are
not specific to Heegaard splittings of S3.
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Lemma 6.5. Suppose Cy is a Heegaard split chamber complex in M that supports the splitting M = AUt B,
and

Do
Co —>C1

is a chamber complex decomposition. Suppose E C C; is a disk-sphere set.

Let Dy and D(y) be possibly different alignments of the disk set Dy in Cy, with resulting Heegaard
split chamber complexes C and (CT respectively, and similarly let E*, E” be alignments of the disk-sphere
set E in C{ and Cf f’espectively. Then a sequence of bubble passes and eyeglass moves will change the
alignment Dy to Df) and E* to E”.

Proof. By [FS2] there is a series of bubble passes and eyeglass moves that change the alignment D to
Dz. The proof of the Lemma is by induction on p, the number of bubble passes required. If p = 0 then,
after an eyeglass move, we can take D = Dg, so Cy = C)l’ and then apply [FS2] to the disk sets E* and E”
inCj = C{ .

So suppose p > 1 and assume the Lemma is true whenever the number of bubble passes needed to
change the alignment Dj to @f; is less than p. Let b be the first ball that is passed, through a disk D € D¥,
in changing the alignment Dj to Dg. Say b is passed from a chamber C € @f to a chamber C’ € @’1‘, with
possibly C = C’. (Enthusiasts will note that if C = C’ then the bubble pass is also an eyeglass move, by
Lemma 2.5, so p can be reduced and we are done.)

Consider the subset E€ of the aligned disk set E* that lies in C. As aligned, E¢ may well intersect
the interior of b. However there is some alignment E® of E€ in C that is disjoint from the bubble b. This
follows from general position and [Sc1] applied to E€ in €, /b. Then by [FS2] the alignment E® can be
obtained from E€ by eyeglass moves and bubble passes through E in C. Thus we may as well assume
that E€ = E°.

By further bubble passes of b through E€ we can move b adjacent to the disk D € Dj and complete
the pass of b through D. Then only p — 1 further bubble passes are needed to move Dy to Dg, completing
the inductive step. |

This argument generalizes, though the statement and argument become more complex. Let Cy be a
Heegaard split chamber complex in M that supports the Heegaard splitting M = A Uy B. Suppose

— Do D Dy Dyt
C: Cy—>C>C—>..5cC,

is a sequence of chamber complex decompositions and E is a disk-sphere set in C,,.
Suppose that the disks D; are aligned at each successive stage of the decomposition, that

5 D .0 LD DL

Cr: C—C—C—..—C,

is the resulting aligned chamber complex decomposition sequence, and that E is aligned with the resulting

Heegaard splitting of C;;. Suppose further that for some 0 <i < n there is a bubble b in one of the chambers

C of C; and the bubble b remains disjoint from each set of disks D, j > i and from E C C,. That is, the

alignment of the disks in the remainder of the sequence is b-wise. Then say that b is an intact bubble for
the sequence of aligned chamber complex decompositions.
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Suppose next that the alignment of some disk set D; is altered simply by a bubble pass of b to another
chamber C’ of C;,1, and each successive alignment of the D, j > i+ 1 and the alignment of E all are
b-wise, so that b remains an intact bubble for the resulting aligned chamber complex decomposition

Ty J J Y
2 0 1 y 2 -1
C: C—C —C—..—C,

and alignment of E. (By construction C; = C{ and Dy | = Di_l for 1 <k <i.) Denote the two alignments
of E by E* and E” respectively.

Definition 6.6. In the construction above, the aligned chamber complex decomposition sequence © and
the alignment EY of E are said to be obtained from C* and E* by an ancestral bubble pass. This includes
the degenerate case, in which C* = C but the alignments E*, E? differ by a bubble pass in C,,.

Proposition 6.7. Suppose aligned chamber complex decomposition sequences C* and © and alignments
EX,EY are chosen for the chamber complex decomposition sequence C and the disk-sphere set E in C,,.
Then there is a sequence of ancestral bubble passes and eyeglass moves that changes the pair (C*, E*) to

(&, E).

Proof. The proof begins much as the proof of Lemma 6.5. By [FS2] there is a series of bubble passes
and eyeglass moves that change the alignment Dy to Dg. The proof is by induction on the pair (n, p),
lexicographically ordered, where p is the minimal number of bubble passes in such a series. Lemma 6.5
covers the case n = 1, so assume n > 2. In case p = 0, we can take Dy = Dﬁ, soCi = C){ and then apply
the inductive assumption to the shorter sequences

X X X
1 2 -1
Cj—Cy—..—CyDE"

and
D) Y >

, 2 -1
Ci—)@é—x..;CZDEy.

So we may suppose p > 1 and, as in the proof of Lemma 6.5, let b be the first bubble that is passed,
through a disk D € D¥, from a chamber C € @1‘ to a chamber C’ € @1‘ Let Dy be the disk set Dy as
realigned by this bubble pass. Let

x D1 P Pt z
Ci—C —..—C,DE

and
w 1 w % D w w
Cl—C —..—C/DE
be b-wise alignments of the aligned chamber complex sequences, with b € C in Cf (as is given) and b € C”
in CY. (Here the significant difference between the given D7 and the new Dy, i > 1, is that each D is
b-wise aligned.) By definition, the two sequences differ by an ancestral bubble pass and by inductive

assumption (on n) the former sequence differs from

D D D

1
Ci—GC —..—C,DFE"
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by a sequence of ancestral bubble passes and eyeglass moves. Extending to the left we then have
sequences

2 [P P 1 x
Co—C —C,—..—C, DL,

=

X Z Z DZ
0 1 2 -1
Ci: C—C—C—..—C;DE,

w w Tnw ‘DW‘
Cv: C—>bCr —5HCy 5. LCVoEY
. P S
(O Co——)C’I ——>C§——>...—LC%DEy
and we have shown that any pair of the first three (Cx,C%, and C*) differ by a sequence of ancestral
bubble passes and eyeglass moves. Now notice that, by construction, the two aligned chamber complex

decompositions Cy SN CY and Cy SN CC}I' differ by a sequence of eyeglass moves and at most p — 1
bubble passes. Hence, by inductive assumption (on p), the last two sequences (hence also the first and the
last) differ by a sequence of ancestral bubble passes and eyeglass moves, as required. |

We now turn to S 3. Throughout the remaining part of this section, make the inductive Assumption
3.4. That is, the Goeritz group of S? is the eyeglass group on splittings of genus < g.
Suppose a Heegaard split chamber complex Cq supports the genus g Heegaard splitting S3 = AUz B
and
@Z C02C1&>C2&>£Cn
is a sequence of chamber complex decompositions. Suppose further that C,, contains an incompressible
sphere S.

Lemma 6.8. Suppose
2 Do Dy D3 Do
C: C—C—C—..—C,;DS8"

and
Y Y Y Y

> , D,
C: C—C —C—>.—C>Ss
are sequences of aligned chamber complex decompositions resulting from possibly different choices of
alignment at each stage. Suppose further that the sequences differ by an ancestral bubble pass, of the
bubble b. (In particular S is aligned with C}, and C), and is disjoint from b.) Denote S as so aligned S*
and S” respectively. Then C: and C,, cocertify.

Proof. We sketch the proof; more detail appears in the earlier proof of Proposition 3.8.
Let S, be the sphere 0b, defining, after amalgamation, a reducing sphere for the original Heegaard
splitting AUr B . By Lemma 3.5 hgx ~ hg, ~ hgy : (§3,7)— (S3,Tg) as required. m]

Now return to the setting of Proposition 6.4: Suppose S = A Uz Bis a genus g Heegaard splitting of
S3, a Heegaard split chamber complex Cg supports 7 and

- Do Dy D, Dy
C. :Cg—mC| —mC—...—>C,

is a sequence of chamber complex decompositions.
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Proposition 6.9. Suppose chambers Cy € Cy and C,, € C,, each contain incompressible spheres. Then,
for any alignment of each disk set D; in C;, the Heegaard split chamber complexes Cy and C,, cocertify.

Proof. By Proposition 6.4 there is some alignment Cx for the sequence so that Cy and C;; cocertify. By
Proposition 6.7 any other alignment € can be obtained from C¥ by a sequence of ancestral bubble passes
and eyeglass moves. Lemma 6.8 shows that then C2 and C), cocertify. Hence Cy and C}, cocertify. O

Corollary 6.10. Suppose (S3,T) is a genus g Heegaard splitting of S* and
Do Dy Dy D1

Co—mC —C)—...—>C,
is a sequence of aligned chamber complex decompositions of Heegaard split chamber complexes support-
ing T. If S and S’ are each incompressible spheres in possibly different chambers of the sequence, then
those Heegaard split chamber complexes cocertify. O

Unfortunately, declaring every disky ball to be a goneball, as is done throughout this Section, erases
too much information. A critical example is this: consider a sequence of two aligned chamber complex
decompositions of Heegaard split chamber complexes

Do D,
Co—C —C
and suppose that a chamber C of C; is a handlebody that is not disky in the first decomposition. We
know from Proposition 5.12 that the Heegaard splitting of C; is non-trivial. Now suppose that the disks
of D, that are incident to the handlebody C are a complete set of meridians for C;. The result is a ball
chamber of C, that has non-trivial Heegaard splitting. As shown in the proof of Proposition 3.7, this is
(under the inductive Assumption 3.4) enough information to determine an eyeglass equivalence class
(§3,7)— (S3, T,). But if we take all disky balls to be goneballs, this ball would be absorbed because it is

disky under the decomposition C; & C,. Thus we lose the information it contains.

Motivated by this example, we will use a more complicated rule to declare that, under certain
conditions, a disky ball should not be declared a goneball. The rule will focus on how handlebodies are
treated in a disk decomposition. The critical step is to be more restrictive in how we allow disks to be
aligned.

7 Preferred alignment and flagged chamber complexes

Return now to the general case, which we briefly review: M = AUr B is a Heegaard splitting of a compact
3-manifold; C is a Heegaard split chamber complex in M that supports 7; D is an aligned disk set in C;
Cyp is the chamber complex obtained by surgery on D; and Cr, is the Heegaard split chamber complex
obtained by using Rule 5.6 to declare goneballs. Thus

D
C—Cop

is a Heegaard split chamber complex decomposition.
Because the disks are aligned, each chamber inherits a Heegaard splitting, as described before
Definition 5.11. We consider 3-balls to be (genus 0) handlebodies and introduce the terminology:
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Definition 7.1. A Heegaard split handlebody chamber in C is empty if the Heegaard splitting is trivial. If
the Heegaard splitting is non-trivial, the handlebody chamber is called occupied. A flagged chamber
complex is a Heegaard split chamber complex in which each handlebody chamber is labelled either empty
or occupied.

Two flagged chamber complexes are the same as flagged chamber complexes if they are the same as
chamber complexes and the flagging of each handlebody chamber is the same. The Heegaard splittings of
any given chamber are not necessarily isotopic, nor even of the same genus.

Definition 7.2. The alignment of a disk set D in C is a preferred alignment if, in each chamber C of C, it
has these properties:

1. If any remnant of C is not a disky handlebody, then each disky handlebody remnant is empty.

2. If every remnant of C is a disky handlebody, then, per Proposition 4.8, C is a handlebody. In this
case:

(a) If C is empty, so is every remnant

(b) If C is occupied, then exactly one remnant of C is occupied.

Corollary 7.3. Suppose D is a disk set that is in preferred alignment in a flagged chamber complex C.
Suppose C has no occupied handlebody chambers. Then, under the decomposition

D
C—Cop
each handlebody chamber in Cyp is empty if and only if it is disky.

Proof. 1f a handlebody chamber in Cq, is not disky, then it is occupied per Proposition 5.12, so the interest
is in the other direction. Suppose C” is a disky handlebody chamber in Cp, a remnant of a chamber C in
C. By hypothesis, C is not an occupied handlebody so, per Definition 7.2(2a), if every remnant of C is a
disky handlebody then every remnant, including C’, is empty. On the other hand, if not every remnant of
C is a disky handlebody then per 7.2(1) C’ is empty. Thus in every case C’ is empty, as required. O

We will first show that any disk set has a preferred alignment. A critical fact from Heegaard theory is
that any Heegaard splitting of a handlebody is standard, that is it is a stabilization of the trivial splitting.
(See, for example, the discussion at the end of Section 6 or, in more detail, the proof of Proposition 8.1
below.) In particular, if H = Ay U, By is a Heegaard split handlebody with non-trivial splitting then
there is a bubble b for the splitting so that if the bubble is destabilized (for example by replacing b with
a ball containing just a properly embedded equatorial disk), the splitting becomes trivial. That is, the
splitting surface becomes parallel to H. Such a bubble will be called a maximal bubble in H.

Lemma 7.4. Suppose
D
C—Cop
is a Heegaard split chamber complex decomposition and H = Ag Ur,, By is an occupied disky handlebody

remnant of a chamber C € C, with C = Ac Ut Bc. Then there is an isotopy of Ty in H so that afterwards
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By

Figure 22: Case 1 of Lemma 7.4

e Thereisadisk EC Ty so that Ty —E C T¢ and

o There is a maximal bubble b, disjoint from E, in the splitting of H that is also a bubble in the
splitting of C.

Proof. With no loss assume C and hence H are A-chambers. We briefly set terminology and review the
results of Heegaard split chamber complex decomposition from Subsection 5.3. Let ¢ be a spine for B¢
consisting of the union of dC and a graph y¢ C C incident to C only in its ends. We may as well focus
on those disks in D that are incident to C and retreat to denoting these as D. Since D is aligned, each
disk D € D intersects the spine X¢ only in dD; the interior of D lies either in C or in a chamber adjacent
to C. In particular, D is disjoint from the graph yc. Except for scars left on dH by D, dH c dC. If D € D
leaves an external scar on dH then D lies in C; if it leaves an internal scar then int(D) lies in an adjacent
chamber. There is a spine Xy for By which consists of the union of dH with two graphs in H (whose
union we denote yg): the graph yc N H and a graph y; C H determined by the internal scars in H and
goneballs in the interior of H. Each edge in vy, is dual to a disk in D whose interior lies outside C. More
specifically, each end of an edge of y; lies either on an internal scar in dH or on a vertex in y; Nint(H)
that corresponds to a goneball. Because the compression body By is connected, each component of yy
has at least one end on 0H.
We consider increasingly complicated cases:

Case 1: H is a ball and has no internal scars or goneballs. That is y; = 0.

Connect the (external) scars of D on dH by a collection of arcs in dH which, by general position, can
be taken to be disjoint from the ends of vy in H. Viewing these arcs as edges and the scars as vertices
of a graph in dH, choose the arcs so that the resulting graph is a tree. Let E5 C 0H be a (disk) regular
neighborhood in 0H of the union of the scars and arcs. Since that union is disjoint from the ends of yg
we can take Ej also to be disjoint from the ends of yp.

The compression body Bc is a regular neighborhood of the spine X¢. Since D is aligned and so
disjoint from y¢, D intersects B¢ only in a collar of dB¢. Hence B intersects each scar s on dH in a
collar of ds in H. A regular neighborhood of X, to which we can isotope By, can then be constructed
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from B¢ in an obvious way: take the union of Bc N H and a collar in H of each scar on 0H. See Figure
22. With this construction, Ty lies in T¢ except for the collection of disks in T that are parallel to the
scars. If we then take E to be the disk in Ty parallel to Ey, we have Ty — E C T¢, verifying the first
assertion of the lemma in this case.

Since E is disjoint from g, the interior of E can be pushed, rel JF, into Ay. Call the result E4. Since
H is a ball, the complement of Ey in 0H is also a disk; let Ep be a copy of the disk dH — E 5 pushed up
into the compression body By until its boundary lies on dE = 0E,4 in Ty. The union of E4 and Ep is a
sphere bounding a ball in H that contains all of Ty — E. That ball is then a maximal bubble for H that is
also a bubble for the splitting of C, verifying the lemma in this case.

Case 2: H is a ball that may contain internal scars and goneballs.

Suppose s is an internal scar on dH, a scar left by a disk in D that lies in an adjacent chamber C’. See
Figure 23. Since by assumption H is a disky remnant, Js bounds a disk component E; of dC Nint(H).
Since H is irreducible, the disks s and E; are isotopic rel d in H, and all ball components of Cy must be
goneballs and therefore trivially split. In particular the Heegaard splitting surface of the adjacent chamber
C’ does not contribute any genus to T'y.

Let 0H, be the copy of 0H obtained by replacing each interior scar s with the corresponding disk
E; c 9C. Now apply the argument of Case 1 to the ball in H bounded by 0H, instead of H, with the arcs
in 0H between external scars in that construction chosen to avoid also internal scars. This completes the
proof in this case. (Note that with this construction, T is disjoint from the ball in H between the scar s
and the disk E;.)

|- < >

E,cocC Ty

/\QC/\
Figure 23: Case 2 of Lemma 7.4

Case 3: The general case.

Define the disk £ C Ty parallel to a disk E 9C OH as in Case 1, with arcs chosen in its construction
to also be disjoint from internals scars. Essentially the same argument as in Cases 1 and 2 shows that we
can ensure that Ty — E C T¢. So we proceed to the second assertion of the Lemma: there is a maximal
bubble in H that is disjoint from E and is also a bubble for C.

Let D, be a minimal complete collection of meridian disks in H. That is, D, is a properly embedded
collection of disks in H so that the closed complement of a collar of D, in H is a single ball W. By
general position, we may take 9D, C dH to be disjoint from E and all internals scars, and per [Sc1] we
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can take D, to be aligned with the Heegaard surface Ty. This means in particular that the graph vy C g
can be taken to be disjoint from the meridian disks D, so it lies entirely in the ball W.

Let Ey, be the disk in W obtained by band summing E 4 to each copy of D in dW. (For each disk
D € D, there are two copies D. in dW.) See Figure 24. The complement in the sphere W of E, is a
disk that lies entirely in H. In parallel fashion expand the disk E4 (per Case 1 a copy of E with interior
pushed into A) to a disk E 4. properly embedded in A by band summing E4 to each disk DL NA,D e D,.
Since OW — E, is a disk in dH, it follows as in Case 1 that 0E 4, C Ty bounds a disk in By. The union of
the two disks is then a sphere parallel to W and the ball b it bounds in W is disjoint from E and contains
all but the ends of yy. So b is a maximal bubble, as required. |

Figure 24: Case 3 of Lemma 7.4

Proposition 7.5. Suppose C is a Heegaard split chamber complex in M = A Up B that supports T, and D
is a disk set in C. Then D has a preferred alignment.

Proof. As discussed in Subsection 5.3, D can be aligned. The strategy will be to begin with any alignment
and alter it to a preferred alignment.

We first describe how to realign D so as to achieve Definition 7.2(1). Suppose some remnant C’ € Cp
of a chamber C € C is not a disky handlebody, and let H = {H{, ..., H} be the collection of occupied
disky handlebody remnants of C. If H = @ there is nothing to prove. Otherwise, let y = {y1,....,vx} be a
collection of arcs in C with the following properties:

e Each v, is a path in the Heegaard surface T'¢ that is transverse to D and runs from a point in int(C”)
to a point in int(H;).

e Among all such families of arcs, [y N D| > k is minimized.

Let D € D be the disk containing the closest intersection point on y; to its endpoint in H;. Let
C” be the remnant that is on the other side of D. Since |y N D| is minimized, y; is otherwise disjoint
from D and C” # H;. H; is assumed to be occupied; let b be a maximal bubble for the splitting
Hj = A U, B satisfying the conclusion of Lemma 7.4. That is, b is also a bubble for the Heegaard
splitting C = Ac Uz, Bc.
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Take the endpoint of y; in H; to be a point in the circle ¢, = dbN T¢, so the subpath yg =y N H
is an arc in T¢ from D to the sphere db. Tube sum D to b along the path yg, creating a new disk D’.
Observe that D’ intersects T¢ in a single circle, namely the band sum along yy of the circles DN T¢
and 0bNT¢. Thus D’ is an aligned disk, and is isotopic to D in C because b is a ball. Moreover, the
bubble b lies on the same side of D’ as C”’, not H. Thus D’ is a realignment of D that makes H an empty
handlebody. If C”” is not a handlebody, or is a handlebody that was already occupied, then k is reduced
by 1. If C” was an empty handlebody then after the realignment C”” becomes an occupied handlebody,
leaving k unchanged. But the path y; now has its endpoint in C”* and no longer intersects the realigned
D’, so |y; ND| (with D realigned) is reduced by 1. Continue the realignment of disks until k = [yNnD| =0
as required.

To establish Definition 7.2(2a) note that if any remnant of C is a disky occupied handlebody then
Lemma 7.4 shows C contains a bubble and so cannot have trivial splitting; it is occupied. To establish
7.2(2b), use the same argument as for 7.2(1) above, but make an arbitrary choice of any remnant for
C'. ]

Definition 7.6. Suppose C is a flagged chamber complex, D is a disk set in C with a preferred alignment,
and Cyy is the chamber complex obtained by surgery on D. Let Cop be the flagged chamber complex
obtained by using Rule 5.6 to declare goneballs. Then the Heegaard split chamber complex decomposition

D
C—Cyp
is called a flagged chamber complex decomposition.

For much of our argument, simply keeping track of the flagging of the chamber complexes (that is,
whether a handlebody chamber is empty or occupied) will suffice.

Proposition 7.7. Suppose, for D a disk set in C,
D
C—Cop
is a flagged chamber complex decomposition.

1. Any ball chamber in Cy is occupied. (That is, Cp is a Heegaard split chamber complex.)

2. If any remnant of a chamber C in C is an occupied disky handlebody then C is an occupied
handlebody and every remnant of C in Cq is a disky handlebody.

3. Suppose D is given a different preferred alignment and Ci, is the resulting flagged chamber
complex structure. If Cy and Co differ as flagged chamber complexes, then C contains an occupied
handlebody chamber whose remnants in Cp and Ci, are all disky handlebodies.

Proof. (1) If a ball chamber were not occupied, it would be empty so, by Definition 7.1, it would have
trivial Heegaard splitting. But then, by Rule 5.6, it would have been a goneball.

(2) The proof is essentially the same as that of Corollary 7.3: If a remnant of C is an occupied disky
handlebody then from the contrapositive of Definition 7.2(1) every remnant of C is a disky handlebody.
Then the contrapositive of Definition 7.2(2a) says that C must be an occupied handlebody.
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(3) In a flagged chamber complex decomposition, the flagging of the chambers after surgery, as
described in Definition 7.2, depends only on the disks D and not on how they are aligned with the
Heegaard surfaces in the chamber, except in satisfying Definition 7.2(2b): If C is an occupied handlebody
chamber of C and each remnant of C is a disky handlebody, then a choice of alignment is made to ensure
that exactly one remnant (of possibly several) is occupied. Hence if Ci, and Cp differ, so Cp and ¢’
differ, it must be because of a different such choice. That is, in @93 one remnant is an occupied handlebody,
and in Cq a different remnant is. Thus, per statement (2), C is the required occupied handlebody chamber
of C. m|

Suppose, as described in the proof of Proposition 7.7(3), two flagged chamber complex decomposi-

D D
tions C — Cp and C — Ci, differ only because, for some occupied handlebody chambers in C, different
alignments of the disks D in the chambers result in different remnants being occupied.

D D
Definition 7.8. The decompositions C — Cp and C — C7, are sibling decompositions, and the occupied
handlebody chambers in C are called parent chambers in the sibling decompositions.

Proposition 7.5. is an existence statement; we now move towards a parallel uniqueness statement.

Lemma 7.9. Suppose H = AUt B is a Heegaard split handlebody. Suppose b? and b4 are not necessarily
disjoint bubbles for T of genus p < q respectively. Then

e There is a genus (q— p) bubble V' for T that is disjoint from b”, and a homeomorphism h . (H,T) —
(H,T) so that h is the identity on OH, and V4 is the tube sum of h(b”) and h(b").

o Under Assumption 3.4, if genus(T) — genus(H) < g — 1 then we may take h to be an eyeglass move.

Proof. Pick an aligned disk set D in H so that H—n(D) is a single ball. This implies |D| = genus(H)
and each disk is non-separating. Then surgery on D gives a genus g’ = genus(7) — genus(H) Heegaard
splitting of the ball which, by [Wa], is unique. More explicitly, echoing the notation surrounding Figure
7, there is a nested sequence of g’ bubbles by C ... C by for T so that each sphere §; = 0b; intersects T in
a single circle ¢;, and T' /b is parallel to 0H.

More specifically, align D first with T/b? so that in the associated alignment of D with T, b? is
disjoint from D. Then with no loss of generality we may assume that b = b,,. For the first statement above,
it then suffices to find a homeomorphism h(H,T) — (H,T) so that h(b”) = b,. Denote this alignment of
D by D1.

Similarly, let D” be an alignment of D found by first aligning with 7'/b” and then observing that the
associated alignment of D? with T is disjoint from b”. According to [FS2] there is a sequence of bubble
passes and eyeglass moves that will take D” to D? and, since each disk in D is non-separating disk, it
follows from Lemma 2.5 that even the bubble passes are eyeglass moves. (To pass a bubble through
a disk D € D choose the arc 8 in the proof to be disjoint from all other disks in D.) Thus there is an
eyeglass move that takes D” to DY. Put another way, there is an eyeglass move h; : (H,T) — (H,T) so
that /1 (b?) lies in the ball H —n(D?). By [Wa] there is then a homeomorphism h; : (H,T) — (H,T) so
that h2(h1(b7)) = b,,. This completes the proof of the first statement, with 2 = hoh;.

To prove the second statement, just note that 7 induces a genus g’ splitting on H — (DY), so if
g’ < g—1 then we may take A, to be an eyeglass move, so /yh; is also an eyeglass move. m|
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Throughout the remainder of this section C is a flagged chamber complex in M supporting a genus g
Heegaard splitting, with D a disk set in C. We further continue with Assumption 3.4. Let D, denote two

preferred alignments of D that result in the same flagged chamber complex decompositions C 2, Cop,.
That is, to repeat from Definition 7.1, Cp, are identical chamber complexes with identical flagging
(handlebody chambers either empty or occupied), though the underlying Heegaard splittings of each
chamber may differ.

Proposition 7.10. There is a sequence of preferred alignments of D in C
D— = D0’®1$D2’®3'~"Dn = D+
so that

a) for each 1 <i<n, D; is obtained from D;_; by eyeglass moves and a single bubble pass, possibly
through multiple disks of D;_;.

b) The result Cp, of each flagged chamber complex decomposition

D;
C— C@i
is the same flagged chamber complex as D..

Proof. The central theorem of [FS2] is that there is such a sequence of alignments, but without the
condition that each D; is in preferred alignment and that each resulting Heegaard split chamber complex
Cop, has the same flagging. We begin with such a sequence and alter it to achieve these conditions.

Claim: It suffices to find a sequence of (not necessarily preferred) alignments satisfying a) and b) so
that each disky handlebody chamber of Cqp that is empty in Cp_ is also empty in each Cop,.

Proof of claim: We will assume we have found such a sequence of alignments and show how the
proof of the proposition follows.

First observe that by Proposition 5.12 any handlebody chamber of Cy that is not disky is occupied
regardless of alignments, so the only difference in possible flaggings of the Cp, is in the flagging of
disky handlebodies. Since Cp_ has a preferred alignment, it satisfies Definition 7.2(1), namely that if
any remnant of C is not a disky handlebody, then each disky handlebody remnant is empty. But by the
assumption, each disky handlebody remnant is then empty in Cp,, so each Cq, also satisfies Definition
7.2(1).

Similarly, if each remnant of a chamber C is a disky handlebody (so C is a handlebody, per Proposition
4.8), then Definition 7.2(2a) says that if C is empty, every remnant is empty in Cp_ and so, by assumption,
also in each Cp,. Thus each Cyp, satisfies Definition 7.2(2a). On the other hand, if C is occupied,
Definition 7.2(2b) says that exactly one remnant, say C’ € Cp_ is occupied, so the others are all empty. By
assumption, all remnants of C in each Cq,, except possibly C’, are then empty. But since C is occupied
it has non-trivial splitting, that is the genus of its Heegaard splitting surface is greater than that of its
boundary. So decomposition cannot leave only trivially split handlebodies. Thus some remnant of C must
be empty in each Cqp,, and C” is the only possibility. Thus exactly one remnant of C (namely C’) in each
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Cop, 1s occupied, and so each Cyp, also satisfies Definition 7.2(2b), with the same flagging as Cp_. Thus
each D; is in preferred alignment, as required.

Having established the claim, we proceed to show that in fact there is a sequence of alignments
satisfying a) and b) so that each disky handlebody chamber of Cq, that is empty in Cp_ is also empty in
each Cop,. This follows from a min-max argument that we now describe.

Let H be the collection of disky handlebodies in Cq, that are designated as empty in Cp_ and so by
assumption, also in Cp, . Since these are flagged chamber complexes, no chamber in H is a ball.

Consider any sequence of (not necessarily preferred) alignments, given by [FS2], that begins with
D_ and ends with D, so that each alignment in the sequence differs from the previous alignment by
eyeglass moves before and after a single bubble pass, possibly through multiple disks. For each 0 <i < n,
let o; > 0 be the difference between the sum of all the genera of the Heegaard surfaces for H in Cp, and
the sum of the genera of 0H. If we can find a sequence so that each o; = 0, then each Heegaard splitting
would be trivial, so each chamber in H would continue to be empty in each Cp,. Following the claim
above, this would conclude the proof of the lemma.

In search of a sequence of alignments for which o; =0, let

®— = @0,@],@2,@3...,@,1 = ®+

be one that minimizes, in lexicographic order, the pair (m, x), where m is the maximum of o; throughout
the sequence, and x is the number of integers i for which o-; = m. The aim is to show that m = 0. Towards
a proof by contradiction, suppose m > 1 and let i be the smallest integer for which o; = m. We know that
1<i<n-1since og=0,=0.

So we have

1. o1 <m
2. 0i=m
3. o1 <m.

The first statement implies that the realignment of D;_; to D; moves a bubble from a remnant R; ¢ H
to a remnant R, € H. The third statement means that in the realignment of D; to D;,;, which moves a
bubble from remnant R3 to remnant R4, we cannot have both Ry ¢ H and R4 € H.

Suppose that Ry # R3. In this case, the bubble in R3 could be passed to R4 before the bubble passes
from R; to Ry. This does not affect o1 or 041 but may change o7, say to o7}. Since we cannot have
both R; ¢ H and R4 € H, 0'; < oi_1. (1) then implies O'l'. < m. Thus we have reduced x (or m if always
J>i = oj<m).

Next suppose R, = R3, and just call it R. We have already seen that this remnant must be in H, and
so a disky handlebody. Since bubbles can only be passed between remnants of the same chamber, we
deduce that R, R, R4 are all remnants of the same chamber of C. In particular, it is possible to directly
pass a bubble from R; to R4. Let g1,g4 be respectively the genera of the bubble b, that is moved into R
from R; and the bubble b4 that is moved from R into R4. There are two cases to consider:

Case 1: g1 < g4
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Let D; C 4R be the disk through which by is passed into R from R; as it lies in D;_;. We proceed
as though D; is the only disk through which b; is passed, so it is passed from one remnant of C to an
adjacent one; if it is passed through multiple chambers the argument only needs to be altered by taking
multiple parallel copies of Dj, corresponding to how the thin tube from R to b; passes through other
disks in D;_; in the bubble pass. Similarly let D4 C dR be the disk (or parallel copies of the disk) in D;_;
through which by is passed into R4. (Possibly Ry = R4 and D = Dy.)

Let (Dy,0D5) C (R1,0D) be a disk parallel to D; obtained by tube-summing b; to D;. Similarly,
let H, be the handlebody obtained from R by the same tube-summing, replacing D with D,. Then H.,
contains both b; and by. According to Lemma 7.9 there is an eyeglass move & : H, — H, and a bubble b’
of genus g4 — g1 so that by is the tube sum of b’ and A(b;). Replace by an eyeglass move D; € D;_; with
D’ = h(Dy). See the highly schematic Figure 25.

Wi |
b]‘ .

P ) o) O
Dy D, Dy < < ®

Ry R R4 neo))
1
D;
Di o Din
i1 i+l

DI

; D, = D

i+1
Figure 25: Case 1 when R, = R3 =R

Do the transition from the alignment of D;_; to that of D;,; with these bubble passes instead of the
given two: Tube sum D’1 to b’, after which by lies entirely in R;. This changes o to o; — g4, since R| ¢ H.
Then pass the bubble by directly from R; into R4. This realignment leaves D, aligned so that R4 contains
bs. The upshot of this replacement of D; with D’l in D;_; is that the first occurrence of o; = m in the
sequence is replaced with m — g4. Thus x is reduced by one (or m is reduced, if always j>i = o ; <m).

Case2: g4 < g1

The argument is much the same, using H. as defined above, with the following alteration: According
to Lemma 7.9 there is a homeomorphism 4 : H, — H, and a bubble b’ of genus g; — g4 so that h(b;) is
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the tube sum of b” and by4.

Do the transition from the alignment of D; to that of D;,; with these bubble passes instead of the
given two: First replace D with h(D;). After this realignment by C A(b;) lies entirely in R;. Next move
b4 directly to R4. This move does not raise o = 0;,_; and may lower it by g4 if R4 ¢ H. Next move b’
into R, returning the alignment to D;,;. This transition replaces the first occurrence of o; = m in the
sequence with a term no larger than o;_;. Thus again x is reduced by one (or m is reduced, if always
J>i = oj<m).

In any case we have contradicted the assumption that (2, x) is minimal. We conclude that m = 0, as
required. |

Definition 7.11. A flagged chamber complex is tiny if it is a tiny chamber complex, as in Definition 4.9,
and, in the case that F(C) # 0, each of the designated handlebodies is empty.

In particular, if F(C) is a single component dividing M into two handlebodies, so either of them can
play the role of designated handlebody, the flagged chamber complex is tiny unless both handlebodies are
occupied.

Proposition 7.12 (Tinyness pulls back). Suppose
D
C—Cop
is a flagged chamber complex decomposition. If Cp is tiny, so was C.

Proof. This is essentially a restatement of Proposition 5.19. |

Corollary 7.13. Suppose

DO D1 DZ D -1
Cy—>C; —>C) 5 ...55C,

is a sequence of flagged chamber complex decompositions. Then if Cy is not tiny, neither is C,. In
particular, F(C,) # 0.

8 Occupied handlebodies and certification

In this section we demonstrate that the principal results from Section 6 continue to apply in the context of
flagged chamber complexes, and with a broader version of certification. Continue with Assumption 3.4,
that G(S3,T") = € whenever genus(7”) < g— 1.

Proposition 8.1. Let C be a flagged chamber complex for S3 that supports the genus g Heegaard splitting
(S3,T). Suppose C = Ac Ur. Bc is an occupied handlebody chamber of C.

1. There is a reducing sphere S for the Heegaard surface T¢ and a corresponding homeomorphism
he:(S3,T)— (S3; T,) so that hc(S) €{S;,i=1,...,g— 1}. Moreover, the eyeglass equivalence class
of hc¢ is independent of S.

2. If C’ is another occupied handlebody chamber of C then h¢c and her are eyeglass equivalent.
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3. If S is an incompressible sphere in a chamber of C then h¢ is eyeglass equivalent to the homeomor-

phism hg given in Proposition 3.7.

D
4. Suppose D is a disk set in C in preferred alignment, and C — Cqp is the corresponding flagged

chamber complex decomposition. Suppose all remnants of C are disky handlebodies and C’ is the
chamber in Cy that, per Definition 7.2, is the unique remnant of C that is occupied. Then h¢ and
hcr are eyeglass equivalent.

5. Forany t € G(S 3.7) and he(c) similarly defined, h-«cyt ~ hc.

Proof. We prove each statement in turn:

1.

Since C is an occupied handlebody, T¢ is a non-trivial Heegaard splitting. That is, b = genus(T¢) —
genus(dC) > 1. Following Lemma 7.9 there is a genus b bubble b in T¢ and, so long as b < g, b is
unique up to eyeglass moves.

We have
g = genus(T) > genus(T¢) = b + genus(9C)
so indeed b < g unless C is a ball and T¢ is genus g. But this is impossible, for the complement of

C in S would then be a trivially split ball, and so a goneball, so dC could not be a component of F.
We conclude that b is unique up to eyeglass moves and take db for the required reducing sphere.

. This follows from Lemma 3.5.

. This again follows from Lemma 3.5, since the handlebody chamber C cannot be the same as the

chamber with incompressible sphere.

. For the non-trivial Heegaard splitting of handlebody C’, let b’ be a bubble whose boundary defines

her, as we have just described. According to Lemma 7.4, b’ can be placed so that it is also a bubble
for T¢. According to Lemma 7.9 an eyeglass move will put b’ inside the bubble b whose boundary
defines h¢. The result then again follows from Lemma 3.5.

. This follows from the second statement in Proposition 3.7.

Motivated by Proposition 8.1(1-3), we have

Definition 8.2. A flagged chamber complex C in S3 certifies if some chamber contains an incompressible
sphere or some chamber is an occupied handlebody. An incompressible sphere in such a chamber, or the
boundary of a bubble in an occupied handlebody, is called a certificate issued by C.

Corollary 8.3. Let C be a flagged chamber complex for S* that supports the genus g Heegaard splitting
(S3,7). If C certifies then all homeomorphisms (S 3.T) > (S3, T,) determined by certificates in C are
eyeglass equivalent.
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Let hc: (S3,T) — (S?, T,) denote any homeomorphism given by such a certificate; by Corollary 8.3
he is well defined up to eyeglass equivalence. If C’ is another flagged chamber complex that certifies and
the homeomorphisms /¢ and ¢ are eyeglass equivalent, then we say that C and C’ cocertify and write
C~C.

Corollary 8.4. If C certifies and T € G(S 3.T) then hec)T ~ hc.

Proof. This follows from 8.1(5). m|

Suppose S* = AUr B is a genus g Heegaard splitting of S, the Heegaard split chamber complex Cy
supports T, and we are given a sequence of flagged chamber complex decompositions

= Do Dy Dy Dy
C: Cy—>C>C—>..5C,

Suppose further that both Cy and C,, certify.
In analogy to Proposition 6.4 we have.

Proposition 8.5. For iteratively 0 < i < n there is a preferred alignment of each D; so that Cy and C,,
cocertify.

Proof. The proof is by induction on n.

Initial Case: n=1
Following Proposition 7.5, take any preferred alignment of Dy in Cp.

One possibility is that in the flagged chamber complex decomposition Cy & C, there is an occupied
handlebody chamber in Cy for which every remnant in C; is a disky handlebody. Then the result follows
from Proposition 8.1(4). So assume that this is not the case. Then by Proposition 7.7(2) a handlebody in
C, is empty if and only if it is disky. This implies that different choices of preferred alignment of Dy
have no effect on the flagging of C;. In particular, every disky ball in C; is a goneball.

Consider a chamber C = Ac Ur,. B¢ in Cy that certifies. There is a (reducing sphere) certificate § € C
for T¢ that is either incompressible in C or, if C is an occupied handlebody, bounds a bubble b for T¢. In
either case there is a realignment of Dy in C that is disjoint from S, in the former case by the proof of
Proposition 6.4 and in the latter case by considering the Heegaard splitting Cy/b. We first need to show
that this realignment of Dy N C can be done in a way that is still a preferred alignment and then show that
the homeomorphisms As and kg, determined by S and some certificate S’ for C; are eyeglass equivalent.

Consider the remnant C’ of C in C 1 that contains S.

Subcase 1: C’ is not a disky handlebody. (In particular, C’ is not a goneball, and so C’ remains a
chamber in C;.)

For example, this is always the case if S is incompressible in C and so is either incompressible in C’
or bounds a ball containing components of F.

The disk set Dy N C can be given a preferred alignment by emptying any remnant of C that is a disky
handlebody by passing bubbles to C’, see Definition 7.2. If S is incompressible in C’ then it is a certificate
for C; and we are done. If there is a certificate S’ for C; in a chamber of C; other than C’, then S and S’
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are disjoint, so hs and hg- are eyeglass equivalent by Lemma 3.5. This implies Ac, ~ hs: ~ hs ~ hc, and
again we are done.

So we are reduced to the case where C” is the only certifying chamber in C; and S bounds a bubble b
in C’. If C’ contains an incompressible sphere, then aligning it with the Heegaard surface for C’ in C; /b
gives a certificate S’ for C; that is disjoint from b and we are done as above. If C’ does not contain an
incompressible sphere then, since it contains a certificate for C;, it must be an occupied handlebody in
which S’ bounds a bubble. By Lemma 7.9 the spheres S and S’ can be made disjoint by an eyegelass
move. By Lemma 3.5 this again implies hc, ~ hs: ~ hs ~ hc, . This concludes the argument in this
subcase.

Subcase 2: C’ is a disky handlebody.

In this case, to obtain a preferred alignment of Dy in C we may need to empty C’, see Definition 7.2.
Recall that this is done by finding a maximal bubble in C’, one that is also a bubble for T, and tube
summing its boundary to a possible series of disks in Dy. Lemma 7.9 shows that such a maximal bubble
can be found that contains b within it, so b ends up in a remnant of C that is not a disky handlebody. Then
Subcase 1 applies. This concludes the argument for Subcase 2 and hence the Initial Case n = 1.

The inductive step, n > 2:

Inductively suppose the result is known for any sequence of length < n—1. Then we may as well
assume that C; does not certify for 1 <i <n-1, else we could break the sequence into two sequences
of smaller length. In particular, in none of the decompositions does an occupied handlebody have all
remnants disky handlebodies, for when that occurs in a flagged chamber complex decomposition both the
occupied handlebody and one of the remnants certify, see Definitions 7.6 and 7.2. So, just as in the case
n = 1, the alignment of each D; is preferred if and only if it has this property: each handlebody remnant
is empty if and only if it is disky. As a result, different choices of preferred alignment throughout the
decomposition sequence have no effect on the flagging of the flagged chamber complexes.

Since C; does not certify, no chamber in C; contains an incompressible sphere. Also, no occupied
handlebody in Cy has only handlebody remnants in C;, since at least one such remnant would certify.
There is a certificate for Cy in some chamber C of Cy. As in the case n = 1 we can find such a certificate
S and realign Dy N C so that the sphere S is disjoint from Dy. Then, regardless of whether S is an
incompressible sphere or bounds a bubble in C, S must compress in the chamber of C; that contains it, so
it bounds a bubble b in that chamber.

Following further the case n = 1, the disks DoNC can be further realligned so that all disky handlebody
remnants of C are emptied, by bubble passes to a remnant C’ of C that is not a disky handlebody, and this
can be done in a way that leaves the bubble b intact. The result is that the first decomposition again has
a preferred alignment, but now with b lying intact in the remnant C” € C;. Finally note that C’ cannot
be a handlebody at all: by construction it is not a disky handlebody and if it were not disky it would be
occupied and so it would certify.

Consider the flagged chamber complex C; /b. Since b does not lie in a handlebody, there is no change
in flagging. Via Proposition 7.5 there is a preferred alignment for the disks D so that

Dy
Ci/b— Cy/b

is a flagged chamber complex decomposition. Since C’ is not a handlebody, not every remnant of C’ in C,
is a disky handlebody and, unless n = 2, C;, does not certify, so in fact not every remnant is a handlebody
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at all. By isotoping * in C; /b (or, equivalently, passing the bubble b in C;) we can ensure that * lies in a
remnant of C” in C, /b that is not a handlebody. Continue in this manner until * reaches C, /b and lies
in a chamber C” that is not a disky handlebody (but may be an occupied handlebody). The proof now
concludes as it did for of n = 1, Subcase 1. O

Just as Proposition 8.5 for flagged decompositions parallels Proposition 6.4, we now work towards
finding a parallel of Proposition 6.9 for flagged decompositions. The argument is mostly just a reprise of
the previous argument. We begin with an analogue of Lemma 6.5.

Lemma 8.6. Suppose Cy is a flugged chamber complex in S that supports the splitting S> = AUr B, and

Do
Co — C]

is a flagged chamber complex decomposition.
Let Dj and Dg be possibly different preferred alignments of the disk set Dy in Cy, with resulting
flagged chamber complexes C| and Cf respectively. Then if Cy and Cy cocertify, so do Cy and C?.

Proof. If any occupied handlebody chamber C in Cy is decomposed entirely into disky handlebody
chambers in Cy, then from Proposition 8.1(4) Cy and C; cocertify in any preferred alignment and we are
done. So we will assume there is no such decomposition of a chamber. Then by Proposition 7.7(2) a
handlebody in C; is empty if and only if it is disky. This implies that C{ and C¥ have the same flagging.

In the case that Cy certifies because a chamber contains an incompressible sphere, the proof is the
same as that of Lemma 6.5, with this augmentation: Following Proposition 7.10, the various bubble
passes that are needed can be done in such a way that at every stage the disk alignments are preferred and
give the same flagging.

In the case that Cy certifies because a chamber is an occupied handlebody, the proof is similar. From
[FS2] there is a sequence of bubble passes and eyeglass moves that change the alignment D to D(y).
From Proposition 7.10 this can be done so that in the sequence the alignments are always preferred and
the flagging never changes. So it suffices to consider the case of a single bubble pass. With no loss of
generality then assume that C{ and C¥ differ by a single bubble pass. If the bubble pass does not involve
an occupied handlebody, there is nothing to prove. So assume that C{ is obtained from Cy by passing a
bubble b out of an occupied handlebody chamber C’ of C;.

Since the flagging remains the same after the bubble passes out of C’, b is not a maximal bubble for
C’ in Cy. Following Lemma 7.9 there is a bubble b’ in C” that is disjoint from b and the tube sum of the
two bubbles b* is a maximal bubble for C” in Cy. In particular, b” is a maximal bubble for C’ in C{ . Since
the spheres S* = db* and S = 0b” are disjoint, it follows from Lemma 3.5 that the homeomorphisms
hs<,hsy 1 (S3,T) — (S3, T,) are eyeglass equivalent, so C{ and C}f cocertify, as required. |

Continue with the hypotheses of Proposition 8.5:

Proposition 8.7. No matter which preferred alignment occurs at each step in C, the flagged chamber
complexes Cy and C, cocertify.

Proof. The case n =1 is Lemma 8.6, so assume n > 2. We can further inductively assume that none of
the C;,1 <i <n—1 certify, so each handlebody chamber is empty. In this case, the argument proceeds
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essentially as in Proposition 6.9: Proposition 6.7 and Lemma 6.8 remain true for flagged chamber complex
decompositions, using Proposition 7.10 to ensure that throughout the argument all decomposing disks
are in preferred alignment. Then the proof of Proposition 6.9 suffices if C, contains an incompressible
sphere. If instead C,, certifies because it contains an occupied handlebody, the proof concludes as does
the proof of Lemma 8.6. m|

Following Proposition 8.7 it is possible to make the following definition:
Definition 8.8. Suppose (S3,T) is a genus g Heegaard splitting of S3, and

- Do Dy D, D1
C: Cy—C —mCy—...—/0C,

is a sequence of flagged chamber complex decompositions supporting T. If any chamber complex C;
certifies we say that the sequence ¢ certifies and let hz : (S 3.7T)— (83, T,) be (the eyeglass equivalence
class of) any homeomorphism given by a certifying flagged chamber complex in the sequence.

Two flagged chamber complex sequences ¢ and ¢’ cocertify (written ¢~ ) if both sequences certify
and h@ ~ h@.

For example, suppose 7 € G(S3,T) and Cisa flagged chamber complex decomposition sequence
supporting T as above. There is a natural way to define a similar flagged chamber complex decomposition
sequence 7(C), namely

- (D T (D 7(D,—
1@ 1Co) 22 1) I2 1oy 122 T2, e

Corollary 8.9. If ¢ certifies and T € G(S3,T) then hT(@)T ~ hg.

Proof. This follows immediately from Corollary 8.4. O

9 Guiding spheres

Suppose C is a flagged chamber complex in S with defining surface F = F(C), and S c S3 is an
embedded sphere transverse to F. In this and following sections we intend to associate to each such

sphere S a sequence (C,S) of flagged chamber complex decompositions so that:

1. For Cnot tiny and S;,0 < 7 < I a sweep-out of 3 by spheres, there is a non-empty interval (a,b) C I
so that, for each r € (a,b), Cg, certifies.

2. For any t,¢’ € (a,b) the sequences @S, and éSy cocertify.

D; . — . C .
3. If, at any point C; — C;, in the sequence (C,S), a disk E, disjoint from §, is added to D;, the
resulting sequence of flagged chamber complex decompositions and the sequence Cg cocertify.
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Figure 26: S N F and its associated tree

Let F = F(C) be the defining surface of C and, in the standard way, associate to S and F a tree
Y, in which each vertex corresponds to a component of § — F and each edge corresponds to a (circle)
component of § N F. An edge associated to a circle ¢ C S — F connects the two vertices that correspond
to the components of S — F' that are incident to c. Then the leaves of Y correspond to the disk components
of § — F, and the outermost edges in Y correspond to innermost circles in S of F NS. See Figure 26.

Definition 9.1. For any edge e € Y, with end vertices v., Y — e consists of two trees Y., with v, € Y,. Let
my = max{d(vs,ve)lve a leafin Y lying in Y.}

and py(e) = min{m,,m_}. See Figure 27.

Q Q
(] [¢)
Q
) Oo
oooe @ Ooo )
@ o Y_ o )
Vo v+OO OO
Y,
) °
o—© o—©

Figure 27: Edge e and its trees Yp,,; my =4,m=m_ =2
For example, for e an outermost edge, one of its incident vertices, v_ say, is a leaf, so Y_ = v_ and
pr(e)=m_=0.
Lemma 9.2. Suppose e is an edge in a tree Y.

1. Suppose, with no loss of generality, that py(e) = m_ <m, and ¢’ is an edge in Y_. Then py(e’) <
py(e).
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2. Let Y’ be the tree obtained from Y by trimming: that is, removing all leaves and outermost edges
fromY. ForecY’, py(e) =py(e)—1.

3. 0<pye) <| T |
Proof. We prove the items in turn:

1. Let Y’ be the component of ¥ — ¢’ that is contained in Y_ and v’ the end of ¢’ in Y”. For any leaf
v, of Y’ that lies in Y, the path from v_ to v} in Y_ passes through ¢’, so

py(e)=m_>d(v_,v;) >d(v._,v))+1.
Since this is true for each leaf V} of Y’,

py(e) = max{d(v_,v))lv; aleaf in Y’ lying in Y} +1 > py(e) +1

2. Note that any leaf v} in Y} that lies in Y’ is necessarily incident to some outermost edges of ¥, so
d(v+,v2) < m, — 1. This implies that

m', = max{d(v,v,)|v, aleaf in Y lying in Y'} <m, — 1.

On the other hand, if v, is the most distant leaf from v, in Y. that lies in ¥ then the outermost edge
incident to vy is incident to a leaf v} in Y7, so m}, > m, — 1. Together these imply m/ =m, —1.
Similarly m” = m_— 1. Hence

py(e) = min{m’,,m”} = min{m.,m_} -1 = py(e) - 1,

as required.

3. Repeat the process of trimming I_diaLZY)_lJ times. Each step reduces the diameter of the tree by 2

and, by conclusion (2), reduces the maximum of p on any remaining edge by 1. Thus it suffices to
verify the case in which diam(Y) =1 or 2, i. e. Y is a single edge or a star graph, depending on the
parity of diam(Y). In both these cases, p(e) = 0 as required.

O

diam(Y)-1
2

Partition the collection of circles S N F as follows: For0 <i < | ] let ¢; be the set of all circles

for which the corresponding edge e in Y has py(e) = i.

Lemma 9.3. Suppose c € ¢;. Then ¢ bounds a disk D in S such that each circle ¢’ Cint(D)NF lies in
some ¢j, j <L

Proof. Let Y be the tree corresponding to S N F and apply Lemma 9.2(1) to the edge in Y corresponding
to c. The trees Y. are trees describing the circles S N F lying in the complementary disks D, of cin S,
with v, corresponding to the components of D, — F that are adjacent to c. With no loss of generality
suppose D_ corresponds to Y_ with i = py(e) = m_. Then Lemma 9.2(1) says that any component ¢’ of
int(D_) N F has corresponding edge ¢’ in Y’ with py(e’) < py(e) =i. Setting j=py(e’) wehave ¢’ € ¢;. O
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Each circle in ¢y corresponds to a leaf in Y, so each ¢ € ¢y bounds a disk in S — F. Let Dy be the
collection of disks, viewed as a disk set in C. Choose a preferred alignment for Dg and consider the

flagged chamber complex decomposition C &) C,. Before the decomposition each circle in ¢; bounded
adisk in S that intersected F only in components of ¢y, by Lemma 9.3. So after the disk decomposition
along Dy, which surgers away all components of ¢, each circle in ¢; bounds a disk in S that is disjoint
from the defining surface 'y = F(C;). More correctly, this is true of each remaining circle in ¢y, for some
circles in ¢; may lie on the boundary of goneballs of the decomposition by Dy, and so not still appear in
F1NS. In any case, the collection of disks in § — F'; bounded by (remaining) circles in ¢; will be denoted

D
D; and a choice of preferred alignment defines a flagged chamber complex decomposition C; =5 C,.

Dn—l

Continue in this manner through C,,_; — C,,, where n—1 = L%J orn= LMLZY)HJ. In the end,
F, = F(C,) is then disjoint from S'.
There are potentially two sources of ambiguity in this construction:

One ambiguity is this: in the last decomposition in the sequence, C,,_; h C,, it’s possible that the
defining surface F,_; = F(C,_) intersects S in a single circle, so |¢,—1| = 1. This circle divides S into
two disks, one lying in the incident A-chamber of C,_; and the other lying in the incident B-chamber.
The description above would allow either of these disks to be used as the disk set D,_; in the last
decomposition. Will it make a difference which one we use? This issue will be addressed later - see
Lemma 10.4.

The second potential source of ambiguity is that prima facie the construction above depends at each
stage on the choice of preferred alignment of the disks D;. So the process is more accurately described
as defining a family of decomposition sequences, which may differ at several points in the choice of
preferred alignment. We will now show that if any sequence in the family certifies, then they all cocertify.

Definition 9.4. Given C a flagged chamber complex in S3, S a sphere transverse to F(C), and Y the tree
associated to the circles FNS in S, a sequence of flagged chamber complex decompositions

o Do Dy D, Di
C:. C=C)p—mC| —Cy—>...—C;

as constructed above is said to be guided by the sphere S. If k=n = L%J the sequence is complete.

The collection of all complete sequences will be denoted (C,S).

Continue with Assumption 3.4, that G(S 3 T7) = € whenever genus(T’) < g—1.

Proposition 9.5. If (C,S) contains more than one complete sequence of flagged chamber complex

—
decompositions then each sequence in (C,S) certifies and all sequences cocertify.

Proof. Suppose

- Do Dy Dip-1
CZCo—>Cl—>...—>Cn

and

’ ’

- D

D D
C:C—=>C,— ..,
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are any two sequences in (C,S). and i > 1 is the smallest value for which C; # Cl'. . Then C;_1 =C;_;
and D;_ = D! _, are the same as disk sets but are given different preferred alignments. In particular, by

Dy DL . ...
Proposition 7.7(3), the decompositions C;_; - C; and C;_; SN C/ contain sibling decompositions.
That is, there is at least one parent chamber C in C;_; so that C is an occupied handlebody and D;_; is
given a different preferred alignment in C for the two decompositions. Then C certifies for both C and
(4 O

IfCe (C,S) certifies, denote a homeomorphism h@ (S3, T)— (S 3 T,) (see Definition 8.8) by A s).
By Proposition 9.5 h s) is well-defined up to eyeglass equivalence; that is, it does not depend on the

. .. = %
choice of decomposition sequence C € (C, S').

Corollary 9.6. If C € (C,S) certifies and T € G(S3,T) then hc).«(s)T ~ hc.s).

Proof. This follows immediately from Corollary 8.9. i

10 Balanced and almost balanced spheres

Definition 10.1. Suppose S c S is a sphere transverse to F = F(C) in a flagged chamber complex
Cc S3, with X, Y the complementary components of S.

Then S is balanced for C if the compact surfaces F N X and F NY are either both planar (planar
balanced) or both non-planar (non-planar balanced).
S is almost balanced if genus(F N X) = 0 and genus(F NY) =1 or vice versa.

Proposition 10.2. . Suppose

> Do Dy Dy
C:. C=Cy—mC|—..—C,

e Sy 4
is a complete flagged chamber complex decomposition sequence guided by S  S3. That is, C € (C,S).
Then

o If'S is planar (resp non-planar) balanced in any chamber complex in the sequence, then it is in
every chamber complex in the sequence. In this case, call S planar (resp non-planar) balanced for
the sequence.

o IfS is balanced for the sequence and C is not tiny, then C, certifies, so ¢ certifies.

Proof. For the first statement, note that the effect on F' N X, say, of decomposing along D; is 2-fold:

1. Cap off some of boundary components of F N X with disks.

2. Delete some spheres from F (the boundaries of the goneballs).
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Neither of these steps affects the genus of FNX or FNY.

For the second statement, note that since C is not tiny, C, is not empty (Corollary 7.13). Let
F = F(C,) # 0 be the defining surface for C,. When the sequence is non-planar balanced, there are
(non-planar) closed components of F in both X and Y. This implies that S is a reducing sphere for the
chamber of C,, in which it lies, so S itself is a certificate. If the sequence is planar balanced, then each
component of F' is a closed planar surface, i. e. a sphere. Since there are no empty balls in a flagged
chamber complex, an innermost sphere in F bounds an occupied ball, which certifies (see Definition
8.2). O

Similarly we have:

Proposition 10.3. Suppose
= .anl

Do Dy
C:. C=Cy—mC|—..—C,
- —_—
is a complete flagged chamber complex decomposition sequence guided by S  S3. That is, C € (C,S).
Then

o If'S is almost balanced in any chamber complex in the sequence, then it is in every chamber
complex in the sequence. In this case, call S almost balanced for the sequence.

5
o IfS is almost balanced for the sequence and C is not tiny, then C, certifies, so C certifies.

Proof. The proof of the first statement is unchanged.

For the proof of the second, observe that since the sequence is complete, F,, = F(C,) is disjoint from
S,soboth F,,NX and F, NY are closed surfaces. Since F, is almost balanced, F,, N X has genus 0 and
F,NY has genus 1, or vice versa. In any case F, is the union of a torus and some spheres. If there are
spheres, at least one must bound an occupied ball and so certifies. If F is just a torus it bounds a solid
torus Y in S3, or perhaps complementary solid tori Y. Since C is not tiny, C,, is not tiny (Corollary 7.13),
so Y cannot be empty nor, in the second case, can both solid tori Y. be empty. Hence one of these is an
occupied solid torus and so is a certificate for C,,. m|

We now briefly return to what was described, preceding Definition 9.4, as the first source of ambiguity
in the construction of a sequence of flagged chamber complex decompositions guided by S. Suppose
C is a flagged chamber complex supporting the genus g splitting S° = AUz B and S is a sphere in §°
intersecting C in a single circle ¢ and dividing S into two 3-balls, X and Y. The circle ¢ divides S into
two disks Dy4 lying in an A-chamber C4 of C and Dg lying in a B-chamber Cp.

Lemma 10.4. Let C4 and Cg be the flagged chamber complexes that result from the decompositions

D D
€5 CypandC =3 Cy respectively. Suppose S is balanced or almost balanced for C so both C4 and
Cp certify. Then C4 and Cg cocertify.

Proof. Let c be the circle described before the statement of the lemma.

Case 1: cis essential in F = F(C).

Then ¢ divides F into two non-planar components and F is non-planar balanced. We show that our
rule for certifying a non-planar balanced chamber complex cocertifies C4 and Cg:
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As usual, align D4 in C4 and Dp in Cp, via an appropriate choice of spine for the compression bodies
Bc, in Cy and Ac,, in Cp. Since c is essential in F it is essential in the Heegaard surface T of S that the
chamber complex supports. Hence S is a reducing sphere for 7. In particular there is a homeomorphism
h:(S3,T)—(S3, T,) as described before Definition 3.3 in which 4(S) = §; for some 1 <i < g—1. But
this coincides with the definition of the homeomorphism #4g : (S 3.7) - (S3, T,) in Proposition 3.7, and
that is the homeomorphism which certifies S in both C4 and Cp. So C4 and Cp cocertify in this case.

Case 2: ¢ bounds a disk Dy C F N X but does not bound a disk in F NY (or vice versa).

Let S 4 be the sphere D4 U D, a component of F (@A) and, symmetrically, S p be the sphere Dg U Dp,
a component of F (@B). One possibility is that S 4 is essential in C4 N X, perhaps because the ball Bxn4 in
X bounded by S 4 contains other components of F(C,) or because it is occupied, and so not a goneball
in @A. Then S 4, pushed slightly out of Bxn4, is also essential in C4 because it separates Bxn4 from the
(non-spherical) component of F(Cy4) that contains the circle c¢. Thus it certifies for C4. See Figure 28.

Sa DrCcFNX

-~

DACS DBCS

Figure 28: Case 2: ¢ bounds a diskin FN X butnotin FNY

If S g similarly certifies for Cp then S 4 and S g define disjoint reducing spheres for T and the result
follows from Lemma 3.5. On the other hand, if S g does not certify for Cg then Bxnp is a goneball. In this
case, decomposing by Dp has no effect, that is Cp and C are isotopic, so C also certifies. By Proposition
8.7, C4 ~ C ~ Cp as required.

Finally, if S 4 is inessential in C4 N X and S p is inessential in Cp N X, so Bxnp and Bxna are goneballs,
then C4 and Cp are isotopic to C, so C4 and Cp again cocertify.

Case 3: c lies on a sphere component S ¢ of F, dividing it into disks Dx € X and Dy C Y.

Since S r does not bound a goneball in C, it either divides S into two occupied balls or is parallel
to an incompressible sphere in an adjoining chamber of C. Thus S F is a certificate for C. Then, per
Proposition 8.7 , C4 ~ C ~ Cp as required. O

This dispenses with the “first ambiguity” preceding Definition 9.4.

Suppose C c §3 is a flagged chamber complex, with F = F(C) in general position with respect to the
height projection p : 3 — [~1,1]. Recall that S3 — {poles} is swept out by the family of level spheres

JOURNAL OF THE ASSOCIATION FOR MATHEMATICAL RESEARCH, 2(2):209-335, 2024 276


https://jamathr.org

GENERATING THE GOERITZ GROUP OF S°3

S, where S = p~'(s), s € (=1,1). We will consider these level spheres as potential guiding spheres for
decomposition of C.

Definition 10.5. Let F = F(C), g = genus(F).

For each s € (—1,1) that is a regular value of p|F, let Fqpove)(s) be the part of F lying above
S, that is Fy(s) = F ﬂp‘l([s, 1D). Similarly, let Fpeiow)(s) be the part of F lying below S, that is
Fy(s)=F ﬂp‘l([—l,s]). Finally, let g,(s) = genus(F,(s)) and gp(s) = genus(Fp(s)).

Lemma 10.6. The functions g,,gp have these properties:
1. As s ascends from —1 to 1, g, ascends from 0 to g and g, descends from g to 0.

2. As s ascends through a critical point of p|F : F — [—1,1], g»(s) may increase by 1 but it will not
decrease. Symmetrically, g,(s) may decrease by 1 but it will not increase.

3. As S ascends through a critical point of p|F, at most one of g,(s),gp(s) will change.

Proof. The first statement follows from the definition.

For the second and third statements, observe that passing through a critical point on F of index 0 (a
minimum) or 2 (a maximum) simply adds or subtracts a disk from F, and F, which has no effect on
genus. So the interest is in index 1 critical points, that is saddle points of tangency.

Suppose, with little loss in generality, that as s ascends through a saddle tangency, two circles in
F NS, fuse into one. See Figure 29. (If instead one circle is divided in two, just turn the following
argument upside down.) Thus a band is added to F}, with its ends on two different boundary circles. If the
two circles lie on different components of F, the genus of F;, does not change. If the two lie on the same
component, g, ascends by 1. This proves the second statement. For the third statement, consider F,: the
effect on F, is to cut out a band between two boundary components, effectively replacing a pair of pants
in F, with an annulus. This has no effect on g,. This proves the third statement. O

Corollary 10.7. Let
sp = sup{s € [0, 11|g5(s) = 0} sq = inf{s € [0, 1]Iga(s) = 0}.
Then
1. sq % Sp.
2. If s, < sp then for all s, < s < sp, S is planar balanced.
3. If sp < s, then for all sp < s < s,, S is non-planar balanced.

4. If s, < sp then for s just below s, and s just above sy, S s is almost balanced.

5. If sp < s, and p|F has no index 1 critical points for s € (sp, S,) then for s just below s, and s just
above s,, S s is almost balanced.
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Fa(s) 8a=2

gr=2 Fp(s+e¢)

Figure 29: s ascends through a saddle and two circles fuse

Proof. All but the last two statements follow directly from the definitions and Lemma 10.6; the last two
require little more:

It follows from Lemma 10.6(2) that for s just above s3, gp(s) = 1 and, if s, < 53, 5 € {s|gs(a) = 0} so
also g,(s) =0. So S is almost balanced. A symmetric argument shows that it is also almost balanced for
s just below s,. This proves (4).

Suppose s, < s,. Then for s just above sp, gp(s) = 1 and g,(s) > 1; similarly for s just below s,
ga(s) =1 and gp(s) > 1. Since p|F has no index one critical points in (sp, s;), neither g, or g, changes in
that interval. Hence for any s € (sp, 55), g4(5) = 1 = gp(ss). It follows from Lemma 10.6(3) that for s just
above s4, g4(s) =0 and g5(s) = 1 so S5 is almost balanced. The symmetric argument shows that for s just
below sp, S ¢ is almost balanced. This proves (5). O

Suppose that the chamber complex C is not tiny. Then for any s between s, and s, it follows from
Corollary 10.7 and Propositions 10.2 and 9.5 that the homeomorphism

hy=hcs,: (S2,T)— (S, T,)
is well-defined up to eyeglass equivalence. What remains unclear is whether the eyeglass equivalence
class of iy depends on s. The central issue is whether the eyeglass equivalence class can change as s
passes through a critical point of p|F. We will show (Theorem 16.2) that in fact the eyeglass equivalence
class does not change. The proof is technically complex; it occupies the next five sections.

11 Deflation and bullseyes

Suppose C c S3 is a flagged chamber complex supporting the genus g Heegaard splitting S = AUz B.
We continue under the inductive Assumption 3.4.
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Let H be an occupied handlebody chamber of C that is not a ball. In the following description we
assume that H is an A-chamber, but everything can also be taken symmetrically, see Definition 11.1. Let
C be the B-chamber adjacent to H and C4 be an A-chamber adjacent to C so that C4 # H. Since the
associated Heegaard splitting of C = Ac Ur,. B¢ is pure, there is a spine for the compression body Ac in
which an edge e is incident to H on one end and dCy4 on the other.

Let (D,,0D,) C (Ac,Tc) be the disk dual to e in Ac, that is a meridian of the tube in Ac¢ that
corresponds to a regular neighborhood of the edge e, so the tube runs from H to C4. Alter D, by
tube-summing with a maximal bubble b in H and let C; be the resulting flagged chamber complex. (More
precisely, after amalgamation of C to the original splitting, D, becomes a disk in A and b a bubble for T';
it is these that are tube-summed to create the disk D), that replaces D, in C,.) In effect, the bubble b has
been moved from H to the chamber C4. See Figure 30. Since b is maximal in H, H changes from an
occupied handlebody in C to an empty handlebody in C,. It is natural to call this process a deflation of H.
That is, the flagged chamber complex C, is obtained from C by deflation (of H to C4) . Note that the
process is well-defined up to eyeglass equivalence by a choice of H and Cjy, since a bubble move is an
eyeglass move.

Ca
C
Cu
C \
) 1

Figure 30: Simple deflation

More generally, the process can be applied to a collection of edges in a spine of A¢, each of which
is incident to dH and an A-chamber adjacent to C, but not necessarily the same A-chamber for all the
edges. That is, redefine the meridian A-disks dual in A¢ to the collection of edges by tube-summing
them with disjoint non-trivial bubbles in H, bubbles which together constitute a maximal bubble in H.
Generalizing further, bubbles from H may be sent to further A-chambers {Cy,} throughout C, not just
A-chambers adjacent to C, by further tube-summing to A-disks in B-chambers. See Figure 31. The only
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requirement is that in the resulting flagged chamber complex Cg, the chamber H is empty. In this general
form we have:

& ‘o

Figure 31: General deflation

Definition 11.1. The flagged chamber complex C; is obtained from C by handlebody deflation (of H to
the collection of chambers {C4,}). Deflation of an occupied handlebody B-chamber of C that is not a ball
is defined symmetrically.

As is true for C4 a single chamber, the change of flagged chamber complex from C to C; is well-
defined up to eyeglass equivalence by a choice of H, the collection {C4,}, and the genus of the bubbles
moved into each. The effect of deflation on the flagging of C is to change H to an empty handlebody
chamber in C; (hence the term deflation) and, for those chambers in {Cy,} that are empty handlebodies,
to change the flagging to occupied.

Proposition 11.2. Suppose the flagged chamber complex Cy is obtained from C by deflating an occupied
non-ball handlebody H. If C; certifies then C4 and C cocertify.

Proof. The occupied handlebody H is a certificate for C so C certifies. With no loss assume, as above,
that A is an A-chamber deflated into the set of A-chambers {C4,}. Suppose C, certifies and let Cy4 be a
certifying chamber of C,. Since H is empty in C4, Cy # H. The only other chambers whose flagging
is affected by the deflation of H are {Cy,} so, unless Cy € {Cy,}, the chamber Cy also certifies for C, as
required. So suppose Cg € {Cy,}, 1. e. after the bubble pass one or more of the chambers in {Cy,}, call it
C,, certifies for C,.

The only change in C, from C to C; is that a bubble b from H has been passed into it. Since the
chamber C, certifies in Cy, it is either an occupied handlebody or it contains an incompressible sphere. If
C, is an occupied handlebody then, per Proposition 8.1(1), db ¢ C,, is a certificate for C, as well as C
completing the proof. Suppose, on the other hand, that the chamber C, contains an incompressible sphere
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S. By [Scl] S can be aligned with the Heegaard surface 7, for C, in C, so S becomes a certificate for C.
In constructing C,; pass the bubble b into the chamber C, so that b remains disjoint from the aligned S .
Then the sphere S certifies for both C and Cy, as required. m|

The same construction can be done when H is an occupied ball, but an important difference is that
once the occupied ball is deflated, so H has a genus 0 splitting, H must be declared a goneball, else C,
is not a flagged chamber complex. That is, the sphere dH is removed from the defining surface F and
H is absorbed into its neighboring chamber (the chamber C in the construction above). This difference
requires a change in strategy to arrive at the equivalent of Proposition 11.2.

A set of disjoint spheres in a ball B? is nested if only one complementary component is a ball.

Definition 11.3. Suppose Fy is a nested set of spheres in a 3-ball B>, with 0B> the outermost sphere. Call
the collar between any pair of spheres a shell. A bullseye is the flugged chamber complex in B> whose
defining surface is Fy, each shell has a genus O (pure) Heegaard splitting, and the ball By bounded by the
innermost sphere is occupied with maximal bubble b.

A bullseye in a chamber complex C is maximal if it is not contained in any larger bullseye.

We now extend the notion of deflation to include bullseyes, not just occupied non-ball handlebodies.
Suppose Fy is a bullseye in a chamber complex C and, with no loss of generality, the chamber adjacent
to Fy and outside it is a B-chamber C. Let {Cy4,} (resp. {Cp,}) be a collection of A-chambers (resp.
B-chambers) in C, other than those contained in Fy,. Use the same process as described above for deflating
a handlebody to deflate b either into the chambers {C4,,}, if the ball chamber of Fy is an A-chamber, or
into {Cp,}, if the ball chamber in FY is a B-chamber. (In the former case, the number of nested spheres in
FY is odd; in the latter it is even.) After the deflation, each sphere in F, bounds a goneball, so the spheres
in Fy disappear in the resulting flagged chamber complex.

Definition 11.4. The flagged chamber complex Cg4 is obtained from C by bullseye deflation (of Fy to
{Ca,} or {CB,}) or, informally, deleting a bullseye. Similarly, we informally say that C is obtained from Cy
by inserting a bullseye into C.

Proposition 11.5. Suppose the flagged chamber complex C; is obtained from C by deflating a bullseye
Fy. If Cy4 certifies then Cy and C cocertify.

Proof. The proof proceeds as for Proposition 11.2, with one difference. In the case of bullseye deflation,
the chamber C changes, because all the spheres in Fy, disappear. That is, the bullseye becomes a nested
set of goneballs that are absorbed into C to become a chamber we denote C,. See Figure 32. The proof
then proceeds much as in Proposition 11.2 except, unlike the situation in Proposition 11.2, it is possible
that C turns into the lone certifying chamber C, for C;. We examine this possibility:

If C, certifies because it contains an incompressible sphere, let S € C; be such an incompressible
sphere. By general position (with a point in the center of the ball chamber of Fy) S can be isotoped to be
disjoint from Fy and so lie in C. Align § with the Heegaard splitting of C. Then it is aligned also with
the Heegaard splitting of C, regardless of whether C € {Cp,}. The sphere S then certifies for both C and
Cy as required.

Finally, suppose C, certifies because it is an occupied handlebody. There are two possibilities:
C €{Cp}and C ¢ {Cp,}. If C € {Cp,} then a sub-bubble b’ of b becomes a bubble in C,4. db’ is disjoint
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Figure 32: A nested set of goneballs absorbed into C

from 9b, which certifies for C, so by Lemma 3.5 b’ also certifies for C. After deflation, the sphere
ob’ c Cy4, may be taken to be disjoint from the boundary of the maximal bubble of C,4, by Lemma 7.9, so
ob’ also certifies for C,;. Hence C and C; cocertify, as required.

On the other hand, if C ¢ {Cp,}, so the entire bubble b is dispersed away from Cy and still Cy is
occupied, the maximal bubble b; of C; must have come from the chamber C in C. Since, in C, b, lies in
C, it is disjoint in C from b. Hence, by Lemma 3.5, db,; and 0b cocertify, as required. O

Suppose C is a flagged chamber complex in S* and Cy is a flagged chamber complex obtained by
(non-ball) handlebody deflation. Suppose D is a disk set in C in preferred alignment and

cecy

is the resulting flagged chamber complex decomposition. Similarly construct the flagged chamber
complex decomposition

D
Cqs— Cyp)op

Proposition 11.6. If C; does not certify, then either (Cy)p = Cp or (Cy)p is obtained from Cp by
handlebody deflation or by bullseye deflation.

Proof. With no loss of generality assume the deflated non-ball handlebody H is an A-chamber and the
chambers C and {Cy,} are as described preceding Definition 11.1. The chambers {C4,} cannot contain
a handlebody because when H is deflated into {C,,} the result would be an occupied handlebody in
Cy, contradicting the assumption that C; does not certify. So the only difference between C and C,
as flagged chamber complexes is that H is occupied in the former but is empty in the latter. Thus the
difference between Cp and (C,)p, if any, is in the flagging of the remnants of H, perhaps including the
disappearance of remnants as goneballs. So we examine these remnants:
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Unless each remnant of H is a disky handlebody, the flagging of the remnants in both Cy and (C,)p
is determined by Definition 7.2: Each handlebody remnant of H is empty if and only if it is disky. Hence
in this case Cp = (Cy)p as flagged chamber complexes. On the other hand, if each remnant of H is a
disky handlebody then, per Definition 7.2, in Cp there is exactly one handlebody remnant H’ (possibly a
ball) that is occupied, while in (C;)p each remnant is empty. We examine this situation more closely:

Since {Cjy,} contains no handlebodies, some remnant in Cp of each Cy;, is not a disky handlebody, by
Proposition 4.8. Let R be such a remnant of some Cy,. Consider the flagged chamber complex obtained
from Cp by deflating H’ into R. Since R is not a disky handlebody it is either not a handlebody or it is an
occupied handlebody; in either case moving a bubble into R will not change the flagging of R. Thus this
deflation changes Cp to the same flagged chamber complex as (Cy)p, as required.

If A’ is non-ball handlebody then the deflation is a handlebody deflation. If H’ is a ball then its
deflation turns it into a goneball, so (C;)p is a bullseye deflation of Cp, where the bullseye is centered on
the ball H’. (In fact, it is not hard to see that the bullseye consists only of H’.) O

There is a similar result for bullseye deflation, but it is a bit more difficult to state and prove. Suppose
C is a flagged chamber complex in §3 and Cy is the flagged chamber complex obtained by deflating a
bullseye F in C. Suppose D is a disk set in C in preferred alignment and

c3cy

is the resulting flagged chamber complex decomposition. Similarly construct the flagged chamber
complex decomposition

ID/
Cqs — Copr,

where D’ C D is the subcollection of disks not incident to any sphere in Fy. (Since the spheres in Fj
disappear in C, it would not make sense to include disks incident to them among the decomposing disk
setin Cy.)

Proposition 11.7. Continue with the notation just given. If C; does not certify, then either (Cz)p: = Cp
or (Cy)pr is obtained from Cq by bullseye deflation.

Proof. As usual, without loss of generality, assume the chamber in C adjacent to Fy is a B-chamber C
which, after deflation and absorption of the nested set of goneballs into C, becomes a chamber we denote
Cy€Cy. Let Dy, = D —D’, the subcollection of disks that are incident to spheres in Fy,. The boundary 0D
of any disk D € Dy, divides the sphere S C Fy, in which it lies into two disks E.. If D lies in the occupied
ball or a shell of F, then it is parallel to one or both of E. and so is inessential in C. If (D,dD) c (C,dFy)
and neither sphere D U E. bounds a ball in C, then the two spheres (which become parallel spheres in Cy,
where Fy is gone) would be essential in Cy, and so would certify for C;, contradicting our assumption.
We conclude that each disk in Dy is inessential in the chamber of C in which it lies.

Claim: The remnants of Fy in Cp consist of a bullseye Fy that intersects C only in a collar of 9F%.
The occupied ball component of F7 still has b as a maximal bubble.

The proof of the claim is straightforward but a bit tedious - here is a sketch of the major steps: Since
each disk of D that is incident to dF} and lies in C is inessential, there is a collar of Fy that contains
them all. Then each remnant of Fy in @@ lies in a ball F’ ; , the union of F} and the collar, and is bounded
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by spheres, so it is a punctured ball. Among the remnants of each shell in Fy is one containing an
incompressible sphere, so that remnant is not a handlebody; similarly the adjacent remnant of the chamber
C is not a handlebody. Hence, per Definition 7.2, each ball remnant in Cp of each shell and of C is a
goneball. This implies that each remnant of the ball By, in Cq is a ball and, per Definition 7.2, exactly one
is occupied, and so must contain all of b.

Each component of Fp that lies in F7 is a sphere; the ball it bounds in F is a goneball in Cp unless
it contains b. Hence the components of F(Cyp) that lie in F’ ; consist of a collection of nested spheres
centered on a ball containing b; in other words, they define a bullseye F7, as claimed. See Figure 33.

DycFycC Ep Cop
Figure 33: From bullseye to bullseye

= o

Since each ball remnant of C in F7 is a goneball, the Heegaard surface T¢ for C (as well as the
splittings of other chambers in C) is unaffected by decomposition along Dy. So the original preferred
alignment of D in C remains an alignment of D’ in C. That alignment is easily made into a preferred
alignment of D’ in C; as follows: D’ is already in preferred alignment in chambers not C; nor among the
chambers {C,,} (say) into which b is deflated, since these are the only chambers changed by the deflation.
Whichever chamber, in {Cy4,} or C,, that b is deflated into cannot be a handlebody, since C,; does not
certify, so there is some remnant of that chamber that is not a disky handlebody; choose the alignment of
D’ in that chamber so that b appears in a remnant that is not a disky handlebody. This does not change
the flagging and thereby ensures that D’ is in preferred alignment with C,.

Now consider the effect of D surgery away from the bullseye Fj, that is surgery via D’ on the surface
F — Fy. The resulting surface F' can be viewed in two ways: Since F — Fy, is also the defining surface for

Cy, F can be described as the first (surgery) step in the construction of the decomposition Cy i Coop.
And F is also that part of the surface Fp that lies outside the new bullseye F b

It remains only to understand the effect of the second step in disk decomposition - eliminating
goneballs after surgery. We have already determined that eliminating goneballs from surgery on Fy results
in the bullseye F; C Cp. So we need only consider sphere components of F'. Any such sphere bounds a
ball (in fact two balls) in S3. If such a ball is a goneball in Cy, then that ball is unaffected by a deflation
of F{ (since FY is necessarily outside the goneball) so it remains a goneball in (Cy)p-.

Consider the symmetric question: if a sphere component of £ bounds a goneball in (Cy)1y, does it
bound a goneball in Cp? The goneball in (C;)p may or may not contain the deflated F7. If the goneball
does not contain F7y then the goneball lies also in Cp and so the sphere does not appear in either Cq
or (Cg)p-. Suppose, on the other hand, that there is a sphere component of F' that bounds a goneball in
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(C4)pr and that goneball does contain the deflated F7;. Let S be an innermost one. Since the ball it bounds
contains F7 it is not a goneball in Cp, so S persists as a sphere in the defining surface of Cp. On the
other hand, observe this: since a goneball must have genus 0 splitting, the region between S and dF
in Cyp, a collar of dF}, must have genus 0 splitting. Hence the region is a genus 0 shell. We can then
regard S as yet another nested sphere component in F} and continue the argument. In the end, the only
components of F that appear in Cp but not in (C4)p- are spheres that just add shells to F7}. In particular,
they are all eliminated by a bullseye deflation, in this case of of a bullseye that properly contains F7;. So
(Cy)p is obtained from Cq by bullseye deflation, as required. |

Digressing momentarily, Proposition 11.7 gives an easy and early example of a guiding set of disks.
These will be further discussed in Section 13.

Definition 11.8. Suppose C is a flagged chamber complex in S 3 and 5_is a finite set of disjoint disks in
S3 transverse to F = F(C) so that FN'D = 3D, for some D C D. Then D is a guiding set of disks for the

D D
flagged chamber complex decomposition C — Cq. Slightly abusing notation we can then write C — Co.

D
For example, in Proposition 11.7, D is a disk set for the decomposition C — Cq and D is also a
D/
guiding disk set for the decomposition C; — (Cy)p. So, with no loss of meaning, we could also write
D
the latter C; — (Cy)p.

In general we will write C’ --> C to denote that C’ is obtained from C by either (non-ball) handlebody
deflation or bullseye deflation. (The direction of the arrow is meant to indicate that the defining surface
F(C") embeds in F(C).) Thus, in both Propositions 11.6 and 11.7 above, C; --> C. Applying Definition
11.8 these two propositions, together with Propositions 11.2 and 11.5, can then be summarized as follows:

Corollary 11.9. Suppose C,C’ are flagged chamber complexes for which C' --> C and suppose D is a
disk set in C.

If C’ certifies, then C" and C cocertify.

If C’ does not certify, then the following square of flagged chamber complexes commutes:

o2
: D
|
Y

c—2. ¢y

- — —

Broaden now to sequences of decompositions:

Definition 11.10. . Suppose
- Do Dy D1
C: Co—)cl—>—)cn

and
- ’ ‘D() , DI anl ’
c¢. C—C —..—C,

are flagged chamber complex decomposition sequences so that for each i > 0, C --> C;. Then the

=2 . ., . =
decomposition sequence C’ is a deflation of the decomposition sequence C.
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Suppose

= D0 Dl D1
C: C—C—..—C,

is a flagged chamber complex decomposition sequence and Cj is a flagged chamber complex such that
Cj, --» Cy. Iteratively define a flagged chamber complex decomposition sequence

LR N IR EN

by the following process: If C; --» C; take C;_, to be the result of flagged chamber complex decomposition
of C; by (the guiding set of disks) D;. Continue until either m =n or C/ _ is not a deflation of C,+;. The

= . .
sequence C" is a deflation of the sequence

Do Dy D1
Co—Cy —...—C,

so the following definition is natural:
Definition 11.11. €™ is the maximal deflationary subsequence of ¢

Corollary 11.12. Suppose

> Do Dy Dp-1
C: C—C—..—C,

is a flagged chamber complex decomposition sequence supporting S* = AUz B and Cj is a flagged

chamber complex such that C --> Cy. Let &' be the maximal deflationary subsequence of ¢,

o If & does not certify then m = n.
o [If '™ does certify then ¢ and C cocertify.

Proof. Iteratively apply Corollary 11.9. |

12 Reordering disks

12.1 Parallel vs sequential flagged chamber complex decompositions

Suppose C is a flagged chamber complex supporting S* = AUy B, with F = F(C) its defining surface.
Suppose D,, D, are disjoint disk sets in C. In this section we compare the results of flagged chamber
complex decomposition using these disk sets in series vs in parallel. That is, we compare the two flagged
chamber complexes that appear in the bottom row of this diagram:

C——C,

DXUD‘.\L i’Dy

C)H—y ny
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In general the answer is complex: for starters, notice that some disks in D, may be incident to the

boundary of goneballs in C,, so the disks D, become not a disk set for the decomposition C, i Cyy but
a guiding disk set. In light of such difficulties, eventually we will restrict our interest to the case in which
D, or D, consists of a single disk. See Subsection 12.2.

We first identify circumstances in which C,,, = C,,. To that end:

Definition 12.1. Suppose H is a handlebody in S> such that 9H C F D,uD,, the surface obtained from
F by surgery on D, UD,. We say that H is coherent for the decompositions by D, U D, in the diagram
above when

e His a chamber in C,,, if and only if it is a chamber in C,, and
e if H is a chamber in both C,, and C,, then it has the same flagging.
Here is an easy example:

Lemma 12.2. Suppose there is a component of Fp o, that lies in int(H) and is not a sphere. Then H is
not a chamber in either C, or C,,. Hence H is coherent.

Proof. Let F 4, be a component of F p,uD, that lies in int(H) and is not a sphere. Since F,4, is not a
sphere it is not contained in a goneball of C,,, (cf Lemma 4.2(2)) so it is a component of the defining
surface F(C,y,) that lies inside H. Hence H is not a handlebody chamber in C, .

The complement of the scars in F,,, is a non-planar connected surface contained in a closed
component Fp C F. Similarly the complement of just the scars of D, in F,, is contained in a non-planar
closed surface F of F'p . Since both Fy and F contain a non-planar subsurface they are not spheres.
Since F', is not a sphere it is not contained in a goneball of C,, again by Lemma 4.2(2). In particular it is
a component of the defining surface F(C,). F, is a component of the surface that results from surgery
by D, on F,. Since it is not a sphere it also is not contained in a goneball of C,,. Hence F,,, is a closed
component of the defining surface for C,, lying in the interior of H. Thus H is not a handlebody chamber
in C,,. |

Returning to the definition of coherent, note that H could fail to be a chamber in C,,, for two reasons:
H contains a component of the defining surface F(C,.,) in its interior, as in Lemma 12.2, or H could be
a goneball. Similarly, H could fail to be a chamber in C,, because it has a component of the defining
surface F(C,,) in its interior, or because H is a goneball under the sequence of decompositions

®x y
C— Cy —Cy.

Suppose the latter. H could become a goneball under the second decomposition, so the complement 0H_
of the scars of D, in dH is part of a surface in F(C,). On the other hand, dH_ may not be part of a surface
in F(C,) if 0H_ is part of a sphere G C F = F(C) that bounds a goneball in C,. In the last case, if H also
has no other components of C,, in its interior, it is natural to call H a goneball of the decomposition

Dx y . .
sequence C — C, — C,,. As we will see, such a ball H need not be a goneball in C,,.
The following lemma explains why coherence is useful:
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Lemma 12.3. Suppose every handlebody in S 3 whose boundary is in F D,UD, IS coherent. Then C,, =C,,
as flagged chamber complexes.

Proof. Let Fy be a component of F DUD, - If Fy is not a sphere, then, as in the proof of Lemma 12.2, Fy
is a component of both defining surfaces F(C,,,) and F(Cy,). If Fy is a sphere, then it divides § 3 into
two 3-balls, H.. By assumption both H, are coherent, so each is a goneball in C,, if and only if it is
a goneball in C,,. In particular, if either H. is a goneball in one of C,,, or C,, then it is a goneball in
both and F is not in either F(C,,,) and F(C,,). On the other hand, neither of H. is a goneball in C,, if
and only if neither is a goneball in C,, and, in this case, F does lie in both F(C,,,) and F(C,,). Thus,
ignoring flagging, C,,, = C,, as chamber complexes.

Now consider flagging of a handlebody chamber H in one of C,,, or Cy, and so in both. Suppose H is
a handlebody chamber in one of C,,, or C,,. Since H is coherent, it is then a handlebody chamber in both
Cy4y and C,,, and the flagging of H is the same. Thus C,,, = C,, as flagged chamber complexes. O

Here is a helpful example of incoherence in a handlebody: Let C be a chamber in C that a disk D,
properly embedded in C, divides into two components: U, not a handlebody, and V, the complement in a
handlebody H of a regular neighborhood 1 of a properly embedded arc @ C H. Let E be a meridian disk
in 1, so E is properly embedded in 77 and meets « in a single point. Note that F' Nint(H) is the annulus 07.
See Figure 34.

Since F Nint(H) is an annulus and not a collection of disks, H is occupied after the decomposition

DUE ..
C —— Cp. g and after the sequence of decompositions

c2c,Lcp.

This means that H is a coherent handlebody for Cp, g and Cpg. On the other hand, after the decomposition

C £> Ckg the disk D divides Cg into U and the handlebody H. For the next decomposition Cg g Cep,
Definition 7.2 requires that E be aligned so that H is empty in Cgp. Thus H is not a coherent handlebody
for CD+E and CED-

Replacing D in this example of incoherence by a disk family consisting of D and a disk D’ parallel to
E has no effect on the above argument: For D = DU D’, H is coherent for Cp, g and Cpg but incoherent
for Cp,g and Cgp. This leads to the following observation, using analogous notation:

Lemma 12.4. Let D UE be a disk family in a flagged chamber complex C in S3. Suppose the disk E is
parallel to a disk D € D within a chamber C of C. Then

1. Unless the chamber Cp of Cp containing E is an occupied handlebody, Cy = Cpg. If Cp is an
occupied handlebody then for one of the two resulting siblings in Cpg, Cp = Cpg.

2. Unless the chamber C is an occupied handlebody with only disky handlebody remnants in Cqp, the
chamber complex Cp = Cp . The same is almost true in the remaining case: If C is an occupied
handlebody with only disky handlebody remnants in Cy then C has sibling remnants in Cp, g and
deleting a single such sibling gives the remnants of C in Cop.

3. either Cp,gp = Cpg or Cp is an occupied handlebody chamber in Cyy and, in one or both of two
resulting siblings in Cpg, Cp.p = Copp.
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Figure 34: Cpr =Cpig #Cgp

Proof. Since D and E are parallel, after surgery on D U E there is a sphere G in Fpyg bounding a disky
ball B; with one scar of each of the disks D and E on G. Moreover the other remnant C_ = Cp — Bg of
Cp in Cpg is homeomorphic to Cp, so it is a handlebody if and only if Cp is. If Cp is not a handlebody,
so also C_ is not a handlebody, or if Cp is an empty handlebody, then per Definition 7.2 the ball Bg is
empty and so a goneball in Cpg. Then Cp = Cpg (with C_ replacing Cp). If Cp is occupied then the
same statement is true for one of the two siblings of Cp. This proves 1).

The remnants of C in Cp, g are the same as in Cp, with the addition of the disky ball Bg. If Bg is
a goneball, we are done as in the proof of 1). The only way in which B could not be a goneball, per
Definition 7.2, is if C is an occupied handlebody with only disky remnants. In the latter case, only the
sibling in which Bg is occupied does not also occur among the sibling remnants of C in Cp. This proves
2).

The proof of 3) follows almost immediately. Following 1), we may as well assume that Cp) = Cpp.
The result follows from 2), unless C is an occupied handlebody with only disky handlebody remnants
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in Cp. In this case, C_ is also disky, so C also has only disky handlebody remnants in Cp.g. Then
per Definition 7.2 the remnants of C in both Cp, g and Cpg have the same description of siblings, one
corresponding to exactly one of the remnants of Cp. g being occupied, with remnant B a goneball except
when it is the occupied remnant. O

Note: Switching the order of D and E makes a difference. The example preceding Lemma 12.4
shows that there may be a handlebody in §3 whose boundary is in Fpug and which is not even coherent
for Cp, g and Cgop.

Return now to the discussion of decomposition by D, and D,

Definition 12.5. Suppose H is a handlebody in S so that 0H C Fp p,. Then a disk D € D, U D, is
incident to H if D C int(H) or D leaves a scar on 0H. The handlebodj) H is an x-handlebody (resp.
y-handlebody) if H is incident only to disks in D (resp. D). An x-handlebody (resp. y-handlebody) H
is an x-handlebody (resp. y-handlebody) chamber in Cy, if it is a chamber there. That is, OH is in the
defining surface F(Cyy) and no other chamber lies in int(H).

Lemma 12.6. If H is an x-handlebody chamber in C,, then H is also a chamber of C,.

Proof. Let C be the chamber of C, which has H as a remnant. If any disks in D, are incident to C then
each remnant of C in @xy has a scar from D, so the same is true after getting rid of goneballs. Since H
has no scars from Dy, no disks from D, are incident to C, and C is unaffected by the decomposition by
D,. Thatis, C = H as required. O

Suppose C contains no occupied handlebody chambers. Then by Corollary 7.3 a handlebody chamber
in C, or a handlebody chamber in C,,, is empty if and only if it is disky.

Lemma 12.7. Suppose C contains no occupied handlebody chambers. Then:
e Each x-handlebody chamber of C,, is empty if and only if it is a disky chamber under the decompo-
sition C & C,.
e If C, contains no occupied handlebody chambers then each y-handlebody chamber of C,, is empty
if and only if it is disky under the decomposition Cy & Cyy.

e IfC, does contain occupied handlebody chambers, there is a preferred alignment of D, in C, so
that each y-handlebody chamber of Cy, is empty if and only if it is disky under the decomposition

D, D,
C, — Cyy. Any other preferred alignment of D, gives a sibling decomposition C, =c Xy

Proof. The first statement follows from Corollary 7.3 and Lemma 12.6. The second statement follows
from Corollary 7.3.

The third statement is more difficult to prove. Observe first that by the argument in Corollary 7.3, any
handlebody remnant of a chamber in C, that is not an occupied handlebody is empty if and only if it is
disky. Moreover the argument extends, via Definition 7.2, even to occupied handlebody chambers in C,
so long as at least one remnant in C,, is not a disky handlebody. So we need only describe how to align
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those disks in D, that are incident to each chamber C, in C, of the following type: C, is an occupied
handlebody and every remnant of C, in C,, is a disky handlebody.

This is how it is done: Since C, is occupied, by Corollary 7.3 C, is not disky. So there is some
component F of FNint(Cy) that is not a disk. F, must be incident to some disk in D, else it would be a
subsurface of F(C,) and not lie in the interior of C,.

The subcollection of disks in D, that are incident to dC is disjoint from F, since int(D,) is disjoint
from F'. Hence the surface F, will lie in the interior of some remnant Cy, of C, in C,,, so that remnant too
is incident to D,. In particular, C,, is not a y-handlebody. Following Definition 7.2, choose a preferred
alignment where every (disky) handlebody remnant of C, other than C,, is empty. Then in particular
each y-handlebody remnant is both disky and empty, as required. |

Lemma 12.8. Suppose C does not certify and H is a handlebody in S> so that OH C F p,up,. If H is an
x-handlebody it is coherent. If H is a y-handlebody then it is coherent in one of the sibling decompositions

Dy
Ofcx — ny-

Proof. If appropriate (i. e. if C, contains occupied handlebody chambers) choose the alignment for D,
in C, given in Lemma 12.7 to ensure that each y-handlebody chamber of C,, is empty if and only if it

D,
is disky under the decomposition C, = Cyy. Also from Lemma 12.7 we have that each x-handlebody

chamber of C,, is empty if and only if it is disky under the decomposition C & C,.

Case 1: x-handlebodies

The proof will be by contradiction. Suppose there is an x-handlebody that is not coherent and let H
be an innermost one that is not coherent. Suppose first that there are no components of Fp yp, contained

Dy . .
in the interior of H. Then C — C, is disky (for F Nnint(H) has no components at all) and hence empty

(possibly a goneball) in C,,. Similarly C % Cy4y 18 disky and hence H is empty in C,,,. Since H is
empty in both C,, and C,,, it is coherent, a contradiction.

We deduce then that there must be components of F'p yp, in the interior of H. Suppose a subsurface
of Fp up, in the interior of H becomes in C, a component F, of F(C,). Then H is not a chamber in
C, (sinceAit contains a component of F(C,) in its interior) and, since H is incident to no disks in Dy, H
remains not a chamber in C,,. Since no disk in D, is incident to F, F, is also a component of C,., unless
it is a goneball there. But if it were a goneball there, and not in C,, it would be a further in handlebody
that is not coherent, contradicting our choice of H. We conclude that F, remains as a surface in C,, so
H is not a chamber there either. But this implies H is coherent, a contradiction.

We deduce then that F'p yp, Nint(H) must become a collection of spheres bounding goneballs in C,,
hence in C,,. Then, by our consistency hypothesis, the spheres bound goneballs also in Cy+y. Hence
in each of C,, and C,,,, H is either a chamber or is itself a goneball. Whether H is occupied or empty
(so perhaps a goneball) is determined in C,,, by whether the components of F Nint(H) consist entirely
of disks, by Corollary 7.3. By the first statement of Lemma 12.7 the same is true in C,,. Hence H is
coherent a final contradiction.

Case 2: y-handlebodies

The proof will be by contradiction, similar to Case 1. Suppose there is a y-handlebody that is not
coherent and let H be an innermost one that is not coherent. Suppose there is a component Fy of F' D,UD,
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that lies in int(H) and remains in F'(C,y), so H is not a chamber in C,,. By Lemma 12.2 Fy is a sphere, so
it bounds a ball in H. The ball it bounds is not a goneball in C,, so, by the consistency hypothesis, F does
not bound a goneball in C,,,. This implies that H is not a chamber in either Cy, or C,,,, contradicting
our assumption that H is not coherent.

We deduce then that int(H) is disjoint from F(C,,) so H is a chamber in C,,. A symmetric argument
shows that H is also a chamber in C,,. Suppose F Nint(H) has a component Fy that is not a disk, so H
is an occupied handlebody in C,,.

Subcase 2a: Fy C int(H) is a closed surface.

Since H is a y-handlebody, F) is unaffected by surgery on Dy so it persists as a component of Fop .
Since Fy does not bound a goneball in C, it does not bound one in Cy, so F( persists as a component

of F(C,). In particular, H is not disky under the decomposition C, & C,y. This implies that H is an
occupied handlebody in C,,, contradicting the hypothesis that H is not coherent.

Subcase 2b: 0Fy # 0.

Let _H = 0H N F, that is 0H with all scars removed. Note that since Fy is not a disk it is either
non-planar or has more than one boundary component; in either case FoUd_H is non-planar. In particular,
the subsurface of F'p_ that contains it cannot be a sphere, so Fo Ud_H persists as a subsurface of F(C,).
In particular, F persists, and, just as in Subcase 2a this implies that H is an occupied handlebody in C,,,
contradicting the hypothesis that H is not coherent.

We are thus reduced to the case that F'Nint(H) consists entirely of disks, so H is disky in C,,,. Since
we are assuming C does not certify, and therefore has no occupied handlebody chambers, this implies that
H is empty (and so a goneball if H is a ball) in C,,,. It’s possible that in C, the surface d_H is part of a
sphere G C F that bounds a goneball in C,. This would imply that dH is planar, so H is a ball, and would

Dx D.\’ .
make H a goneball of the decomposition sequence C — C, — C,,, as described before Lemma 12.3.
On the other hand, if F N9H does remain in F(Cp_ ), what we can conclude is that H is disky in

Dy
the decomposition C, — Cy, and so, per our choice of preferred alignment of D,, H is empty. (In
particular, it is again a goneball if H is a ball.) In either case, H is then coherent for Cy, and C,,,, a final
contradiction. O

12.2 When a disk set is a singleton

We take the discussion above one step further:

Definition 12.9. Suppose H is a handlebody in S* so that 8H C F »,uD,- H is an xe-handlebody (resp.
ey-handlebody) if H is incident only to disks in D (resp. D) except for a single disk E(xeptional) which
is also incident to H but lies in D, (resp. D).

We proceed to two lemmas that are parallel in spirit and whose proofs will use the same figures. To
keep their use disentangled, in Figures 36, 37 and 39 the subscripts xe, x + e will refer to the case in which
D, = E and the subscripts ey, e +y will refer to the case in which D, = E.

Lemma 12.10. Suppose C does not certify, H is an ey-handlebody and, if C, contains an occupied
handlebody, D, is given the preferred alignment in C, of Lemma 12.7. Then either H is coherent or
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e E lies inint(H) and

e cither O is non-separating in F — 0D, or OF is non-separating in F and E is parallel to a disk in
D, and

e H lies in a chamber' of Cyy and H is either

— empty (and so a goneball if H is a ball), the deflation of a handlebody chamber in C,, or
— the deflation of a single bullseye of C.,, in H. (Possibly H is part of the bullseye.)

Proof. As usual, let Fyp, be the surface obtained from F = F(C) by surgery on EUD,. Following
Lemma 12.2 we will assume that each component of F EUD, that lies in int(H) is a sphere and so bounds a
ball in H. Let  be this set of spheres

Special case: Each ball in H bounded by a sphere in & is coherent.

Claim: In this special case, H lies entirely in a chamber of C,,, if and only if it lies entirely in a
chamber of C,,.

Proof of claim: For both C,, and C,,, H is contained in a chamber if and only if each ball in H
bounded by a sphere in & is a goneball, for this determines whether there is any chamber contained in
int(H). But in this special case, each ball bounded by a sphere in & is coherent, so the ball it bounds is a
goneball in C,,, if and only if it is a goneball in C,,. This proves the claim.

Following the claim, but still in the special case, we will assume that H lies entirely in a chamber (pos-
sibly it is itself an entire chamber) of both C,,, and C,, and need to determine under what circumstances
H is not coherent. That is,

e If H is aball, when is it a goneball in one of C,,, or C,, but not the other?
e If H is not a ball, so it is itself a chamber, when is it empty in one of C,,, or C,, but not the other?

We examine possible subcases. For all but the last, H will turn out to be coherent:

Subcase 1a: There is a component F of F Nint(H) that is not a disk and not incident to E.
Since F) is not a disk, H is not a disky handlebody in the decomposition C — C,,,. Since F) is not

incident to E, F is not affected by the decomposition C LN C,. This implies that H is also not a disky
handlebody in the decomposition C; — C,,. H is then an occupied handlebody in both C,,, or C,,, so H
is coherent.

Subcase 1b: A component F, of F Nint(H) is incident to E and surgery on E (in the decomposition

E . . .
C — C,) does not turn F, into the union of disks and spheres.

Essentially the same argument applies: F, can’t be a disk, so H is occupied in C,,; some non-disk
component of the surgered F, remains as a component of F(C,) so H is occupied in Cyy.

Subcase 2: E does not lie in int(H), so it leaves either one or two external scars on 0H.
Following Subcase 1a, we can assume every component of F'Nint(H) is a disk, hence H is disky
and so, by Corollary 7.3 H is an empty chamber in C,,,. H is also a disky handlebody remnant of the

I'The phrase “H lies in a chamber’ means that either H is itself a chamber, or H is a goneball in a chamber.
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decomposition C, — C,, but this does not immediately imply that H is empty in C,,: per Definition 7.2
H might be the remnant of an occupied handlebody Cy in C, all of whose other remnants are also disky
handlebodies. We explore this possibility further:

Suppose this were the case, and C is the chamber in C of which Cj is the occupied handlebody
remnant. If the disk E lies outside C then the scars of E in dC, would be internal scars. By the hypothesis
of this subcase we may therefore assume that E lies in the interior of C. The one or two remnants of C in
C, are then subsets of C, so F is disjoint from these remnants and the remnant C, in particular is disky.
Per Definition 7.2 the only way that C, can be a disky remnant of C and still be occupied is if C is an
occupied handlebody with all remnants disky. But a hypothesis of the Lemma is that C does not certify,
so C is not an occupied handlebody. From the contradiction we conclude that H is empty in Cy, and so H
is coherent.

Following Subcase 2, we henceforth assume that E C int(H).
Subcase 3: F Nint(H) consists of disks, so H is either a goneball or an empty chamber in C,,,.
Let F, be the component of F Nint(H) on which JF lies. Since H is irreducible, E is parallel in H to

a subdisk F of F,. Then the decomposition C £, C, has essentially no effect on C: after removing the
goneball bounded by E U F), all that has changed is a proper isotopy of F, that replaces Fy with E (and
the removal of any disks in D, that were incident to Fy, but these only give rise to goneballs in C,,, and
C.y). Then the decomposition C, — C,, also leaves H either a goneball or an empty chamber in C,,, so
H is coherent.

Subcase 4: All that remains: F Nint(H) has a single non-disk component F,, F, is incident to E, and
surgery on E turns F, into the union of disks and spheres.

F, could be a torus bounding an empty solid torus, a once-punctured torus, or an annulus, and in each
case E is a meridian disk. (See the left column in Figures 36 and 37.) It follows that F is non-separating
in F and, unless D, also contains a disk whose boundary is parallel to dE, JE is also non-separating
in F-9D,. If D, does contain a disk D whose boundary is parallel to JE then D and E are parallel,
since otherwise between them would lie a closed component of F Nint(H), contradicting the hypothesis
of this subcase. So, in the end, we are in the situation described in the statement of the Lemma: JF is
non-separating in ' — 0D, or JE is non-separating in F and E is parallel to a disk in D,. In this case

H is an occupied handlebody in C,,,, since F\ is not a disk, but may be empty in C,,, since C, g Cyy
is disky. Since H could be incoherent, we explore this situation further:

Consider the chamber C, in C, which has H as a remnant. If every other remnant of C, is also a disky
handlebody, then C, is a handlebody and it must be occupied because F, is not a disk. Since E C int(H),
each other remnant of C, is a disky y-handlebody, so per Lemma 12.7, each is empty. This implies that H
must be occupied in C,,, and H is coherent. Finally, if any remnant of C, in C,, is not a disky handlebody
then Definition 7.2 says that a preferred alignment of D, leaves H deflated to such a remnant, an outcome
allowed in Lemma 12.10. This concludes the proof in the special case.

The general case:

Following the special case, the remaining possibility is that there is a sphere in © bounding a ball
in H that is not coherent. Let G be an innermost such sphere. By the special case, E lies in the ball Bg
that G bounds in H and Bg is occupied in C,,, but deflates into another chamber in C,,. Since Bg is
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occupied in C,,,, it is a chamber, so H does not lie inside a chamber in C,,,. If any sphere in & does not
bound a goneball in C,, then H is also not a chamber in Cy, and so is coherent. See Figure 35.

Figure 35: Bullseye deflation C,, --» C,4,

We are left with the case that every sphere in © bounds a goneball in C,,. Any such sphere not
containing G in the interior of the ball it bounds will be a y-handlebody, since E C Bg, so it follows from
Lemma 12.8 that the ball will also be a goneball in C,,. So all spheres in & that don’t bound goneballs
in C,,, are nested around G. Let G’ be an outermost sphere in this nested collection of spheres S, C ©
bounding goneballs in C,, but not in C,,,, or dH itself if H is a ball. Since G’ bounds a goneball in
Cyy, the ball has trivial Heegaard splitting. It follows that if S, has more than one sphere, the collar
between any two has trivial splitting. Thus &, is a bullseye in C,,,, the final possibility allowed by
Lemma 12.10. O

The next lemma is more complicated to state, mostly because it has to accomodate the possibility
that even if D, = E, there may be two xe-handlebody chambers in C,,, and C,,. Namely if E divides a
handlebody chamber C, C C, into two handlebodies, then they each are xe-handlebody chambers, since
E leaves an external scar on both of them. According to Definition 7.2 if C, is an occupied handlebody,
there are two preferred alignments of E: H is empty and H’ is occupied, or vice versa. The different
alignments produce sibling flaggings of C,,. One sibling is obtained from the other by deflation of H’
into H (which is a bullseye deflation if H’ is then a goneball) or vice versa. In this case it is natural to
call replacing the flagging of the chambers H and H’ in C,,, with either of the flaggings in C,, a sibling
deflation.
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Figure 36: H a ball, F, a punctured torus

Lemma 12.11. Suppose C does not certify and H is an xe-handlebody. Then either
e H is coherent, or

o C, has an occupied handlebody chamber containing E and, in one of the two sibling deflations, H
is coherent, or

e H is a chamber in Cyy, either the deflation of an occupied chamber in Cy,y or the result of the
deflation of a single bullseye of Cy, in H.

Furthermore, in the third instance, when neither of the first two outcomes applies,

e F leaves exactly one scar on 0H,
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Figure 37: H aball, F, an annulus

e OF is separating in a component of F —dD,, and
e FE is not parallel to any disk in D,.

Proof. If E is parallel to a disk in D, Lemma 12.4 says one of the first two outcomes occurs, and we are
done. So henceforth we assume that E is not parallel to a disk in D,.
Here are some preliminary observations:

e If H (or H’ in the case in which sibling deflation may arise) is coherent we are done. So we assume
H (and H’, if relevant) is not coherent.

e Following Lemma 12.2, unless every component of Fp g lying in int(H) is a sphere, H is not a
chamber in either C,, nor C,, and so is coherent. So we henceforth assume that every component
of Fp ur lying in int(H) is a sphere. Let S denote the collection of all such spheres.

e Sibling deflation may arise when E is a separating disk in an occupied handlebody chamber of
C,. If that chamber has H as one of the two remnants, each ball bounded by a sphere in € is an
x-handlebody and so, per Lemma 12.8 the sphere is coherent.
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On the last point, sibling deflation, there is more to say:

The Sibling Claim: Suppose that E is a separating disk in an occupied handlebody chamber C, of C,.
In at least one of the two sibling deflations of C, in C,,, either

e H is coherent, or
e H is the deflation of an occupied chamber in C,,, or

o the only remnant of Cy in the interior of H is a coherent ball.

Proof of the Sibling Claim: Since C has no occupied handlebodies, the handlebody C, is occupied
if and only if F Nint(C,) contains a non-disk component, by Corollary 7.3. Hence one or both of the
handlebody chamber remnants C, — E are occupied in C,,,. It follows that either chamber (but not
necessarily both) can be made coherent by a choice of sibling deflation in C,,. This proves the Sibling
Claim if either of these chambers is H. Another possibility is that both handlebody chambers lie in the
interior of H, and so are necessarily balls. We have seen then that at least one ball is occupied in C,y,
and exactly one in Cy,. Thus H is not a chamber in either C,,, or C,, so H is coherent.

The final possibility is that one of the handlebody chamber remnants is a ball By in the interior of H
and the other lies outside H (in fact it is then the complement S — H since its boundary is connected).
By is either empty or occupied in C,,,. By choosing the right sibling deflation we can match that status
for By in C,,. This makes By coherent and so proves the Sibling Claim.

It is possible that a sphere in & bounds a ball that is not coherent - that is, it is a goneball in one of
Cyy or Cyy, but not the other (regardless of the choice of sibling deflation, when E lies in an occupied
handlebody of C,). If this occurs, let Bg be an innermost such ball, Bg can’t be an x-handlebody, by
Lemma 12.8 so E is incident to Bg. By the Sibling Claim, we may assume that if E lies in an occupied
handlebody in C,, Bg is not one of its remnants in C,,.

In view of these possibilities, in the discussion below we will use the term target manifold to refer
either to Bg, if there is a Bg as above, or to H itself if there is no Bg. In either case, any handlebody
contained in the interior of the target manifold is a coherent ball.

Let F, = F(C,) denote the defining surface of C,. We consider possible scars that £ might leave on
the boundary of the target manifold in F'p yr. Only in the last case, when there is exactly one external
scar on the boundary of the target manifold, does the possibility of sibling deflations arise:

Claim 1: There is a scar of E on the boundary of the target manifold (either G = dBg or 0H.)

The argument is essentially the same for either target manifold, so we assume here the target manifold
is Bg. If there is no scar on G then G is among the components of Fyp_, the surface obtained by D,
surgery on F'. Notice that B must be a chamber in both C,,, and C,,, for if there are occupied balls in the
interior of one, they would be occupied in the other (because Bg is innermost among the non-coherent),
making Bg not a chamber and therefore coherent, contradicting hypothesis.

If FNint(Bg) consists of disks, then Bg is disky and hence a goneball in both C,,, and C,, by
Corollary 7.3. Hence Bg is also a goneball in C,,, again contradicting that B is not coherent. On the
other hand, if F'Nint(Bg) is not all disks. Then Bg is an occupied ball in both C,,, and C,. The latter
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implies that Bg is also an occupied ball in C,,, since E is not incident to Bg; Bg is its own and only
remnant in C,,. This would make Bg coherent, a final contradiction that proves Claim 1.

Claim 2: E does not leave two external scars on the target manifold.

Again the argument for target manifold B¢ applies also to H, so we can suppose that Bg is the target
manifold and consider what happens if E leaves two external scars on G. Then the chamber C, in C, of
which Bg is a remnant is obtained from G by attaching a 1-handle dual to E, and so is a handlebody in
C.. Bg is the sole remnant of C, under the decomposition C, — C,, and its interior is disjoint from F,
s0 Bg is occupied in Cy, if and only if C, is occupied in C,. Since C has no occupied handlebodies, the
handlebody C, is occupied if and only if F Nint(C,) contains a non-disk component, by Corollary 7.3.
But F Nint(C,) contains a non-disk component if and only if F' Nint(B;) contains a non-disk component
and the latter is equivalent to Bg being occupied in C,,,. Hence Bg is occupied in C,y if and only if it is
occupied in Cy,,. Hence Bg is coherent, a contradiction that proves the claim.

Claim 3: E does not leave two internal scars on the target manifold.

The case when the target manifold is Bg is representative. If E leaves two internal scars on G then
the belt annulus is a non-disk component of both F Nint(Bg) and F, Nint(Bg), so Bg is occupied in both
Cy4y and C,,. Hence Bg is coherent, a contradiction that proves the claim.

Claim 4: E does not leave one internal scar on the the target manifold

This is the most difficult claim to verify, for the argument involves some unusual computation. To
avoid the danger of over-simplifying we will assume that the more complicated H is the target manifold;
the argument when Bg; is the target manifold is then just a special case. Suppose that E leaves one internal
scar on 0H. Then the other scar must be on a component of F'p (£ that lies in the interior of H and so is
a sphere S € S. Put another way, in Fp_ the belt annulus of E connects the scar of £ on dH to the disk
complement in S of the scar of £ on §. So the scar of E on dH is parallel in H to a disk component F)
of FNint(H) (the union of the belt annulus of £ and a subdisk of S). Since E is the only disk in the
decomposition C, — C,,, the disk Fy is the only component of F, Nint(H).

By assumption the ball Bg that S bounds in H is coherent: unless it is a goneball in both, it persists
in both C,, and C,,, so H would not be a chamber in either and therefore is coherent, a contradiction.
So we henceforth assume that Bg is a goneball in both C,,, and C,,. The former means that F Nint(By)
consists of disks, and the latter means that the chamber C, of C, of which H is a remnant is just the
complement in H of the ball (parallel to Bg) between the scar of E in dH and Fy. That is, H is parallel to
C, via this ball. In particular, H is the only remnant of C so, via Definition 7.2, H is occupied in C,y if
and only if C} is occupied in C,.

We wish now to examine F Nint(H). F is a disk containing scars of D,; the complement of the scars
is a subset of F. In particular, if F Nint(H) contains any closed components they would be disjoint from
Fo. A closed component of F can’t lie in Bg, since By is empty in Cy,,, so it would have to lie in the
chamber C, of C,, making C,, hence H, occupied in C,, as well as C,,. Then H would be coherent, a
contradiction. So we need only consider the case in which F' Nint(H) contains no closed components.

Here is a useful observation about compact orientable surfaces with no closed components: For any
closed connected orientable surface Q, y(Q) < 2 with equality if and only if Q is a sphere. It follows
that for any compact connected surface Q, y(Q) +100| < 2, with equality if and only if Q is planar, and
so, when 00 # 0, y(Q) — 00| < 0 with equality if and only if Q is planar and has a single boundary
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component, i. e. is a disk. More generally, this is then true for any compact orientable surface, so long as
there are no closed (in fact no sphere) components. We have thus verified this claim:

Claim: Suppose Q is a compact orientable surface with no closed components. Then y(Q)—[0Q| <0
with equality if and only if Q consists entirely of disks.

Fn int(C\xQ H

Figure 38: FNnint(H) = (FNint(C,)) U (F N Fo) U (F Nint(By))
To apply the Claim, begin with the observation
Fnint(H) = (FNint(C,)) U (F N Fo) U (F Nint(By)). @)

See Figure 38. For the purpose of this computation, include all boundary circles on each surface, so each
surface is compact. We then have

X(Fint(H)) - y(F Nint(Cy)) = x(F N Fo) + x(F Nint(Bs ). )

Note that F N F is the disk F with all the scars of D, that lie in Fy removed. Hence y(F N Fy) =
1 —|scars on Fg|. These scars on F are of two types: those that come from components of F lying in
int(Bs) (all of them disks, since By is a goneball) and those coming from components of F lying in
int(Cy). Each disk in F Nint(By) contributes 1 to y(F Nint(Bs)) and -1 to y(F N Fyp) so

X(FNFo)+x(FNint(Bs)) = 1 —|scars on Fy left by F Nint(C,)|. 3)

Another way to characterize the number of scars left on Fp by F Nint(C,) is that it is the difference
of the number of scars left on dC, and those left on 0H. Furthermore, the total number of scars left on
0H is one more than the number left by dC,, since it includes E. We then obtain:

1 — [scars on Fy left by F Nint(Cy)| = [d(F Nint(H))| - [d(F Nint(C,))|. @)
Combining (2), (3) and (4) we have
X(F Nint(H)) - x(F Nint(Cy)) = [0(F Nint(H))| - [d(F Nint(Cy))| (5)
which implies

X(FNint(H)) — [0(F Nint(H))| = x(F Nint(Cy)) — [0(F Nint(Cy))|. 6)
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Now apply the Claim: The left side of (6) is zero if and only if H is disky and hence empty; the right
side of (6) is zero if and only if C, is disky and hence empty. Thus H is empty in C,,, if and only if it is
empty in C,,. That is, H is coherent, a contradiction that proves Claim 4.

Claim 5: If the target manifold contains exactly one external scar of E then H satisfies one of the
three outcomes listed in Lemma 12.11.

The argument for this claim depends on whether H or B is the target manifold.

Case 1: The target manifold is Bg.

Let C, be the chamber in C, of which Bg is a remnant. Since E leaves exactly one external scar on
G, E separates C, into Bg and another remnant Ry, so Bg is disky under the decomposition C, — Cy,.

Subcase la: Cy is a handlebody.

We first show that C, cannot be an empty handlebody. Since C contains no occupied handlebodies,
Cy can only be empty if F'Nint(C,) consists entirely of disks, by Corollary 7.3. Since int(Bg) C int(Cy)
this implies that F'Nint(Bg) consists entirely of disks, so Bg is empty in C,,,. Since Cy is empty in C,,
Definition 7.2 says Bg is also empty in C,,. This contradicts the requirement that B is not coherent.

We deduce that C, is an occupied handlebody. In this case, apply the Sibling Claim: the first two
outcomes of that claim imply the first two outcomes of the Lemma; the third only arises when the target
manifold is H, and then it contradicts Claim 4, completing the proof of the Lemma in this subcase.

Subcase 1b: Cy is not a handlebody.

In this case R, cannot be a handlebody and in particular cannot be a ball, and so it can’t be a chamber
in int(H). Then R, c §° — H. Moreover, Definition 7.2 says that in this case the preferred alignment of E
leaves Bg empty in C,,, and so a goneball. Our assumption is that Bg is not coherent, so Bg must be
occupied in C,,,. The difference then between H in C,,, and C,, is that the latter is obtained from the
former by deflation of Bg. This can be viewed as a bullseye deflation, the third outcome allowed. See the
right side of Figure 39.

Case 2: The target manifold is H.

The proof is highly analogous to Case 1, so we merely sketch: As in Case 1, the component Cy of C
of which H is a remnant is divided by E into two chambers, H and R,. If C, is an empty handlebody
then, just as in Case 1, H is empty in both C,,, and C,, and so is coherent, completing the proof. If Cy is
an occupied handlebody then the Sibling Claim applies; the first two outcomes of that Claim imply the
first two claims of the Lemma, and the third outcome contradicts Claim 4. Finally, if C, (so also Ry) is
not a handlebody, then the preferred alignment given by Definition 7.2 leaves H empty in C,,. Thus if
H is empty in C,,, it is coherent; if it is occupied then C,, is obtained from C,,, by deflation into R,
implying the third outcome of the Lemma.

Having established the claims, we now prove the Lemma: Suppose a ball Bg C int(H) presents itself,
as described before Claim 1. Claim 1 says that E leaves scars on G, claims 2 and 3 show that E leaves
exactly one scar on G, and Claim 4 says that it cannot be an internal scar. Thus E must leave one external
scar on G, in which case Claim 5 shows that one of the three outcomes of Lemma 12.11 occurs.

On the other hand, if no Bg satisfies the criteria described before Claim 1 then Claims 1, 2, 3 and 4
show that, unless dH contains a single external scar of E, H is coherent. Claim 5 shows that when 0H
does contain a single external scar of E, one of the three outcomes of Lemma 12.11 occurs.

JOURNAL OF THE ASSOCIATION FOR MATHEMATICAL RESEARCH, 2(2):209-335, 2024 301


https://jamathr.org

MARTIN SCHARLEMANN

goneball N
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e
b

A

Cey = Ce+y =Ciie

Figure 39: E leaves one external scar

We now examine when neither of the first two outcomes occurs, to verify the final three claims of
Lemma 12.11. We have already concluded that E is not parallel to any disk in D,. The proof so far shows
also that the target manifold must have a single external scar, and then Claim 5 shows that in this case 0H
contains exactly one scar of E, an internal scar when the target manifold is B and an external scar when
the target manifold is H. All that remains is to show that dF is separating in F — 9D ,:

The definition of F, implies that the complement of the scars of D, in F is a collection of components
of F —3D,. Not removing the scars of the disks in D,, that is, adding disks back, does not affect the
number of components in the surface, so to show that JF is separating in a component of F' —3dD), it
suffices to show that JF is separating in a component of F,. But that follows immediately from the fact
that E leaves only one scar on dH: dH is a component of F, —JF that is distinct from the component on
which the other scar of E lies. m|
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Proposition 12.12. Suppose C is a flagged chamber complex supporting S> = AUr B, C does not certify
and D, D, are disjoint disk sets in C. If either |D,| or |D,| = 1, then, after an appropriate choice of
sibling if C contains occupied handlebody chambers, either D, = D,y 0r Dy > Dy,

In more detail: Suppose DUE is a disk set in C, where E is a single disk. Let

D E
o Cpg be the flagged chamber complex given by the composition C — Cp — Cpg

E D
o Cgp be the flagged chamber complex given by the composition C — Cp — Cgp and D the
preferred alignment described in Lemma 12.8

DUE
o Cp. g be the flagged chamber complex given by the decomposition C bl Cp+E.

(Note that here D in the subscripts refers not to a single disk but to the family D of disks.)
Then either

® Cpe=Cpg=Cgpor
e Cpg=Cpig «-Cgpor
e Cpg->Cpyg=Cgpor
e FE lies in an occupied handlebody in Cyy and its sibling C}) £ satisfies C;)E =Cp+e =Cgp

If Cpi+g # Cgp then either OE is non-separating in F — 3D or OE is non-separating in F and E is parallel
to a disk in D.

Proof. The proof breaks naturally into two cases:

Case 1: Cgp # CpyE.

By Lemma 12.3 there is a handlebody H in S 3 whose boundary is in Fpyr and which is not coherent
in Cgp and Cp,g. Then applying Lemma 12.10 to H, either JE is non-separating in F' — 9D or JE is
non-separating in F and E is parallel to a disk in D. Then by Lemma 12.11 every handlebody in S
whose boundary is in Fpyg is coherent for Cpr and Cp.g. So, by Lemma 12.3, Cpg = Cp,g. Thus what
is left to show in this case is that Cgp --> Cp,g.

There cannot be two disjoint handlebodies in S 3 whose boundaries are in Fp_g and which are not
coherent for Cgp and Cp. g since Lemma 12.10 says that the disk E lies in the interior of each such
handlebody. Then there is a maximal such handlebody - that is, one that contains any other - so without
loss take H to be the maximal one. By Lemma 12.10 H is contained in a chamber of Cgp and is obtained
from a chamber of Cp,g by deflation of a chamber or of a bullseye in Cp,g. All chambers of Cp.g
outside of H are the same in Cp, g and Cgp by the same proof as that of Lemma 12.3. Thus Cgp --> Cp.g
as required.

Case 2: Cpg # Cp.k

The proof is analogous to that of Case 1, but a bit more complicated. By Lemma 12.3 there is a
handlebody H in S3 whose boundary is in Fpug and which is not coherent in Cpg and Cp,g. Then
according to Lemma 12.11 E is not parallel to a disk in D and JF is separating in F —dD. Then by
Lemma 12.10 every handlebody in S 3 whose boundary is in Fpyg is coherent for Cgp and Cp, g so by
Lemma 12.3 Cgp = Cp,g. Thus what is left to show in this case is that Cpg --> Cp,g.
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According to Lemma 12.11 E leaves exactly one scar on 0H. If it is an internal scar, then per Claim 5
in the proof of Lemma 12.11, E lies in the interior of a chamber C, of C, dividing C, into a ball in int(H)
and a chamber R, adjacent to and outside of H, as in Figure 38. Unless R, is also a handlebody, the
choice of preferred alignment of E has no effect on the flagging of chambers outside of H. In particular,
there can be no handlebody chamber incoherent for Cpg and Cp, g that is disjoint from H. In this case,
the argument concludes as for Case 1, using Lemma 12.11 instead of Lemma 12.10. On the other hand, if
R, is a handlebody (and so, as noted in Lemma 12.11 Claim 5, Subcase 1a, the only chamber of C,,, that
lies outside of H) then the choice of alignment of E in C, does affect the flagging of R,. The argument in
this case is much like the argument in the case that E leaves an external scar on H, so we turn to that case,
noting that the argument applies here as well.

If E leaves an external scar on H then it is possible that there is a disjoint handlebody H’ in S 3 just
like H: 0H' is in Fpyg, H' is not coherent for Cpg and Cp, g, and E also leaves an external scar on 0H’.
Then, just as is true for H, H’ lies in a handlebody chamber in Cpg. Thus there is a handlebody chamber
C, € Cp containing E, with E dividing C, into H and H’.

We now reprise part of the argument of Claim 4a in Lemma 12.10: C, must be an occupied handlebody,
for if C, is empty then H and H’ would both be empty in Cp,r and Cpg, contradicting the assumption
that H is not coherent. Then, per Definition 7.2, C is the parent of two siblings in Cpg: one in which H
is occupied and H’ is empty, the other in which H’ is occupied and H is empty.

Since C, is occupied, F Nint(C,) has non-disk components by Corollary 7.3. There are three cases to
consider, depending on where these non-disk components lie:

e If some non-disk components lie in H and some in H’, then H and H’ are both occupied in Cp, .
Since H is not coherent, it must then be empty in Cpg. In this case the sibling for Cpg is the one in
which H is empty and H’ is occupied, that is the one that results from an alignment for £ which
deflates H into H’, leaving H’ occupied in Cpg as well. Thus Cpg --» Cp, g, an allowed outcome.

e [f each component of F Nint(H) is a disk, then H is empty in Cp,g. Since H is not coherent it is
then occupied in Cpg. But in this case the sibling C7,. of Cpg is one in which H is empty and H’
is occupied. Then in this sibling C})E = Cp.+g, an allowed outcome.

e If each component of F Nint(H’) is a disk then H’ is empty and H is occupied in Cp, . Since H is
not coherent, it is empty in Cpg. In this case the sibling Cb z of Cpg has H occupied and H " empty,
just as is true for Cp,g. Thus C’DE = Cp+g, an allowed outcome.

O

Corollary 12.13. Suppose C is a flagged chamber complex supporting S* = AUy B, C does not certify
and DU E is a disk set in C, where E is a single disk. In the notation of Proposition 12.12, one of these is
true (for some choice of sibling, if siblings exist):

e Cpe =Cgp,
o CDE R4 CED or

e Cpg «-Cgp
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We denote the three possibilities above by Cpg <> Cgp. Then one way of expressing the conclusion
of Corollary 12.13 is to say that this diagram commutes:

Co —>>Cp

|z

E CDE
A
|
5 Y

Cg ——Cegp

13 Guiding disk sets and disk addition

Recall from Section 11 the notion of guiding disks (Definition 11.8) for flagged chamber decompositions.
The example given there involved decomposition of two chamber complexes that are related by bullseye
deflation. Here is another example: Suppose D U E is a disk set in a flagged chamber complex C. Let

C’ be the result of the flagged chamber complex decomposition C £, C’ and let D’ be the set of disks
in D whose boundaries lie on C’. The decomposing set D’ is contained in D, but may not be all of D,

because it does include those disks in D that lie on goneballs of the decomposition C £, C’. Nevertheless

D remains as a guiding set of disks for the decomposition C’ 2, Ch -

We have already encountered another example of guiding disk sets, in the context of guiding spheres
in Section 9. Suppose C is a flagged chamber complex in S with defining surface F = F(C), and § c S3 is
an embedded sphere transverse to F. Consider a sequence € of flagged chamber complex decompositions
guided by S, as given in Definition 9.4 and described after the proof of Lemma 9.3: The circles FN S
are partitioned into sets ¢;,0 < i < n and to each ¢; a collection of disjoint disks 5,~ C § is assigned. The
associated sequence C of flagged chamber complex decompositions guided by S has, as each disk set
D; those disks in 5,- that remain incident to F(C;) after all goneballs in earlier decompositions have

— D,
been removed. Thus each set of disks D; is a guiding set of disks for the decomposition C; — C;41 not
the disk set itself. Consistent with the notation of Definition 11.8 we could then write the sequence in

Definition 9.4 as

Do Dy Ds D1
C:CQ_)C] —>C2—>...—>Ck

Joining this example with the previous one, suppose E is a properly embedded disk in C that is
disjoint from the guiding sphere S and, as above, let C’ be the result of the flagged chamber complex

.. E .. 2
decomposition C — C’. Then it is natural to construct a sequence C’ of flagged chamber complex
decompositions

’ ’ ’ ’

3, , , 0 , 1 , 2 anl ,
¢. C=C,—C, —C,—>..—C,

(13.1)

by setting each D’ to be the collection of disks in D; (and so in 5,-) whose boundaries lie on C. Then,

’

just as for ¢, each decomposition C’ N C!,, has guiding disk set D;. So the sequence could also be
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written

Do D, D, Dot

d:. = =Cj—C| —C,—..—C,

ne

One way to describe the relation between the sequences above is that the sequence € is what the
sequence € would be if we had inserted decomposition with the disk E before beginning the sequence.
Generalizing, we could decompose by E at a later stage of the decomposition sequence. That is, for each
0 < k < n, define a flagged chamber complex decomposition sequence

k k k
Do Dy D1 Dy Dies1 D

(Y N N N RN s Sy o7 SN N o (13.2)

n

where the disks Df.‘ C 5,-,1{ < i < n are those disks whose boundaries lie on F (Cf.‘). In particular, & of
Sequence 13.1 is @OE with the first decomposition C =N C’ dropped. As usual, a simplified way of writing
each sequence is

Dy Dy Dy D1 Dy

Ck:Cy—=>C . —>©k—>ck—>c§+l—>...—>c’;

Lemma 13.1. Suppose C and C’ are ﬂagged chamber complexes and their defining surfaces have the

property that F(C') c F(C). Suppose C 2, Cop and C’ 2, C%, have a guiding disk set D in common.
Then D is a guiding disk set for D’.

Proof. Each D’ € D’ is a disk in D whose boundary lies on F(C"). Since F(C’) c F(C), 9D’ also lies on
F(C),so D" € D. Thus D’ is a disk in D whose boundary lies in F(C’). Conversely, suppose D € D has
its boundary on F(C’). Since D € D, D € D and, since D is a guiding disk set for D’ and 4D c F(C"),
D € D’. Thus D’ consists exactly of those disks in D whose boundaries lie on F(C’), as required. O

Proposition 13.2. Let C be a flagged chamber complex that supports S3 = AUr B and

- D D D
C:C=Cy—>C; = ..5C,

be a flagged chamber complex decomposition sequence. Suppose

J— .Di
e there is a guiding disk set D; for each decomposition C; — Cj, .

e E is a proper disk in a chamber of C, and E is disjoint from all disks in all D;

’

S _ i
o C' is the sequence defined in Formula 13.1 above, so each D; is a guiding disk set for C; — C,

e for each 0 < k < n and decomposition sequence @’g defined in 13.2 above each D; is also a guiding
disk set for the corresponding decomposition in @’é

IfC,, C. and all CK,0 < k < n certify, then the sequences ¢ and ¢’ cocertify.
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Proof. Case 1: C certifies.
Then the sequence C and the sequence

3 E 0 1 D
&.c>C=C—>C,—..—C,

cocertify because the chamber complex C certifies for both. (The same argument shows that all sequences
C’fE cocertify.) Similarly the sequences COE and C’ cocertify because, by hypothesis, C;, certifies and, as

E
noted above, the latter sequence is contained in the former sequence (by dropping C — C’). Thus we
have C ~ C% ~ C’ as required.

Case 2: C does not certify, but C; does.
Since C does not certify then per Corollary 12.13, with some choice of siblings if there are siblings,
the following diagram commutes:

D D D,
C—2%Cp —ts .. —lc, =C
E
1 1
. cl 2 Pt _@l
! 1 =L
A
|
D, YD D 2
C—>C, —>.. iy =

We henceforth ignore the issue of choosing siblings, since different choices of sibling give cocertifying
sequences, via the certifying parent chamber. (See the proof of Proposition 9.5.)

We would like to apply Corollary 11.12 to the sequences ¢ and @}E The Corollary requires that if
C’l, say, deflates to C} G.e. C} > C’l) that the disks in D} are a subset of the disks in D’l, namely those
that have their boundaries on the defining surface for Ci. In our language, D} needs to be a guiding
disk set for D{. Moreover, it is required that the same true for each D} and D 11 throughout the maximal
deflationary sequence. But since, by hypothesis, D; is a guiding set of disks for both Diand D 11 this is
true, via Lemma 13.1.

So we can apply Corollary 11.12: Since @}E certifies by the hypothesis that C! certifies, @}E and €
cocertify. A symmetric argument leads to the same conclusion in the case that C} deflates to C} or, most
simply, when C} = C]. Since, in this case, we are assuming that C; certifies, it certifies for the sequences

that contain it, namely C, and @}E So we have € ~ @}5 ~C , as required.
We are left with the possibility that C; does not certify. The argument just concluded suggests an

inductive approach, which we now pursue:
Inductive Step: Suppose the sequence C’ and, for 0 < k < ¢, all C';: cocertify. (The proof of Cases 1

and 2 show that this is true for £ = 1.) Then either € ~ € and we are done, or the same statement is true
with ¢ replaced by € + 1.
If C, certifies, then it certifies for sequences that contain it, including C, and Cg. Thus C ~ Cé. By

. . . —)t; —)/ =2 —), .
inductive hypothesis, C, ~ C’. Hence C ~ C’, as required.
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If C, does not certify, Corollary 12.13 says the following diagram commutes:

D() Dl @g-] Df ®[ 1 =2
C Cq Ce Ces1 — =C
lE
DI-H
+1 Tl — Qt+1
E cil s =C&
A
I
¢ Y ¢
Cg D[ C[ ®€+1 — @%g
[4 {+1 E

Applying Corollary 11.12 much as in Case 2, @2 and @i_“ cocertify. Hence C” and, for 0 <k < £+1,

all @]‘5 cocertify, completing the inductive step.

Continue to iterate the inductive step, showing that € and each @g cocertify, until a k£ for which Cy
certifies is reached. We know that we will eventually reach such a k, since C certifies. At that point, @fg
cocertifies with both € and €, so C and €’ cocertify, as required. O

Theorem 13.3. Suppose C is a flagged chamber complex in S* that is not tiny, and S is a balanced or
almost balanced sphere transverse to F(C). Let E be a disk disjoint from S properly embedded and
essential in a chamber of C that is not an empty torus. Let C' be the flagged chamber complex obtained
from C by decomposition along E. Suppose also that S is balanced or almost balanced for C'. Then any

—_— —
sequence in (C,S) and any sequence in (C’,S) cocertify.

Note: the requirements that E be essential in its chamber and that C not be an empty torus will be
removed later, see Corollary 15.11.

Proof. Let F,F’ denote the defining surfaces F(C), F(C’) respectively. The circles FNS and F' NS
determine decomposition sequences € and € as described in Section 9. Since E is essential and not the
meridian of an empty torus, surgery on E creates no new goneballs soin fact FNS = F’'NS. Thus the
guldmg disk sets D; for the two decomposition sequences € and €” are the same. Import the notatlon for
€ and € from the paragraph that precedes Proposition 13.2 to these decomposition sequences ¢ and .

We are given that the chamber complexes C and C’, related by the decomposition C £, C’, are
each balanced or almost balanced. As noted in the proof of Proposition 10.2 during the decomposition
sequence the genus of the defining surface above S and below S does not change. Surgery on E may
or may not lower by one the genus of the defining surface on the side of S in which FE lies, but we are
given that S is balanced or almost balanced for C" as well as for C. It follows that for any 0 < k < m the
chamber complex Ci defined by the decomposition Cy LN Ci in @1‘5 is also balanced or almost balanced.

Then Propositions 10.2 and 10.3 imply that the last term in each of the sequences €,C and each @,‘5
certifies. Proposition 13.2 then says that Cand € cocertify, as claimed. |
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14 Delaying a disk

In this section we consider what happens in a sequence of two flagged chamber complex decompositions
if, when this is possible, a decomposition disk in the first decomposing disk set is transferred to the
second decomposing disk set.

Suppose Cj is a flagged chamber complex supporting S = A Ur B, and

Do Dy
Co — Cl — Cz

is a sequence of flagged chamber complex decompositions. Suppose E is a properly embedded disk in a
chamber of Cy and E is disjoint from both Dg and D;. There are a variety of decomposition sequences
that can be defined in this situation. Here is the notation we will use for them:

Do E
e Co—C; —>Cog

’

o CliCE—l>CE1

DoUE
o Co— Cosk

EUD,
o C; —— Cgyi

In the second of these sequences @; has the usual meaning: those disks in D whose boundaries lie
on the defining surface of Cg (and so do not lie on the boundary of goneballs after decomposition by E).
Note that if JE lies on the boundary of a goneball in C;, then it does not lie on the defining surface for
C1, so decomposing on a disk set containing E is the same as decomposing on the disk set without E. So
in this situation Cgy = Cgyq1 = Cs.

Lemma 14.1. Suppose neither Cy nor C; certify. Then, up to a choice of siblings, if siblings exist, either
1. Cog =Corg and Cgy = Cgyq or
2. Cog > Cyrgp and Cgy = Cgyq or
3. Cog = Coyg and Cgy --> Cpy,.

Proof. Let Fy, F' be the defining surfaces for respectively Cy,C;. Suppose first that O is separating
in a component of Fy—3Dy. Then it is separating in a component of F, because F is obtained from
Fo— 0D, simply by adding (scar) disks to 9D and perhaps deleting some spheres. Then 9F (if it is not
on the boundary of a goneball) is also separating in a component of F'; —9dD;. It follows from the last
sentence of Proposition 12.12 that Cgy = Cg, and, further applying Proposition 12.12, that outcome (1)
or (2) of Lemma 14.1 occurs.

On the other hand, if JE is non-separating in Fy — 3D then by Lemma 12.11 Cor = Co,g. Then by
Proposition 12.12, outcome (1) or (3) occurs. m|
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We now put this in the context of decomposition sequences. Suppose Dy,.... D, are a sequence of

- . . ~ . .. EUD L
guiding disk sets in § 3 5o that D determines the decomposition C; =L Cg41 above. Then the guiding
disk sets D; determine extensions of the three sequences that we label as follows:

DoUE

= ‘D? 5nfl
CO+E . C EN C0+E _) CO+E C0+E Cg+E
2FE DO 5n—l
Gfl.co e L COE N COE COE =5 C¥E
Do EUD| Dz 53 5,,,1
CEtl Cy = C) —5 Cpy > CEH1 5 2, B!

Lemma 14.2. Suppose all three decomposition sequences certify. Then all three decomposition sequences
cocertify.

Proof. 1If Cy certifies, this is obvious: Cy is a term in all three sequences, so if it certifies then all three
sequences cocertify.

If C, certifies, then CE+! and CE! cocertify for the same reason: C; is in each sequence. If further Cy
does not certify, we can apply Proposition 12.12 to conclude that either Cog = Coyg or Cog --> Coyg. In
the former case the sequences CET and CO*E also cocertify because, starting with Cog = Co, g, they are
the same sequence and before that in CO+E jg only Cy, which does not certify. In the latter case, when
Cor --» Co4k, they cocertify by Corollary 11.12.

Suppose neither Cy nor C; certify. Then following Lemma 14.1 the other decompositions can be
arranged towards the left in exactly one of the following three diagrams, which differ only in which of
two possible deflations (shown as vertical dashed arrows) are in fact equalities:

D3

D D D -
Co ——>Cj — Cpyy —= CE*! = CE+! (14.1.1)
E =
D D 5
poue\ Cor ——Cgi — =CH!
D D 2
Co+E ! C(l)+E 2 _CO+E
D D D D 3
Co——>Cy — Cpy) —>CEH1 = = CE+! (14.1.1)
iE i
D D -
v\ Cor —Cgi — =C*H!
I
I
Vo3 D 2
Co+E ! C(l)+E 2 :CO+E
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D D D D S
Cy —— C > Cpyp —=CEH —» = CE+! (14.1.1)
A
E |
_ A
D, Dy 21
pyue\  Coe Cri =C
D, D, 2
C0+E C(1)+E ZCO+E

In the first diagram it is obvious that all three sequences cocertify: because of the equalities, all three
sequences are in fact the same sequence after the terms Cg,,Cg; and C?*E. Similarly the sequences
CE*! and CE! become the same sequence after those terms in the second diagram and so cocertify; the
same is true (even one step earlier) for CE! and CO*F in the third diagram.

Finally, by Corollary 11.12, both CE! and CO+E cocertify in the second diagram and CE+! and CE!
cocertify in the third. O

15 Ghost circles and timing of disks

Let C be a flagged chamber complex in S* supporting AUz B, and S € S be a sphere transverse to C.
It was shown in Section 9 how S defines a flagged chamber complex decomposition sequence for C.
We briefly recall the process, filling in further description, assisted by augmented notation: For F the
defining surface for C, the innermost in S circles ¢g of F NS bound disks in § which we regard as a disk
set Dy for C. The set of circles ¢; in F NS (denoted simply ¢; in Section 9) consists of those circles
which bound disks in S whose interiors may contain circles in ¢y but otherwise are disjoint from F. Call
this set of disks D;. Proceeding in this manner partition the entire collection of circles F NS into sets
o = €0, 1..., ¢y, Where n = L%J, so that each circle in ¢; bounds a disk D in S, and any circle of
F NS that lies in the interior of D lies in some ¢;,i < k. Denote the collection of such disks in S bounded
by the circles in ¢ by Dy.
The decomposition sequence

N D D D Dy
C: C=Cyp—->C|—>5C,>...25¢,

is then iteratively defined, the first step being the decomposition C = Cy =% C;. After this decomposition
two important things happen to the sets of circles ¢;, 1 <i < n:

e The circles ¢y have been surgered away, so the interior of each disk in Dy is disjoint from the
defining surface F'| for C;.

e Some of the circles in ¢; may lie on the goneballs of the decomposition, and so no longer lie in
SNF.

Then let D; C 5] be the subset of disks that are left, i. e. the subset of disks whose boundaries lie on F.
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Since, after the decomposition by Dy, the interiors of the disks D, are disjoint from F, they are a

disk set in C;. Use these disks to define the decomposition C; & C,. Continue in this manner to get
the entire decomposition sequence, noting that each D; in the construction consists of those disks in D,
whose boundaries lie on the defining surface F; = F(C;), and not on the boundaries of goneballs from
earlier decompositions in the sequence. In other words:

Lemma 15.1. For each 1 <i < n-1, the disk set D; is a guiding disk set for the decomposition
D;
Ci — Ci. |

Definition 15.2. For each 1 <i<n-1, the circles ¢;— ¢; (that is 85,- —9D;) are called the ghost circles

—_—
of such a decomposition sequence in (C,S). The circles ¢; = F;N S, that is the circles that bound the disks
D; C S, will be called the F-circles of the decomposition sequence.

The disk set D; may well contain ghost circles in its interior; these indicate where D; intersects
spheres bounding goneballs in earlier decompositions, and so can be ignored. Nevertheless, the ghost
circles do play a role in the construction of the decomposition sequence, namely they are part of what
determines, at the beginning of the decomposition sequence, before they are ghost circles, where in the
sequence of decompositions a particular sub-disk of S appears.

Following up on this idea, it is reasonable to consider how introducing ghost circles in S at the
beginning of the decomposition process (when the sets of circles ¢; for the decomposition sequence
are being defined) might affect the decomposition sequence. For example, if a ghost circle ¢’ were to
be added, at the beginning of the decomposition sequence, parallel to a circle ¢ € ¢;_; and just inside
the disk D € D;_; that ¢ bounds, one effect would be to redefine D as a disk in D;, because ¢ is no
longer i-th innermost in F NS but (i + 1)-st innermost in the collection of circles ¢U¢’. There could
well be a similar delay to the use of other disks in the following Dy,i < k < n in a manner that may be
a bit difficult to describe - see Figure 40. Our next goal is to understand to some extent how adding or
removing ghost circles (and thereby changing the location of the decomposing disks in the sequence of
disk decompositions) affects the certification of a decomposition sequence. The news is good: eventually
we will show that adding or removing ghost circles may alter the decomposition sequence, as we have
seen, but the new decomposition sequence cocertifies with the old.

To this end we generalize the discussion of Section 9 to spheres in S transverse to the defining surface
F of a flagged chamber complex C in 3 and consider a finite collection of circles ¢ in S containing all of
the circles ¢ = FN S (which we have distinguished as F-circles) but augmented by other possible circles
¢—F in § called ghost circles. The collection of circles ¢ determines a sequence of flagged chamber
complex decompositions guided by disk sets D;, where each circle in T is the boundary of a disk in some
D;, as described above and in Section 9. (This setting naturally arises in the middle of a flagged chamber
complex decomposition sequence, as we have seen.)

As in Section 9, let Y be the tree associated to the circles ¢ € S, and, as in Definition 9.4, let

> Do Dy D, D1
C: C=Cy—>C —>C,—>..5C¢C,

be the complete sequence of flagged chamber complex decompositions guided by the sphere S, where
L%J. It’s perfectly possible that for some values of i, ¢; consists entirely of ghost circles, so
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Figure 40: Adding a ghost circle, i =3

— D;
none of the disks D; have their boundaries on F and so D; = (. In this case the decomposition C; — C;4|
is just the identity: C; = Cyy;.

Recalling Definition 9.1, each edge ¢ in Y (corresponding to a circle ¢ € ©) is assigned a value

diam(Y) -1
0<py(e) < LTJ-

For each vertex v € Y we can similarly assign py(v) = max{py(e) | e an edge incident to v}.

Here are some elementary observations. For e an edge in Y, let m¢ be the numbers defined for e in
Definition 9.1.

Lemma 15.3. There is an edge f in Y such that m{ =m! if and only if diam(Y) is odd. In this case
py(f) = % and f is unique: it is the mid-edge of each path in Y whose length is diam(Y). Call f
the center edge of the tree Y. See Figure 40.

Proof. Let e be any edge in Y, with endpoints v, and v_ belonging to the trees Y, and Y_ respectively
in Y —e, as discussed in Definition 9.1. If there is a leaf v, of Y that belongs to Y, and is a distance

> % from v,, then v, is a distance m+ 1 > % from v_. It follows from the definition of
diameter that no leaf of Y that belongs to Y_ can be a distance more than

diam(Y)—-1 diam(Y)+1 diam(Y)—1
+ -m-l<—

diam(Y)-m—1=
iam(Y)—m > > >
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from v_. Hence m_ < % <m < m, and e is not as f is described in the Lemma.

Thus an edge f as described in the Lemma has the property that any leaf of ¥ in Y. has distance
at most % from respectively the vertices v.. This implies that any path in Y, can have length at
most diam(Y) — 1, so in particular no path y in Y of length diam(Y) can lie entirely in either of Y.. This
implies that f must be in y and in fact be the mid-edge of y, defining f uniquely and establishing that

_ _f _ diam(Y)-1
py(f) = m], = demD-l.

Conversely, suppose diam(Y) is odd and f is the mid-edge of a path y in Y of length diam(Y). If any
leaf in Y lying in Y, (resp Y_) is a distance greater than %ZYH from v, (resp v_) then conjoining a path
from that leaf to v, with the part of y — v, containing v_ would give a path of length greater than diam(Y),
a contradiction. Hence both mi = % as required. O

Quite similarly we have:

Lemma 15.4. There is a vertex w in Y that is incident to more than one edge e with py(e) = py(w) if and
only if diam(Y) is even. In this case w is unique and py(w) = dr%(l’) — 1. Call w the center vertex of the
tree Y. See Figure 40.

Proof. Consider any vertex v in Y and suppose there is a path y in Y from v to a leaf of Y and that the
length of y is m > dldm(Y) . Let e be the edge of vy that is adjacent to v and observe that, by definition
of diameter, any path from v to a leaf of Y that is longer than diam(Y) —m < m must pass through e.
Definition 9.1 then implies that py(e) is the length of the longest path in Y not passing through e from v
to a leaf of Y, and any edge ¢’ incident to v other than e has py(e’) < py(e) — 1. In particular, e is the only
edge incident to v with py(e) = py(v), so e is not an edge as described in the lemma.

It follows that if w is as described in the lemma, then the length of any path from w to a leaf in ¥ has
length < m. So, by definition of diameter, any path in Y whose length is diam(Y) must pass through
w and have its length bisected by w. Thus diam(Y) is even and the distance from w to a most distant leaf
will be m In particular, any edge e incident to w will find the vertex at its other end a distance of

at most diam( Y) dlam( Y)

py(w) <

are at least two edges e. incident to w lying on such a path, and then py(e.) =
diam(Y)
2

— 1 from a leaf. Thus py(e) < — 1. Since this is true for all edges incident to w,

dlam(y) — 1. Furthermore, since any path in Y whose length is diam(Y)) must pass through w, there

% — 1. It follows that
for both edges py(e+) = — 1 =py(w) as required.

Conversely, if diam(Y) is even, y is a path in Y of length diam(Y), and w is the vertex that bisects v,
the same argument shows that for e either of the two edges in y incident to w, py(e) = py(w). O

Lemma 15.5. Suppose P C S —¢ is the planar surface corresponding to a vertexve Y. If PC D e Dy,
then py(v) < k.

Proof. For D € Dy, OD € T and from Lemma 9.2 each circle in cNint(D) lies in some © j»J < k. Hence if
P C D, each circle ¢ € 9P lies in some ¢;, j < k. Corresponding to this, we have that each edge e in Y that
is incident to v has py(e) < k. Hence by definition py(v) < k as required. O

Lemma 15.6. Suppose a ghost circle is added to S in a planar surface P C S —¢ corresponding to a
vertex v € Y and

’ ’ ’

@: C=Ci—>C,—5C, >
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is the resulting sequence of flagged chamber complex decompositions. Suppose py(v) > 1. Then for each
1 <i<py®), @l’._l =D; 1 and C: =C,.

Proof. 1f i < py(v) then py(v) £ i— 1. It follows from Lemma 15.5 that any disk D € 55_1 does not contain
P and so is unaffected by the addition of the ghost circle. Thus, for each 1 <i < py(v), 5;_1 = 5,4. Now
argue iteratively: Since Cj; = Cy and 52) = Dy it follows that D}, = Do. Hence C| =Cy, so if 5,1 =D,
then @’1 = D;. The argument continues iteratively until i = py(v): For each 1 <i < py(v), C,_, =C;_; and
5;_1 = D;_; imply D!, =Di-1,s0C] =C;, as required. O

Corollary 15.7. Suppose diam(Y) is even and a ghost circle is added to S in the planar surface P C S —¢
corresponding to the center vertexv € Y. Then C’' = C.

Proof. Since diam(Y) is even, the complete sequence C has last term C, with n = diam(Y)/2 = py(v). If
py(v) =0 then Y is a star graph, each circle in ¢ bounds a unique disk in Dy and both C’ and C are simply

the sequence Cy i C,. Indeed, after this decomposition the only circle remaining in S is the added
ghost circle, so S N F(Cy) = 0 and there is no further decomposition in the sequence. If, on the other
hand, py(v) > 1 then by Lemma 15.6, for all 0 < i < n, C; = C; and after these decompositions, the only
circle that might remain is again the added ghost circle. m|

Corollary 15.8. Suppose diam(Y) is odd and a ghost circle is added to S in a planar surface PC S —¢
corresponding to a vertex at the end of the center edge e € Y. Then if C certifies, C’' and C cocertify.

Proof. One possibility is that diam(Y) = 1, that is Y is the single edge e. In this case ¢ is a single circle
¢ (corresponding to e) dividing S into two disks D4 and Dp, as in Lemma 10.4. Say the ghost circle is
added to D4 = P. If c is also a ghost circle, then F is disjoint from S and there is no further decomposition.
In particular, ¢ =C. If, on the other hand, ¢ is an F-circle, so ¢ = F NS then it is shown in Lemma 10.4
that if € certifies, the choice of whether to decompose C along D4 or Dy makes no difference: the two
results cocertify. Adding a ghost circle to D4 has the sole effect of declaring that in C” the decomposition
will be along Dp (since Dy is no longer a disk component of S —¢). Hence € and C cocertify.

If, on the other hand, diam(Y) > 3 then, per Lemma 15.3 py(v) = py(e) = diam(# > 1. Then according
to Lemma 15.6 the decomposition sequences € and € are identical through C/;, ., = Cdiam-1. But
—z 2

for Camy -1, ¢ has shrunk to a single circle, and Y is a single edge. Thus we can apply the argument just
2

given for this case and conclude that € ~Cas required. O

Proposition 15.9. Suppose C is a flagged chamber complex in S3 that is not tiny. Let S C > be a sphere,
transverse to the defining surface F = F(C), that is either balanced or almost balanced. Let ¢ be a
collection of circles in S containing the set c = FNS and let < be the union of < and a disjoint (ghost)
circle ¢’ in S. Let C and C' be the sequences of flagged chamber complex decompositions determined by
Tand ¢ respectively. Then C and C cocertify.

Proof. Let Y be the tree associated to ¢, P C S —¢ be the planar surface component to which the ghost
circle ¢’ is added, and v be the vertex in Y corresponding to P. The proof is by induction on the distance
between v and the center vertex or edge of Y. Corollaries 15.7 and 15.8 show that the proposition is true
when that distance is 0.

JOURNAL OF THE ASSOCIATION FOR MATHEMATICAL RESEARCH, 2(2):209-335, 2024 315


https://jamathr.org

MARTIN SCHARLEMANN

Following Lemma 15.3, as used in the proof of Corollary 15.7, the decomposition sequences are
identical until the tree has been shrunk to the point that v is a leaf. So we may as well assume that v is
a leaf of Y, so P is an innermost disk of S —¢. Let ¢’ be the collection of circles cUc¢”, where ¢’ is a
circle parallel to 9P but just outside P, that is in the component P” of § —¢ that is adjacent to P. See
Figure 41. Then the vertex v"’ corresponding to P” is closer to the center edge or vertex of Y so, by
inductive assumption, the sequence of flagged chamber complex decompositions C” determined by ¢’
and C cocertify. So all that remains is to show that € and & cocertify.

Figure 41: Moving a ghost circle, so 9P € ¢ — dP € ¢

If AP is a ghost circle, then @' =T so in fact C” = €’ and we are done. So assume that OP is an
F-circle in ¢ and note that the only difference between ¢ and ¢ is the side on which a ghost circle is
added. This switch in sides has no effect on the tree and so no effect on the disks in the decomposition
sequence & except this: In € the disk P is in Dy, since P is an innermost disk, whereas in C’ the disk P
is in D because the disk bounded by 0P contains the single added ghost circle ¢’.

Apply Lemma 14.2 to this situation, where here the disk P plays the role of E in that lemma, o
here corresponds to CO+E there and €’ here corresponds to CE*! there. Since S is balanced or almost
balanced, both sequences C” and €’ certify, as does the sequence CP!, defined for P as CE! is defined for
E in the preamble to Lemma 14.2. The conclusion of Lemma 14.2 then says that ¢ and € cocertify, so

Y

- - .
C~C"” ~(C, as required. O

Corollary 15.10. Suppose C is a flagged chamber complex in S* that is not tiny and S € S3 is a sphere
transverse to F = F(C) which is either balanced or almost balanced for C. Let T and < be collections
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of circles in S, each containing the set ¢ = FNS. Let € and € be the sequences of flagged chamber
complex decompositions determined by © and ¢ respectively. Then C and C’ cocertify.

Proof. It suffices to prove the Corollary in the case that ¢ = c. In this case ¢’ is obtained from ¢ by adding
some number m of ghost circles. But this case follows by applying Proposition 15.9 m times. |

Corollary 15.11. Theorem 3.3 remains true even when the chamber C containing E is an empty torus,
or when E is inessential.

Proof. Referring to the proof of Theorem 13.3, the requirement that E be essential and C not be an empty
torus is to ensure that the original decomposition C = Cy =N C’ creates no goneballs. The boundaries of

such goneballs would intersect F' = F(C) in a family of circles ¢ in F NS that continue to determine
which circles in F NS bound disks in each D; during the subsequent decomposition

3 ’ ’ 0 ’ i ’ > D, ,
c¢. C=C,—C, —C,—..—C,

(13.1)

used in the proof of Theorem 13.3.
—
In contrast, it is the collection of circles F(C')N.S that determines a decomposition sequence in (C’,S)

and the goneballs of the decomposition C = C £, C’ do not appear in the definition of F” = F(C’). In
other words, FNS =(F'NS)Ucgs, so ¢ acts as a collection of ghost circles in the decomposition sequence
c. Corollary 15.10 says that the addition of such ghost circles makes no difference in certification. That
is, we may as well assume that F NS = F' NS and proceed with the proof of Theorem 13.3 as written. O

16 Isotopies of guiding spheres

Definition 16.1. Suppose C is a flagged chamber complex in S3 and S, S’ are spheres transverse to the
=3 —_— - —_—
defining surface F = F(C). If any C € (C,S) and C’ € (C,S’) cocertify, then we say (C,S) and (C,S")

_—
cocertify and write (C,S) ~ (C,S").

Our goal in this section is to prove:

Theorem 16.2. Suppose C is a flagged chamber complex in S that is not tiny and supports the Heegaard
splitting §3 = AUr B. Suppose further that S and S| are balanced or almost balanced spheres for C

_—
that are isotopic in S* through balanced or almost balanced spheres S,,0 <t < 1. Then (C,S¢) ~ (C,S1).

As usual, let F' denote the defining surface F' = F(C) and put the isotopy in general position so that
generically S, is transverse to F, but for certain discrete values of 7, S, is tangent to F at a single point, a
non-degenerate critical point of index zero (F has a local max at v in a collar of §), two (a local min) or
one (a saddle tangency).

Lemma 16.3. Theorem 16.2 is true if the isotopy S passes through only a single critical point, of index
zero or two (a max or a min).
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Proof. The cases of index zero or index two are symmetric. Let S ,qq1¢) be the sphere on which the
critical point v occurs, and, in a collar of §,,, we may suppose F has a minimum. Call the bottom of
the collar S p(iow) and the top S 4pove). We can assume that other than the local minimum, F' intersects
the collar in vertical cylinders. Then F NS, is the union of F NS}, and a single circle ¢, where ¢ bounds
adisk Dr in F - S, (the disk in F containing v) and a parallel disk Dg in S, — F. Let @b (resp @a) be
the sequence of flagged chamber complex decompositions determined by C and S (resp. S,). Thus
@b € (C,S) (say) and @a € (C,Sp). See Figure 42. Augment the collection of circles F' NS, with the
single (ghost) circle ¢’ parallel in S, to ¢ € S, and call the resulting sphere with ghost circle S .. Let @C

be a sequence of flagged chamber complex decompositions determined by C and S .. Then by Corollary
15.10 G, ~ C..

. @\/DF S a__» g;@ (€)1
=
}

v Sm

(Col 1.5

l S —

| | @ (C1

(Cc)l ~

S

Figure 42: Passing S through a minimum

Now compare @a with @c. The pattern of circles in F NS, is the same as in F'N S . except that the

F-circle ¢ in S, appears as a ghost circle ¢’ in S .. Thus the decomposition Cy & C, is the same in each
sequence, except in @c the ghost circle ¢’ is just removed, whereas in @a, F is surgered by Dy, creating
an extra ball chamber Bs bounded by the sphere Dg U Dr. But our convention for flagging declares
the handlebody B to be empty and therefore a goneball, so the result of the flagged chamber complex
decomposition C; is the same in both cases, as is the remaining pattern of circles S ;N F(Cy) =S . NF(Cy).
It follows that the entire ensuing flagged chamber complex decomposition sequence is the same, so

- - - - - —_— —_—
C,4 ~ C.. Combining, we have C, ~ C, ~ Cp so (C,Sg) ~ (C,S ) as required. O

Next suppose the isotopy S, has a single critical point that is a saddle tangency with F at a point v € F.
As in the proof of Lemma 16.3 we consider how F intersects a collar of S ,,, the sphere of the tangency at
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v, as shown in Figure 43. A neighborhood in F of S,, N F (a figure eight) is a pair of pants with three
disjoint circles: cp, whose parallel in S, is incident to v in two points, and ¢1, ¢, each of whose parallels
in §,, is incident to v in a single point. With S, and S, as in Lemma 16.3, we can assume that ¢; and ¢;
both liein S, and ¢ lies in S,

2

Figure 43: A neighborhood of critical point v: two viewpoints

As in Section 9 let Y, (resp Yj) be the tree defined by the collection of circles FN S, (resp FNSp),
e1,ep be the edges in Y, corresponding to ¢y, c; and e, be the edge in Y, corresponding to ¢;. As defined
in 9.1, let p; = py,(e;),i = 1,2 and p;, = py,(ep). Put another way, in the decomposition sequences of C
guided by S, and S, each of the two circles ¢;,i = 1,2 bounds a disk D; € D, in the decomposition

Cy, SN Cp+1 and ¢, bounds a disk Dy, € D, in the decomposition C,, ﬁ) Cp,+1. With no loss of
generality, assume p; < p; (i. e. D, does not appear after D, in the decomposition sequence). There
are two possibilities for the disks Dy,D, C S, and the two viewpoints in Figure 43 are chosen so that
in either case each D, is on the bounded side of ¢; in S ;: either Dy and D, are disjoint, as shown in the
left side of the figure, or D C D, as shown in the right side. That is, the two viewpoints in the figure are
chosen so that in each the D; appear as bounded regions. Similarly, D, can either lie on the side of ¢, that
contains v (the bounded side in the left of the figure and unbounded side in the right) or the other side.
We have:

Lemma 16.4. If Dy, lies on the side of cp, that contains v, then p; < pp.

Proof. Recall that, aside from the component that contains v, F intersects the collar of S only in vertical
annuli. Hence the interior of the bounded side of ¢; on the left of Figure 43 (or the the interior of the
unbounded side of ¢, on the right) contains a parallel copy of each circle of F Nint(Dy). |

Lemma 16.5. Theorem 16.2 is true if the isotopy S passes through only a single critical point, of index
one (a saddle tangency).

JOURNAL OF THE ASSOCIATION FOR MATHEMATICAL RESEARCH, 2(2):209-335, 2024 319


https://jamathr.org

MARTIN SCHARLEMANN

Proof. We make two claims:

Claim 1: With no loss of generality, we can assume that p; < pp.

Proof of Claim 1: By Lemma 16.4 this is true when D, lies on the side of ¢, that contains v, so
suppose Dy, lies on the other side. That is, suppose Dy, lies on the outside (unbounded side) of ¢, in the
left of Figure 43 or on the inside (bounded side) of ¢, on the right. Suppose p, < p1 and consider what
happens if we add p; — p; ghost circles to Dy, parallel to dD;. This raises pp, so that p, = p;. Since there
is a copy of the pattern of circles F N Dy on the other side of ¢, in S, that is in S, — Dy, (see left panel in
Figure 44), it remains true that the maximal distance in Y} from e;, to a leaf of Y. is still minimized in Dp,
so we do not change the side of ¢, on which D, lies. Let S ; denote S, with these ghost circles added,

and denote by @Z be the sequence of flagged chamber complex decompositions on C determined by S ;.
By Corollary 15.10 it suffices to show that @; and @a cocertify. This proves Claim 1.

N\ Y
\ \} N

\ N

Figure 44: When Dy, lies on the side of ¢, not containing v

Since, per the claim, p; < p;, and by definition p; < p, there is no difference between the decomposition

sequences for @a and @b until we reach the decomposition C,, &]e Cpi+1. Fp, = F(C,)) still appears as
in Figure 43, but with the added information that int(D;) contains neither ghost circles nor F-circles. In
particular, it is possible to define a new chamber complex C’ obtained from C,, by decomposing along
D, alone. That is

D,
C,, —C.

Claim 2: Both S, and S ;, are still balanced or almost balanced for C’.
Proof of Claim 2: Let F’ be the defining surface F(C’). See Figure 44. We name 4 regions and 6
genera:

e X is the region below S, and gx is the genus of F\, NX = F' NX.
e X" D X is the region below S 4, gy is the genus of F,, N X™, and g} is the genus of F' N X™*.
e Y is the region above S, gy is the genus of F,, NY, and g}, is the genus of F' NY

e Y* DY is the region above S, and g} is the genus of F/ N Y™
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Surgery on D C §, will not affect the genus of the part of F),, lying below or above S, so
(0) g = g%» &y = gy and S, is balanced or almost balanced for C’.

To prove the claim, we then need only focus on §S;,. Here are two further observations:

1. Since F,, N X" is obtained from F,, N X by attaching a (genus 0) pair of pants on a single boundary
component, gy = gx.

2. Since F' NY* is obtained from F’ NY by attaching a (genus 0) annulus on a single boundary
component, g}" = g},

By definition S is balanced or almost balanced for C” if and only if the pair of numbers {gx,g}"} #
{0,k},k > 2. Indeed, by definition, the pair is {0,0} if and only if S, is planar balanced, it is {0, 1} if
and only if S is almost balanced, and the pair is {j,k}, j,k > 1 if and only if S is non-planar balanced.
Similarly, since S, is balanced or almost balanced for C,,, we have {g;’(, gy} #{0,k},k > 2. From (1) we
have gy = g% and combining (0) and (2) gives g} = gy. In particular, {gx.g}'} = {g%.8v} # {0k}, k > 2,
completing the proof of Claim 2.

/

&

Figure 45: Only annuli between the planes

F’ intersects the collar between S, and S, entirely in spanning annuli (see Figure 45 and right panel
of Figure 44), so the decomposition sequence on C’ determed by S, and S is the same; we denote
it C’. As in the proof of Lemma 16.3 let C;, (resp C,) be the sequence of flagged chamber complex

5 = 5 ———
decompositions determined by C and S, (resp. S,). Thus Cp € (C,S 1) (say) and C, € (C,S (). Now apply,
for both S, and S, Theorem 13.3 as augmented by Corollary 15.11 to conclude

- -

= pa— pa—
Ca~C ~Cp so (C,S0)~(C,S1)

O

Proof of Theorem 16.2. As noted before Lemma 16.3 a generic isotopy S, from S to S| consists of a
sequence of isotopies, each containing a single critical point and hence one to which either Lemma 16.3

or Lemma 16.5 applies. |
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17 All balanced or almost balanced spheres cocertify

In this section we show that the requirement in Theorem 16.2 that S and S| are isotopic through balanced
or almost balanced spheres is superfluous. In particular we show:

Proposition 17.1. Suppose C is a flagged chamber complex in S3. Then any pair of balanced or almost
balanced spheres for C are isotopic in S> through balanced or almost balanced spheres for C.

We defer the proof in order to quickly observe some consequences: Following Theorem 16.2 this
immediately implies:

Corollary 17.2. Suppose C is a flagged chamber complex in S that supports the genus g Heegaard
splitting (S3,T) and is not tiny. Let S* and S* be balanced or almost balanced spheres for C. Then

—_— ——
(C,$%)~(C,S)). O

In particular, any such flagged chamber complex C in S3 determines a unique certificate. That is,
the homeomorphism hcs) : (S 3.7) — (S3, T,), for § a balanced or almost balanced sphere (provided,
say, by Corollary 10.7), does not in fact depend on the choice of S, up to eyeglass equivalence. We
will denote (a choice of) such a homeomorphism simply Ac : (S3,7) — (S3,T,). This expands the use
of the notation, first introduced following Corollary 8.3, beyond just those flagged chamber complexes
that themselves certify, to all flagged chamber complexes that are not tiny. Following Proposition 5.18,
it applies to flagged chamber complexes obtained from a Heegaard surface by weak reduction. It also
allows the following natural definition and notation:

Definition 17.3. Suppose C,C’ are flugged chamber complexes in S> that support the genus g Heegaard
splitting (S3,T) and are not tiny. Then C and C' cocertify (written C ~ C’) if the homeomorphisms
he,her 2 (S3,T) — (S3, T,) (as just defined above) are eyeglass equivalent.

Corollary 17.4. With this expanded definition of hc, Corollary 8.4 remains true. That is, if C certifies
and v € G(S3,T) then hec)T ~ hc.

Proof. This follows immediately from Corollary 9.6. O

The proof of Proposition 17.1 is brief (it appears just before Proposition 17.7) but the background
needed is extensive. Since it makes use of elementary Morse and Cerf Theory [Mi], [Ce], we will work in
the smooth category. That is, we will take the defining surface F = F(C) to be a smooth submanifold
of §3, and the pair of spheres S* and S, to be smooth submanifolds, smoothly transverse to F. Let
p:S3 — [-1,1] be the standard height function, denote by S? the standard equator p~'(0), and call the
points p~!(1), p~'(=1) the north and south poles of S3. Denote by B, a pair of small ball neighborhoods
of the poles, that is B = p~!([-1,-1+€]U[1 —¢,1]).

Choose a pair of points g,,q (to correspond to north and south poles) disjoint from FUS*USY so
that g, and g, lie on opposite sides of each of the spheres S* and S”. This is easily done: If S$* and S are
disjoint, choose a generic point in the interior of each of the two ball components of §3 —(S*US?). If, on
the other hand, S* and of SY intersect, observe that a regular neighborhood of a curve ¢ of intersection
intersects S*US? in a copy of X X c. (Here X means two crossed lines, e. g. the x- and y- axes in R2.)
Then set g,,, g5 to be generic points in opposite quadrants of some X X { point}.
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By the Schoenflies Theorem there are diffeomorphisms ¢*,¢” : (S 3. qnqs) — (S p7 (), p~l(=1))
so that ¢*(S*) = ¢¥(S¥) = §2 ¢ §3. Choose a small neighborhood B, of the poles in S that is disjoint
from ¢*(F)U ¢”(F) and adjust ¢*,¢” near g,,q, so that p, and p, coincide on a neighborhood U =
(p")‘l(BE) =(p’ )"Y(B,) of qn.qs. It is elementary in this case (or use [Lau] and the fact that the space
of orientation preserving diffeomorphisms of the ball is connected, indeed contractible) that there is
an isotopy 6 : (§3,U)xI — (S3,B) between ¢* and ¢, fixed on U. That is, for 6, : (S3,U) — (S3,Be)
defined by 6,(z) = 6(z,t), we have 6y = ¢* and 6, = ¢’ and for all #, and each u € U, 6,(u) = ¢*(u) = ¢’ (u).

Now consider the function p* : F — [-1,1] defined by p* = p¢*|F and similarly p* = p¢’|F. The
functions p*, p¥ are homotopic via the homotopy p; = pé,|F. Morse and Cerf theory tell us that for
a generic copy of F c S arbitrarily near the original F (a copy which we henceforth take as F), the
functions p*, p¥ are Morse functions and the homotopy p; between them is Cerf. Here are the salient
points of what is meant by this:

p* (and p’) are Morse: The function p* : F — [—1,1] has only a finite number of critical values
{s;} € (—1,1) and each critical value is the image of a single non-degenerate critical point in F. Non-
degenerate means that the Hessian of the function is non-singular (see [Mi]). Put another way, each
sphere S = (pd©)~1(s) is transverse to F for each regular value of s, and, for each critical value s;, S§. is
transverse to F except at a single point of tangency, where F intersects a neighborhood of the tangency
point in S as either a maximum, a minimum, or a saddle point.

The homotopy p; is Cerf: For generic t the function p; : F — [~1,1] is Morse. At a finite set 7 ={t;} C
the function p; is not Morse, solely because either

e near a single exceptional critical point on z € F, p; has a "birth-death" singularity given by the local

model pi(z1,22) = pi(2) +2} £121 £23 or

o there are two non-degenerate critical points of p; on F with the same critical value

Beyond this, and perhaps clarifying it, is a description of the “Cerf graphic" in the square (¢, s) € I X [-1,1]
(see, for example, introductory remarks in [GK], from which Figure 46 is taken): There are a finite
collection I" of curves in I X [—1,1] so that each y € I is the graph of a smooth function to [-1,1] on a
closed interval in / whose end points are among the set TUdI. See green in Figure 46. Each generic
vertical arc £ X [—1, 1] is transverse to the graphs I" and intersects each curve y € I in at most one point.
Each vertical arc #; X [—1, 1], € T has the same property, with a single exceptional point s € [-1, 1] where
either

e (#;,5) is a left end point of exactly two such graphs, a birth point. (So #; X [-1, 1] € red vertical lines
in Figure 46)

e (1;,5) is aright end point of exactly two such graphs, a death point. (So #; X [—1, 1] € red vertical
lines in Figure 46)

o At (#;,s) two graphs cross transversally. (So #; X [—1,1] € blue vertical lines in Figure 46)

The collection I' of graphs constitute all points where the functions p, have critical points. That is,
(t,s) e IX[-1,1] lies in I" if and only if s is a critical value for p;. In particular, each complementary
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0 ‘t—> 7 ]

Figure 46: Graphic (green) with t; € T

component R of I in I X [—1,1] (called a region of the graphic) has the property that for any (¢, s) € R, s is
a regular value for p;.

Given this as background, observe that the natural sweep-out of S* — {poles} by the 2-spheres
S =p(s),s€(=1,1), in which S is the equator S ? induces a ¢-parameterized smooth family of sweep-
outs % =67 1Sy) beginning with a sweep-out (¢*)"1(S ;) that contains S* = (¢*)"'(5?) and ending with
a sweep-out (¢’ )~1(S ;) that contains S¥ = (¢ 1S 2). Taking this sweep-out point of view, we can now
incorporate the ideas of Section 10, in particular Definition 10.5 and Lemma 10.6, as we now describe.

Suppose (t, s) € R, where R is a region of the graphic. Since s is a regular value of p;, the sphere S* is
transverse to F', and, since R is connected, any other sphere S ’S'/, (', s") € Ris isotopic to S, through spheres
transverse to F. Following Definition 10.5 we can then assign a label Z—Z to R, where the non-negative
integer ag is the genus of the part of F lying above S’ and similarly bg is the genus of the part of F lying
below S%. Here are some elementary observations:

1. S% is balanced or almost balanced for C if one of these is true:

e 0<ap,br<l1

e Both ag,bg >1
In this case we say that the region itself is balanced or almost balanced.
2. Hence S is not balanced or almost balanced for C (say S’ is akilter) if one of these is true:

e ag =0 and bg > 2 (say then +akilter) or
e br =0 and ag > 2 (say then —akilter).
In this case we say that the region itself is respectively +akilter or —akilter.
3. Suppose R and R’ are adjacent regions in the graphic, both incident to a birth singularity (Z, so).

That is, the regions are separated near (¢, So) by the pair of curves in I' that end at (¢, so). Then a
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generic sweep-out to the right of (¢, so) (that is via § §t°+€), s € (—1,1)), passing briefly through R’,
say, differs from a sweep-out just to the left of (¢, sg), passing through R, by the brief introduction
of a minimum (or maximum), followed by a cancelling saddle tangency. The consequent brief
transfer of a disk in F from one side of S to the other has no effect on the genus of F on each side,
S0 3% = Z—Z.

4. The same is true for R and R’ adjacent regions in the graphic, both incident to a death singularity

(10, 50)-

We now interpret Lemma 10.6 in this context.

Lemma 17.5. Suppose, in the setting described above, genus(F) > 2 and ty is a generic value of t, that is
to € [ — 1. The vertical arc v = ty X [—1, 1] has the following properties:

1. There is a unique curve y_ C I, intersecting v in a point (to, s_), so that the region just below y_ is
—akilter and the region just above y_ is balanced or almost balanced.

2. There is a unique curve vy, C I intersecting v in a point (ty, s+), so that the region just below vy is
balanced or almost balanced and the region just above vy is +akilter.

3. s_ < s, and the subinterval ty X [s—, s+] of v intersects at least three different regions of the graphic.

Proof. We will apply Lemma 10.6 to the sweepout of F by the spheres S'. (The lemma is applicable
because it is equivalent to considering the sweep-out of 6, (F) by the spheres S;.) Note first that the
bottom regions of the graphic (those incident to / x {—1}) are all labeled ‘%‘Ym and the top regions are
all labeled gem”( 75 Since genus(F) > 2 the regions at the bottom are —akilter and those at the top are
+akilter.

As noted in Lemma 10.6 as s rises in v, passing from region to region, ag cannot rise and bg cannot
fall. To progress under these rules from the label &,a > 2 to the label 0 ,b > 2 there is a first transition
from a reglon R that is —akilter to a region R’ that is balanced or almost balanced, either because £ b =2

=0
4 a>2and

a
R' = T' Moreover, once that transition is made, there is no way

aR;

and = 0 or because & b

=0
to transmon back to —akilter without elther lowering the denominator in { or raising the numerator in (l),
neither of which is allowed. So this transition defines the curve y_ and so s_. The symmetric argument
identifies the curve v, and shows that it lies above y_, that is s, > s_. See Figure 47.

More subtly, notice that according to Lemma 10.6 as s passes upward through a curve y from region
R to region R’ the difference ag — bg € Z does not increase (for this would require either ag to rise or bg to
fall) and can decrease by at most one (because at most one of these occurs: ag drops by 1 or bg rises by
1). That is, (agr —br') < (ar —br) < (ag —bg’) + 1. So it takes at least 4 transitions to go from a —akilter
region, where ag —bg > 2, to a +akilter region, where ag —bg < —2. So, not counting the end points, there
are at least two graphs in I that cross the interior of #g X [s_, s4] and so 3 distinct regions through which
fo X [s—, s+] passes. O

Lemma 17.6. Suppose, in the setting described above, genus(F) > 2. Then there are continuous (indeed,
piecewise smooth) functions f—, fy : I — [—1,1] so that
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0 N 1te
genus(F) +ak

genus(F)
0

— —akilter

Figure 47: Spanning arcs vy, y_ and the gap between

Forallt, f_(t) < fi(2).

The graphs of both f. lie inT.

Regions below the graph of f- are all —akilter.

Regions above the graph of f. are all +akilter.

Regions between the two graphs are all balanced or almost balanced.

J-(0) <0< f(0) and f-(1) <0 < fi(1).

Proof. For ty ¢ T define f.(fg) = s. as given in Lemma 17.5. The functions f. are smooth near 79 because
each curve y € I' is smooth. The same argument applies for 7y € T with some (#y, s) a birth-death point
since, as we have seen above, 2—2 does not change as s passes through such a point.

The situation is only a bit more complicated for 79 € T with two curves in I" crossing at (exactly one)
point (g, sg) in o X [—1, 1]. In this case, the region below (y, sg) could be —akilter and the region above
(t0, so) either balanced or almost balanced, and then it is natural to define f_(#p) = so. By examining
generic nearby values of r we see that the interval 7o X (s, s4+) must still pass through at least two distinct
regions, so sg < s+ and f_(fy) < f+(tp) as required. The graph of f~ may not be smooth at #; since values
of f_(t) for ¢ just less than #y may lie on one of the two crossing curves in I and values of f_(¢) for ¢ just
more than #( lie on the other. Still the graph of f_ is piecewise smooth at #y. Symmetric comments apply
when the region above (g, so) is +akilter and the region below (g, so) either balanced or almost balanced.

Finally, our initial definition was that the balanced or almost balanced sphere $* = § 8 so f2(0) <0<
f+(0) and the balanced or almost balanced sphere S~ = S(l) so f-(1) <0 < fi(1). |

Proof of Proposition 17.1. If genus(F) <1 let f:[0,1] — [-1, 1] be any smooth function whose graph
is transverse to the curves I" in the graphic and for which f(0) = f(1) = 0. If genus(F) > 2 pick such a
function so that, in addition, f- < f < f; Then the 1-parameter family of spheres S }(t),O <t<lisan
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isotopy of S* to S¥. Moreover each sphere S’ %) is balanced or almost balanced for C, since the graph of
f passes only through balanced or almost balanced regions of the graphic. O

There is a related proposition about single sweep-outs, whose proof is similar to that of Lemma 17.5:

Proposition 17.7. Suppose C is a flagged chamber complex in S> that is not tiny and S ;,s € [-1,1] is a
generic sweep-out of S by spheres. Suppose, E is a properly embedded disk in a chamber of C so that,
for some generic —1 < e < 1, OF lies entirely in S .. That is, OE is a circle component of S, N F(C). Put E
in preferred alignment and let C' be the flagged chamber complex obtained from C by decomposition
along E. Then C' ~ C.

Proof. Since S is a generic sweep-out, there is a finite set o C [—1, 1] so that for s ¢ o, S 5 is transverse
to F = F(C), and for each s € o, F and S have a single non-degenerate point of tangency. Apply
the notational convention for regions introduced before Lemma 17.5 to the (interval) components of
[-1,1] —o. That is, for each such interval i C [-1,1] — o pick s € i and let a; > 0 be the genus of the part
of F lying above S ; and b; be the genus of the part of F' lying below S 4, and then assign to i the symbol Z—:
Following Lemma 10.6, and similar to the argument used for a generic value of ¢ in the proof of Lemma
17.5, we have:

o The lowest interval in [-1, 1] — o is assigned g—emé)s(F)

o The highest interval [-1,1] — o is assigned m

e As s rises through each critical level s € o the integer a; — b; does not increase and can decrease by
at most 1.

Since, as we ascend through the interval components of [-1,1] — o, the difference a; — b; begins at
genus(F) and ends at —genus(F) it follows that there is an interval iy for which the difference is zero,
that is a;, = by,. In particular, for s € iy, S is balanced for C, either planar balanced (if a;, = bj, = 0) or
non-planar balanced (if a;, = b;, > 1). Pick a generic sg € iy (so # e) so that S 5, is transverse to E.

Claim: The sphere S , is balanced or almost balanced for C" as well as for C.

Proof of Claim:. Define the pair of whole numbers a’,b’ in direct analogy to the pair a;,, bi,: Namely,
a’ is the genus of the part of F’ lying above S, and b’ is the genus of the part of F’ lying below S5, We
will now show by construction that there is a close relation between the pairs a’,b” and a;, b;.

We can assume, with no loss, that sg > e. (If 59 < e reverse the rolls of @ and b in the following
argument.). Let ¢ C S, be the collection of circles S ;, N E. Decomposing C along E to obtain F’ = F(C’)
can be viewed as a 3-stage process:

o first remove a small annular neighborhood n(9E) of OE from F, then

e attach a pushed-off copy of E to each boundary component of F —n(dE); call this added pair of
disks 2E. The resulting surface F, intersects the level sphere Sy, in the curves (F NS g)) U2¢, where
2¢ denotes two parallel copies of ¢, one copy for each copy of E in 2E.

e Finally, remove any resulting sphere components of F;, that bound goneballs.
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Observe the behavior of the genus through each of these three stages of the construction. We consider
the stages in reverse order: Removing spheres from F;, does not change the genus of the part of the
surface lying above S, or below, since each component removed is a subsurface of spheres and is
therefore planar. Similarly, adding 2E does not affect the genus of the surface above or below, since
each component added is a subsurface of 2E and therefore planar, and the ends of the annulus n(9F)
are attached to different planar subsurfaces of 2E. Finally, removing n(0E) from F does not affect the
genus of the part of I above S 5, and, though it may lower the genus of the part of F below S 4, (if it is
non-separating in the component in which it lies), it lowers it by at most one.

We conclude that a’ = a;, and b, — 1 < b’ < by,. In particular

(=] [en)

% _ 0 a
[ ] If%—othenb,

Il
—_
Sl

% _ 1 a
° If%— 1 then b or

Gp _m @ _m_m
) Ifhio_m,mzzthen b = o OF —75.

In any case, we see that the sphere S g, is balanced or almost balanced for C’, proving the Claim.

The proof now proceeds by induction on |¢|, the number of curves of intersection of E with S,. If E
is disjoint from S ,, so |¢| = O the result follows from Theorem 13.3, as augmented by Corollary 15.11.
Assume then that |¢] > 1 and let

S D() D] Dn—l

(C7SS'0)' C_>C1 _)—>Cn

and

— , Do, Dl -,

C.S4): C—C|—..—C|
be complete flagged chamber complex decomposition sequences guided by S ;, for C and C’ respectively.
(First add the circles ¢ as ghost circles for the decomposition sequence for C, so that both sequences use
the same set of guiding disks throughout, and so run in parallel. By Corollary 15.10 the addition of these
ghost circles does not change how C certifies.) Focus attention on the first decomposition C; &) Cl,,in
which a circle in ¢ appears as the boundary of a disk in D’. Let ¢ € ¢ be such a circle, chosen among all
candidates to be innermost in 2E; let Dy € le be the disk that ¢p bounds in §4,; and let Ey C 2E be the
disk that ¢g bounds in 2E.

Although Ey may intersect S 5, in other components of ¢, by construction none bound disks in any
D}, J <, so Eq remains intact as part of the defining surface F} = F(C}). Consider whether Dy is an
essential disk in the chamber of C’ in which it lies:

If Dy is an essential disk, then the ball By c S 3 that the sphere S = Dy U E bounds (on the side in § 3 not
containing JE) contains components of F/. By construction, By is disjoint from 2E so these components
of F7 must also be components of the defining surface F; = F(C;). Thus S is an incompressible sphere

in a chamber of both C] and C;. This implies that C} ~ C;, hence (C,S 5,) ~ (C’,S ;) and so, following
Definition 17.3, C ~ C’ as required.

On the other hand, if Dy is an inessential disk, then int(By) is disjoint from F’ so By is disky in @: "
and so (perhaps with an appropriate choice of sibling) becomes a goneball in C_,. In other words, after
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decomposition by D’ (and the similar elimination of the parallel copy of Ey in 2E at the next stage of the
decomposition sequence) we obtain the same chamber complexes as if Ey had been replaced by Dy in
the disk E. But this replacement lowers |c| by at least 1. By our inductive assumption on [¢|, C ~ C’, as
required.

To provide more detail in this last case, when Dy is inessential, let E” be the disk that results from
replacing the disk Eg C E by Dg as just described. Recall the following diagram for the inductive step in
the proof of Proposition 13.2, which in turn enables the proof of Theorem 13.3:

Di_| Di Di+1 =
. C; Ci+1 =C
lE
Ditl
i+l il _ R+l
E citl = ¢
A
|
D D
i i i i+l =i
Ci Ci,, =L

As the argument there would ultimately be applied here, the decomposing disks are all guided by
S 5,- (One consequence is that the notation for the decomposing disks in the diagram can all be simplified
to those for the guiding disks in the top row.) The problem with further use of that inductive step here
is that for j > i the decomposing disks D; might pass through E. This means that their interiors may
intersect F (C}), making later inductive steps potentially nonsensical. However, since By is a goneball in

D; . . . . . .
the decomposition C; — C/_, nothing is lost by replacing E with E’ to get the simplified diagram:

Di-y D; Dir1 >
G Cis =C
Erl
Di Di
i i i i+1 =i
Ci Ci+1 = CE

—_—
Then observe that since |[E' NS ;| < |[ENS 4| = |¢| the inductive hypothesis on |¢| implies that (C;,S g,) ~
RN
(Ci,S s)- This eliminates the need for the further inductive steps used in the proof of Proposition 13.2. O

Because Proposition 17.7 requires that C not be tiny, it cannot be directly applied to the flagged
chamber complex defined by a Heegaard surface 7', since both chambers are empty handlebodies. But
it does tell us something crucial about flagged chamber complexes that are obtained from 7 by weak
reduction:

Proposition 17.8. Suppose S = AUy B is a Heegaard splitting and S y, s € [-1,1] is a generic sweep-out
of S3 by spheres. Suppose D is a weakly reducing collection of disks for T and E is a properly embedded
disk disjoint from D, lying in either A or B. Suppose further that, for some generic —1 < e < 1, OF lies
entirely in S,. Let C be the flagged chamber complex obtained from T by decomposition along D and C’
be the flagged chamber complex obtained from T by decomposition along DUE. Then C' ~ C.
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Proof. Let Cpg denote the flagged chamber complex obtained from C by decomposition along E.
Proposition 17.7 does apply to this decomposition since, by Proposition 5.18, C is not tiny. Thus C ~ Cpg.
It remains to prove a similar relation between C” and Cpg.

We are in a position to apply Proposition 12.12, where the Heegaard splitting here plays the role of
C in Proposition 12.12; C" here corresponds to Cp, g there; and the notation Cpg here was chosen to
be consistent with the same notation there. Then, according to Proposition 12.12, either Cpg = C’ or
Cpg --» C’. In the former case we are done, so we consider the case Cpg --> C’, and turn to Corollary
11.12.

Following Corollary 10.7 let S 5, be a sphere in the sweep-out that is balanced for C’ and let

> , Do, D) Dy,
¢:. C—C —..—C,
be a complete flagged chamber complex decomposition sequence guided by S g,. Similarly, let @DE be a
complete flagged chamber complex decomposition sequence for Cpg guided by S ;. Since Cpg --> C’
their defining surfaces Fpg and F” differ by at most the insertion of a bullseye. Since the components of
the bullseye are all spheres, the insertion does not affect the genus of the parts of the surface above and
below S,, s0 Sy, is balanced for Cpg as well. In particular, by Proposition 10.2, both & and @DE certify.

Apply Corollary 11.12 to Cpg -->» C’: Let @gE be the maximal deflationary sequence of Cpg. If
@g g = Cpe so the entire sequence is a deflationary sequence, then by the second outcome of Corollary
11.12, ¢ and G pe cocertify. If, on the other hand, @g 18 not the entire sequence @DE then by the first
outcome of Corollary 11.12, @gE certifies, so by the second outcome, again € and @DE cocertify. In

other words, (Cpg,S5,) ~ (C',S ,) or, following Definition 17.3, Cpg ~ C’ as required. m|

18 The Goeritz group is the eyeglass group

Suppose (S3,Tg) is the standard genus g > 2 Heegaard splitting of Section 3 and 7 is an element of
the Goeritz group G(S 3, T,), as described in [JM]. Let Tg C S 30<0<27bea representative of 7 in
m(Img(S3,T)), with S® = AgUr, By and Tg = Tar = T.

Put another way, 7 is represented by an isotopy @y : S* — §3,0 < 6 < 27 with @ the identity
and @(T,) = T,. Ty then denotes the surface @p(T,) € S* and @y, represents 7 : (S3,T,) — (S3,T,).
Similarly Ay, By denote respectively @g(A), ®y(B). Finally, for any 6,6 € [0,27], denote the composition
090, by ®F : (S3,Ty) — (S3,Ty). This definition implies that, for any 8" € [0,27], ®F ©F, = ©F.

We briefly review some of the results of [FS1], where S? is swept out by level spheres S, of the
standard height function p : S 351,10

There are values 0 < 8; < 6, < ... < 6, <2x so that for each 6 ¢ {0;,1 < i < n} there is a pair of weakly
reducing disks (ag, bg) associated to Ty so that:

[ aQCAgandeCBg

o The isotopy class of the pair (ag, by) does not change throughout each interval in [0,27] — {6;,1 <
i < n}. By this we mean, if 6,68’ are in the same interval of [0,27] —{6;,1 < i < n} then the pair of
disks (@F (a}),0Y (b)) is properly isotopic to the pair (ag, bg) in (53, Tp).
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A shorthand notation for this is (ay, bg) = (ag , by ).

o (ar,bor) = (ap,bp). That is, the pair of disks (ao,by,) is properly isotopic to the pair (ag,bp) in
(S3,Tp).

e For every 0 < 8 < 2x each of the disks ay and by have level boundaries. That is, each the circles day
and 0by lies in a single sphere of the sweep-out by S ;.

The last property is used for the application of Proposition 17.8 in the proof of Lemma 18.2 below. It
follows from the construction described in [FS1, Appendix], as applied in [FS1, Subsection 4.5]. The
disks ag and by are chosen in [FS1] by how their boundaries lie in Ty NS, for S one of the level spheres
S 5. (The argument in [FS1] requires that genus(7") > 2.) Note that, unlike the collection of disks used in
disk decomposition sequences that we have been long discussing, it is not part of the construction for the
sweep-outs in [FS1] that the entire disk ay or by lies in a single sphere of the sweep-out, only that the
boundary of each disk does.

The third property above, that (ay.,b2,) = (ag,bg) (the notation here differs somewhat from that in
[FS1]) follows from the fact that 75, = T = T,. Indeed, we might as well take the sweep out by copies of
the Heegaard surface used in the construction to be the same in both cases, which means that the weakly
reducing pair of disks arising from the construction will be given by the same rule.

For each 6 ¢ {0;,1 <i < n}, define the flagged chamber complex Cy as that obtained from Ty by weak
reduction along the pair of disks (ag, bg).

Observe some properties:

e By Proposition 5.18 no chamber complex Cy is tiny.

e Suppose 6,6 are in the same interval of [0, 2] —{6;, 1 <i < n}. Since the pair of disks (@gl (ap), @g' (bp)
is properly isotopic to the pair (ay, bg), the chamber complex @Z,(Cg/) is also properly isotopic to
the chamber complex Cy in (S 3.To).

~

e Since (azn,bzﬂ) = (a(),bo) we have Czn = Co.

Finally, for each 6 ¢ {6;,1 < i < n} define hy : (S°,Ty) = (S 3,Tg) to be hc, as defined following
Corollary 17.2. (Technically, hg is only defined up to eyeglass equivalence, since that is the case for Ac,.)
We have

Lemma 18.1. Suppose 0,0 are in the same interval of [0,27] —{0;,1 < i < n}. Then hy ~ h.g/@z,.

Proof. As just observed the chamber complex @g’ (Cy) is properly isotopic to the chamber complex Cy
in (S3,Ty) s0 hg = hc, = hey c,)- Now apply Corollary 17.4: hgy (c)@) ~ hc, 50 hg ~ e, (©f)™! =
hg/ @z, O

Further following [FS1], for each 1 <i < n there are three disjoint disks, either
e ay C Agi,b;'i C By, with the pairs (agl.,bgi) and (ag[.,b;i) each weakly reducing or

e symmetrically a;—'i C Ag,, by, C By, with the pairs (a;:, bg,) and (a;l_,bgi) each weakly reducing.
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with the property that (respectively for the two cases) for small e

O; _ 0; N\
* 0. (as) = agze and Oy, (by) = b+

o symmetrically O, (a%) = g+ and O (bg,) = by,
Lemma 18.2. Suppose 6,6 are any two points in [0,27]—1{6;,1 < i < n}. Then hy ~ hy G)z,.

Proof. 1t suffices to prove the case in which 6,6’ are in adjacent intervals, for then we can just proceed
around the circle. (See Figure 48 for a highly schematic picture.) So suppose that they are on adjacent
intervals sharing the end point 6; € (0,2r). Following Lemma 18.1 it suffices to prove the case in which
§=0;—eand @ = 0; +¢€, for small €.

With no loss of generality assume that the three weakly reducing disks in (S 3.T)) are ay, C Ag,, bj C By,
and let C; be the (not tiny) chamber complex obtained by weakly reducing T, along the three disks (1191., b;—'l_.
Let C be that obtained by weakly reducing along just the pair ag,, b;: and C; be that obtained by weakly
reducing along just agi,b;i. Apply Proposition 17.8 to deduce that C; ~ C;. Similarly, Ci ~ C;, so as a
result C/ ~ C;.

The argument of Lemma 18.1 further shows that hcl_+ ~ hg[+e®25 . and hcf ~ h9[_6®25_€ so, combining,

0; 0; 0; 0;—€ 0;—€ :
hgi_eG)ei_e ~ h9i+6®0,-+e' Hence hg,_¢ ~ h€i+5®9,~+e®0i ~ hgiJrEG)giJrE as required. O

C92+E ~ C93—E

C91 +e ™ C@z—e

C0 ~ CG]-E
0,27
CGH+€ ~ CZ;T

Cf)n,1+e ~ Cﬂn—e
Figure 48: Schematic for Lemmas 18.1 and 18.2

Corollary 18.3. 7€ &

Proof. Choose, in Lemma 18.2 the values 6 = 0,6’ = 2n. Then, per that lemma, hy ~ h2,0:,0 I
Furthermore, since Cy = Cy,, Corollary 8.3 has hg ~ hc, ~ hc,, ~ haz, and so 7= 02, ~ Qg = id(s3,Tg)- m|

Remark: It is perhaps not surprising that it is possible to position T, with respect to the height
function on S3 so that A and hyy : (S3,T ) — (S 3, T,) are not just eyeglass equivalent, but in fact are both
the identity (under the standard inductive Assumption 3.4. We do not need this here.

Corollary 18.4. G(S3,T) = €.
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