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Abstract:

Hooley and Heath-Brown bounded, optimally up to X¢, the number of integral zeros
of Z?: 1xl3 in [—X,X]%, assuming the Riemann Hypothesis for geometric L-functions. We
attribute the € to several factors in harmonic analysis and algebraic geometry. We then
remove the € assuming, mainly, the Ratios Conjecture for geometric families of L-functions.
We give applications to sums of three cubes.

Key words and phrases: Cubic form, circle method, rational points, Hasse—Weil L-functions, correlations

1 Introduction

Let Fy = Fo(x,y,2) := x> +y> +7° and Fy(S?) := {x* +y* +7* : x,y,z € S}. For each nonzero a € Z,
the cubic surface Fy = a is known to have Zariski-dense sets of QQ-points [Seg43] and Z[al/ 3]—points
[Leh56,Beu99,HTO1]. In contrast, Mordell suggests that producing large Z-points on Fy = 3 could be
as hard as “finding when an assigned sequence, e.g. 123456789, occurs in the decimal expansion of 7”
[Mor53, p. 505]. Despite the recent progress [BS21] of Booker and Sutherland in this case (a = 3), the
general case Fy = a remains wide open.

Heath-Brown [HB92, p. 623] has conjectured that Fy = a should have infinitely many solutions
(x,v,z) € Z? for any fixed a # +4 mod 9. To represent all a # +4 mod 9 even once, one must allow both
positive and negative values of x,y,z. The set Fy(Z2,,) has upper density < I'(4/3)?/6 =0.1186788...
in Z>o [Dav39]; Deshouillers, Hennecart, and Landreau conjecture a precise density of 0.0999425. ..
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[DHLO06]. Wooley has shown, unconditionally, that FO(Z;O) contains >> A%170%77 integers a € [0,A]
for reals A > 1 [Wo0095, Woo00, Wool5]. We now recall a result of Hooley [Hoo86b, Hoo97] and
Heath-Brown [HB98]:

Theorem 1.1 (Hooley; Heath-Brown). For certain Hasse—Weil L-functions, assume automorphy and
GRH. Then >>¢ A'€ integers a € [0,A] lie in Fo(Zio),for any € > 0.

Let A* = H(c?/ 24 c;/ R cg/ 2). In the preprint [Wan23b], we proved the following:

Theorem 1.2. For certain Hasse—Weil L-functions, assume automorphy, GRH, and the Ratios Conjecture.
Assume the Square-free Sieve Conjecture for A* € Z|[cy,...,cq|. Then Fo(Z%O) has lower density > 0,
and Fy(Z>) has density 1, in {a € Z: a # +4 mod 9}.

To ease the exposition, we have decided to split [Wan23b] into two papers: the present, proving the
density statement on FO(Z3>O), and a sequel, on Fy(Z3). This gives us more space to describe our key new
ideas, most of which appear already for FO(Z3>O). We build on [Wan23a, Wan24b], but any reference to
other work of ours is purely for exposition.

Informally, one can interpret Theorems 1.1 and 1.2 as passing from sparse statistics of integer cubes
to rich statistics of L-functions and divisors. In a function-field setting, [BV 15, GH25] have made [HB9§]
unconditional, and one can simplify our hypotheses significantly (since automorphy, GRH, and the
Square-free Sieve Conjecture are known, and homological stability following [BDPW?23, MPPRW24,
Wan24a] might yield enough progress on the Ratios Conjecture for our purposes). Indeed, our work
[BGW24,BGW25] with Browning and Glas, on Fy over I, [¢] for char(F,) > 3, is conditional only on the
Ratios Conjecture.

For a typical a, the integer solutions to Fp = a are expected to be at least exponentially sparse, if
they in fact exist. Also, for the analogous equation 5x> + 12y® +9z3 = 4, the Hasse principle is known
to fail in general [GS22, p. 691, footnote 3], and the paper [LMU24] gives many more examples of the
same diagonal cubic type. Given these subtleties, and the difficulty of studying Fy(Z?) algebraically, it is
natural to concentrate on statistics.

To study Fy(Z2,,), it is customary to use second moments. The fibers of Fy: Z2,, — Zx( have average
size < 1, so if theimean—square fiber size over a < A is bounded as A — o, then the lower density of
FO(Z3>0) is positive by Cauchy—Schwarz. This mean square features in [Hoo86a, Conjecture 2 for [ = 3], a
difficult open question on point counts in 343 = 6 variables, which lies just beyond the square-root barrier
in the classical Hardy—Littlewood circle method. We attack this question under standard number-theoretic
hypotheses, primarily regarding L-function statistics of Random Matrix Theory (RMT) type.

What complicates matters for us is that the relevant L-functions are mixed in with other factors
from harmonic analysis and algebraic geometry. Such difficulties already appeared to some extent in
[Hoo86b, Hoo97,HB98]. Indeed, GRH is only one of several ingredients in [Hoo86b, Hoo97,HB98]. The
present paper likewise requires a diverse toolkit.

We now set up the paper precisely. Fix a cubic form F € Z[xy,...,x,] in m > 4 variables with nonzero
discriminant. Let V be the hypersurface F = 0 in Pﬁ’l. Let Y be the set of |m/2]-dimensional Q-vector
spaces L C Q™ on which F vanishes.

Let x := (x1,...,%y). Given areal X > 1, and a function w € C*(R"), let

New(X):= ) w(x/X), Np(X):= Y 1. (1.1

X€Z™: F(x)=0 xe[—X X" F(x)=0
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In our main case of interest, F = Y'0_, x3, we have m = 6 and [m/2| = 3. If m = 6, let

Epw(X) :=Npw(X) = 6r - 0urw X = Y. Y w(x/X), (1.2)
LeY xelL.nzo

where Gp is the familiar singular series defined in [Wan24b, (6.4)], and where

ooy = lim (2¢) 7! / w(x) dx.
' |F(x)|<e

£—0

For m = 6, one could attribute to Hooley [Hoo86a, Conjecture 2], Manin (see e.g. [FMT89]), Vaughan—
Wooley [VW95, Appendix], Peyre [Pey95], et al. the following conjecture:

lim X 3 Ef,,(X) = 0. (1.3)

X—oo

Unconditionally, [Hua38] (resp. [Vau20]) proved Ng (X ) <¢ X3¢ (resp. X3 (log X )¢~2%) for X > 2,
when m = 6 and F is diagonal. Conditionally, near-optimal bounds are available for the same F
[Hoo97,HB98]. For each ¢ = (cy,...,cn) € Z™, let V. be the intersection F(x) =c¢-x =0 in I%’l,
where ¢-x:=Y", cix;. Let F V'€ Zlcy,...,cn| define the dual hypersurface of V; we can take F V=A"if
F=Y% x} [Hoo86b, (34)]. Let

So:={ceZ":F'(c)=0}, 8 :={cc€Z":F'(c)#0}. (1.4)

For each ¢ € 8}, one can package local data on V, into a Hasse—Weil L-function L(s,V,), defined in §3
along with the rest of the list (1.5).

Conjecture 1.3 (HW2). Let ¢ € 8;. Let L(s) be one of the Hasse—Weil L-functions
L(s,Ve), L(5,Ve; @), L(s, Ve, Sym?), L(s,Ve, A), £ (s), L(s, V). (1.5)
Let L,(s) be the local factors associated to L(s), where v < oo runs over all places of Q.

1. There exist an integer d > 1, and an isobaric automorphic representation I of GL4(Ag), such that
L,(s) = L,(s,IT) at all places v < eo.

2. L(s,T1) has no zeros in the half-plane Re(s) > 3.
(For relevant definitions and background on L-functions, see §3.)

Conjecture 1.3 concerns automorphy and the Grand Riemann Hypothesis (GRH). It refines Hypoth-
esis HW of [Hoo86b, HB98]. However, Conjecture 1.3 includes automorphy, instead of Selberg-type
axioms like analyticity. The automorphic perspective is cleaner for us, yet essentially equivalent to the
analytic perspective [BK16,FPRS19].

Theorem 1.4 ([Hoo86b, Hoo97]; [HBIS8]). Assume m = 6 and F is diagonal. For each ¢ € 81, assume
Conjecture 1.3 for L(s,V,). Then Np(X) <¢ X>¢ for all € > 0.
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This implies Theorem 1.1. Theorem 1.4 uses GRH on 1/L(s,V,), coupled with algebro-geometric
factors of a different nature. See §2 for details. The L-function ingredients extend directly to general F,
but some other ingredients have yet to be generalized.

GRH gives a pointwise bound on 1/L(s,V,) for Re(s) > 1, sufficient for Theorem 1.4. Going past the
critical line (in mean value over ¢) requires new ideas, both with L-functions and with other factors. In
terms of L-functions, we mainly use L(s, V) for Re(s) > 1 — &, as well as L(s, V¢, A?), &(s), and L(s,V)
for Re(s) > 1 — &. It will be convenient to assume Conjecture 1.3 in full, but average versions might also
suffice.

We use mean-value RMT-type predictions given by the Moments and Ratios Conjectures of [CFK 05,
CS07,CFZ08]. See also [DGHO3, 66024], and references within, for another important perspective on
such conjectures. The Hasse-Weil L-functions L(s,V,) form a geometric family, in the sense of [SST16].
For each ¢ € 8, define the Dirichlet series

D (s) == §(2s) 'L(s+3,V) 'L(s,Ve) . (1.6)

Note that {(2s) and L(s+ 3,V) are independent of ¢. Let 6(Z) := § + loéZ for Z>2. In §6.3.2, we
will define an Euler product Ag>(s1,s2) absolutely convergent for Re(s;),Re(s2) > %, and use the Ratios

Recipe of [CFZ08] to derive the following Ratios Conjecture:

Conjecture 1.5 (R2). Write s; = o(Z) +it;. If 2| m and Conjecture 1.3 holds, then there exists a real
Fi > 0 such that uniformly over reals Z > 2 and t1,t, € [—Z",Z"], we have

D (s1)@% (s2) = Y, (L(si+s52)+0(1))-Ara(si,s2). (1.7)
CGS](‘I[*Z,Z]"’ CGS]I’T[*Z,Z]’"

We emphasize that Ar is independent of ¢, so the right-hand side of (1.7) may be equivalently
written in the more transparent form

C(Sl +S2)AF72(S1,S2) |81 N [—Z,Z]m| + O(Zm).

The Ratios Conjecture can be stated with a power saving, but the softer asymptotic formula (1.7) suffices
for us. The line Re(s) = o(Z) lies in the standard ranges for the Ratios Conjecture; see [CS07, (2.11b)].
We could work farther from the critical line if we assumed a better error term. But (1.7) is clean, and easy
to compare with the existing literature.

For our main results, we also need the Square-free Sieve Conjecture (cf. [Mil04, p. 956] in one
variable and [Poo03] in more) for the polynomial FV, restricted to a certain range 1 < P < Z3/2. This
hypothesis concerns “unlikely” square divisors of the outputs of FV. Such hypotheses can be made
unconditional over function fields; see e.g. [Poo03, Lemma 7.1]. For progress over number fields, see
[Gra98, Bhal4, Vuk23,KV24, KV25] and references within.

Conjecture 1.6 (SF). There exists Mg € R such that if Z,P € Ry and P < Z3/?, then #{c € Z" N
[~Z,Z)™ : Faprime p € [P,2P) with p? | FVY(c)} <pv Z"P~™,

This conjecture is used to confront some new geometric issues. We use it to prove, for diagonal
F, a geometric relative (Conjecture 9.8) of the automorphic Sarnak—Xue Density Hypothesis ([SX91,

JOURNAL OF THE ASSOCIATION FOR MATHEMATICAL RESEARCH, 4(1):183-236, 2026 186


https://jamathr.org

ZETA STATISTICS AT THE SQUARE-ROOT BARRIER FOR CUBES

Conjecture 1], concerning the extent to which a naive generalization of the Ramanujan Conjecture fails).
Conjecture 1.6 is trivial when P < Z'/2,
We now come to the main self-contained result of the present paper:

Theorem 1.7. Suppose F = Z?:] x?. Assume Conjectures 1.3, 1.5, and 1.6. Then
Nr(X) < X°. (1.8)
Let S C Z>q. If S has positive lower density in Z>, then so does Fy(S?).

This implies the first half of Theorem 1.2, concerning Fo(Z;O). In future work, we will upgrade (1.8)
to an asymptotic (1.3), and complete the proof of Theorem 1.2, assuming a natural first-moment Ratios
Conjecture (RA1) in adelic boxes of vectors c.

1.1 Proof overview

Throughout §1.1, we assume F = Z?zlx?. Like [HB98], our work on Np(X) opens with the delta
method of [DFI193, HB96]. This in principle allows for cancellation over the difficult minor arcs in the
classical circle method. For certain exponential sums S¢(n) and integrals I.(n), recalled in §2, that can be

interpreted as weighted averages over circular regions Q € {(Z/nZ)*,R}, we need to estimate sums like

._ Ie(NoN:)
= Z X3(N0N1)6

cES

Se(no) Z Se(n1),
no€[No,2No):no|(3FV (¢))> n1 €[Ny 2Ny ): ged(n,3FV (c))=1

where NoN; < X3/2. The analogous sums over ¢ € 8y were handled unconditionally in our previous work
[Wan24b], accounting for the special subvarieties L € Y. As for 81, it turns out that we must decompose
. into various new pieces relative to [Hoo97, HB98]; these pieces are defined in terms of F¥ and some
factorizations of Euler products.

The sum . contains several factors of differing natures. Here [Hoo97, HB98] would control
I.(-) and S¢(ng) pointwise over €, and use GRH over n;, to get .7 < X>T¢. We prove .¥ <
X3NO*5(X3/2/N0N1)*5, which is e-free in X and decaying in both Ny and X3/2/NyN;. When Ny and
x3/2 /NoN are tiny, the Ratios Conjecture controls . well; here, a variant of Chebyshev’s bias [RS94] for
the Dirichlet series )., > 1. gcd(n) 3F (¢))=1 S¢ (n1)n;® ensures that we lose no powers of logX. In general,
we combine L-function techniques with other new inputs, identifying cancellation over Q based roughly
on the size and factorization of FY(¢), to handle I.(-) and S¢(no).

§2 gives background on discriminants and the delta method. The delta method connects Np,,(X)
to the local behavior of V, over IF, Z,, R, and other rings, as ¢ € Z™ and p vary. We highlight several
distinct sources of epsilon in the work of Hooley and Heath-Brown within this method, and sketch “cures’
thereof.

§3 provides background on Hasse—Weil L-functions and automorphic L-functions.

§4 gives some local control on polynomials and L-factors. We need this for some local estimates and
calculations. The control on L-factors is based on [Kis99].

§5 gives a useful smooth framework for dyadic decomposition and separation of variables. This lets
us break certain key sums throughout the paper into more manageable pieces.

2
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§6 derives some L-function statistics over ¢ € 8§;. We first do local calculations connected by
[SST16, Universality Conjecture] to RMT Symmetry Types. We then state and build on some instances
of the Ratios Conjecture for L(s,V,).

§7 begins to connect the pure L-function statistics from §6 to the delta method. We approximate
certain Dirichlet series past the critical line, in a reasonably simple and uniform way over ¢ € 81, and
control the resulting approximation errors on average.

The “mollified” series ®¢!(s) from (1.6) not only simplifies the formulas in §6, but also holds
significance in the delta method, as we will see in §7. Roughly speaking, the structure of (1.6) removes
biases of the type encountered in [RS94, Lemma 2.1].

§8 proves new bounds on I.(+) sensitive to some real geometry involving discriminants, via cancella-
tion over weighted arcs in critical ranges. Our approach shares some important features with [Hua20], a
beautiful recent paper on approximate integral points.

§9, like §8, gives some discriminant-sensitive estimates, but on S¢(+) instead of /.(-). Finite-field
geometry and [Eke91,Bhal4]’s geometric sieve both play an important role here, as does a useful result
of [BJ14] on discriminants. It is crucial in §9 that deg F' > 3; see Remark 9.2. This reflects a randomness
not present for quadrics with m = 0 mod 2.

§10 ties everything together, using Holder’s inequality over ¢ € 8| to separate the different aspects
studied in previous sections, in order to prove Theorem 1.7. This entirely positive Holder argument does
not detect any cancellation over ¢ that would go beyond a log-free Mertens-type heuristic on average
(cf. [Ng04, Theorem 1(iii)]) over c. Despite the decoupling convenience and power of Holder, we must
therefore be careful to obtain &-free bounds.

1.2 Conventions

The reader may assume F = Z?:lx? , but we work generally when this causes no complications. By
default, we assume F € Z|xy,...,x,] has nonzero discriminant, and m > 4. Additional hypotheses are
specified when appropriate, as in Theorems 2.5 and 10.5. We call F diagonal if F =Y | E-xi3 for some
nonzero integers Fi,. .., F,.

We write f < g, or g >g f, to mean |f| < Cg for some C = C(S) > 0. We let Os(g) denote a
quantity that is <g g. We write f <g g to mean f <g g <s f. We let 05.x s (g) denote a quantity f such
that for every € > 0, there exists Xo = Xy (&,S) > 0 such that | f| < g holds for all X > Xj.

We let 1 := 1 if E holds, and 1 := 0 otherwise. We let Z> := {a € Z : a > 0}, and similarly define
sets like Z o, R~1, R>,. For n € Z>1, we let ¢(n) denote the totient function, and rad(n) the radical of n.
We write n | R* to mean rad(n) | R.

We let C°(R?) (resp. Ci°(R*) ® C) denote the set of smooth compactly supported functions R® — R
(resp. RY — C). For any function f = f(u), we let Supp f denote the closure of {u : f(u) # 0} in the
domain of f. In integrals, we use notation analogous to summation notation. For instance, we write
Jx dx f(x) to mean [y f(x)dx.

We need concise notation for L”-norms and ¢”-norms. If f is a quantity depending on a scalar
or vector variable 7, and possibly also on other variables, we write ||f|[zr(s) := (fesd? |f PP or
[ £ller(s) = (Eiesl f1P )1/P to denote the p-norm of f over ¢ € S, according as 7 is a continuous or discrete
variable, respectively. If the variable ¢ is clear from context, we may omit it.
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We let d, := d/du for u € R. When doing calculus in d dimensions, a multi-index is a tuple of d
nonnegative integers, where d will always be clear from context. Given a multi-index & > 0, we let
|a| denote the sum of the coordinates of ¢. For a vector u € R®, we let ||u|| := max;(|u;|), and write
du:=duy ---dus and 9;} := 9} --- 9% For example, if f = f(u) € C7’(R*) ® C and k € Z>, then under
our conventions,

max max |0 f| = max max |9 -9 fl.
|a|<k ucRs o .., 0 >0 0+ 0 <k uy,...,us €R s

For repeated later use, we fix a function vy € C°(R™), supported on [—2,2]", with 0 < vy < 1
everywhere, vo = 1 on [—3,3]", and [p.dxVvo(x) = 1. We also fix a radial’ function v; € C(R™),
supported on the annulus m < Y7, x? < m?, such that [; % vi(x/A) =1 for all x € R™\ {0}. In
particular, vi|(_; ;j» = 0 and Supp v C [—m,m]™.

2 Background on discriminants and delta

As in §1, let V be the projective hypersurface over Q defined by F, and let FV € Z[cy,...,c;) be an
arbitrary polynomial defining the dual variety of V. Let VF := (d,,F,..., 0y, F). Let disc(F) be the
divided discriminant of F, as in [Terl8, Definition 1.13] or [BJ14, Definition 4.6]. Let disc(F,c) be
the discriminant associated in [Ter18, §1.1] to the pair (F(x),c-x); it is a bi-homogeneous polynomial
expression in (F,c). Let

A(c) :=disc(F) -disc(F,c) € Zlc1,...,cm)- (2.1)

Then A/F Y € Q* by, say, [Wan23a, Proposition 4.4]. Also, by [Wan23a, Proposition 3.2],

disc(F,¢) = £ disc(F(x1,.. ., xm_1,— X7 cixi/em)) -2 2.2)

m

with the discriminant on the right being for a cubic form in m — 1 variables.
The equality (2.2) lets us bring into play (for §9) a beautiful result of [BJ14]:

Theorem 2.1 ([BJ14, Corollary 4.30]). Let R be a ring and let f € R[xy,...,Xu_1] be a homogeneous
polynomial. If 1 < a < m— 1, then there exists N > 0 such that x disc(f) lies in the homogeneous ideal
of R[x1,...,Xm—1] generated by

f7 {(ax,f)(ax,f) 1< i7j <m-— 1}’

Corollary 2.2. If 1 < a,b <m, then there exists N > 0 such that x} ¢} A(c) lies in the homogeneous ideal
of Zlxi,...,Xm,C1,...,Cn] generated by

F(x), ¢-x, {(cx 0,F —ci- 0y F)(ck- O, F —cj- 0y F): 1 <, jk <m}.

Proof. Assume b = m. Then use (2.1), (2.2), Theorem 2.1 with R = Z[c|/cm,- .. ,Cm—1/C¢m), and the
congruence —Z;.":_ll cixifcm = xm mod (¢/cp) - X in Rxy,. .., Xp). O

Lin the Euclidean sense (so that the value of v; (x) depends only on Y | xl-z)
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By the definition of FV, we have F(x) | F¥(VF(x)). Since A/FY € Q*, it follows that

A(VF(x))/F(x) € Qlx1, ..., %n]. (2.3)

Also, A(c) is irreducible in Q|cy,...,c,), and has total degree 3-2"72 in cy,...,c,. In particular,
degA > 12, so by [CCDN20, Theorem 1], we have the convenient bound

IS0 N [—Z,Z)™| < 22 (2.4)

for Z > 1. (For diagonal F, a stronger bound [8o N [—Z,Z]"| <me zm/2 Ly, + Z(m=1)/2+€ can be proven
along the lines of [HB98, p. 687] or [Wan25, Lemma 7.5], since for any partition } ;| Ay = m with some
part A ¢ {0,2}, we have Y~ e <m— 1, where e :=2- 153 <4 + (A& —2) - 1, >5. This is implicit in
[Wan24b, Proposition 8.1] for m € {4,6}, and a weaker 7"/2+€ pound is recorded in [Wan25, display
after (7.11)] for all m > 4.)

For any ¢ € Z™ and prime p with p{ A(c), the varieties F(x) =0 and F(x) =c-x=01in ]P’%’p’1 are
both smooth. Now recall 89, §; from (1.4). For each ¢ € 8y, let

Ne={n>1:p|ln=ptAle)}, Ne:={n>1:p|n=pl|Ac)}. (2.5)

Lemma 2.3. Let N,R > 1 be integers. Then |{N <n < 2N :n|R*}| <¢ (RN)t. In particular, if ¢ € 8,
then [{N <n <2N :n e N.}| < ||c||®N®.

Proof. See e.g. [HB9S, antepenultimate display of p. 683]. O
Let Hess F' be the Hessian matrix of F. Fix w € C2°(R™) satisfying
Suppw C {x € R™ : det(Hess F(x)) # 0}. (2.6)

We now recall the delta method for the quantity Ng,,(X) in (1.1). Let 2: R5o x R — R be the smooth
function given by [HB9S, (2.3)]; we will need and recall the full definition later, in §8. For each real
X >2letY := X2 Lete(t) := ™ and e,(t) := e(t/r). Let

L(n) = /  dxw(x/X)h(n/Y.F(x) [Y?) e(~c-x/n), @.7)

Se(n) := ) Y ew(aF(x)+c-x), (2.8)
1<a<n:ged(a,n)=1 1<x<n

Si(n) == n" D28 (n),  Jex(n) =X """ (n). (2.9)

A simple rearrangement of [HB9S, (2.1)] gives, for all A > 0,

(1+04(Y ™)) - Npw(X)/X" 3 =Y Y 07283 (n)Je x (). (2.10)

n>1ceZ™
The infinite sums in (2.10) are essentially finite, by the following standard result:
Proposition 2.4 ([HB9S, (2.3)-(3.7)]). For some constant Ay > 0, we have Je x (n) = 0 for all n > AyY.
Also, Jex(n) <ea X~ holds whenever €,A > 0 and ||c|| > X /"¢,
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Let m, := m — 3. We now recall some background [Hoo86b, §§5-6] on the sums S, (n). It is known
that S¢(n), and thus S%(n) too, is multiplicative in 7. The Dirichlet series

=Y nSi(n) (2.11)

n>1

thus has an Euler product. One can approximate P in terms of Hasse—Weil zeta functions. Given a prime
power ¢, let V() (resp. V¢(F,)) be the set of F,-points on the variety F(x) = 0 (resp. F(x) =c-x =0)
in IP’%;I, and let

Er(q) :=[V(Fg)| = [P (Fy)l,  Ee(q) := [Ve(Fy)| — [P™ (Fy)l,
where |P4(F,)| = (¢*' — 1) /(g —1). Then let

Ep(q)=q ""™PEp(q), Eiq):=q ™Ec(q). 2.12)
If p 1 ¢, then by [Hoo14, Lemma 7], we have
Si(p) = Ei(p) — p~'*EL(p). 2.13)

If p{A(c) and I > 2, then by [Hoo14, Lemma 10], we have

Si(ph) =o0. (2.14)
Recall §¢, &1 from (1.4). For any set § C Z™, let
=Y Y 0TS () e x(n),  E(X,8) :=X"EH(X,S). (2.15)
n>1ce§

If ¢ € 8, then ®(c, s) resembles § (s — 3) on average, leading to the following result:

Theorem 2.5 ([Wan24b]). Suppose m = 6 and F is diagonal. Then

2(X,80) =6F Oupn X'+ Y, Y, WE/X)+Ope(X>77F) (2.16)
LeYxelLnzo

unconditionally. In particular, £(X,80) <F X3,
Proof. This follows from [Wan24b, Corollary 1.2 and (1.7)], even if we relax the condition (2.6) to
0 ¢ Suppw. The earlier paper [HB98] had proved £(X,8¢) <p e X . O

Since Nr,,(X) = 2(X,80) + Z(X,81) + 0a(X ), we may thus concentrate on £(X,8;). The rest of
§2 provides some technical context for our work (in comparison with Theorem 1.4 due to [Ho0o97, HB9S]),
but is not logically necessary for the paper.

If ¢ € 81, then by (2.13), (2.14), and the Grothendieck—Lefschetz trace formula, one might expect
®(c,s) to resemble L(s,V,) =™ up to a factor absolutely convergent for Re(s) > 1. With this in mind,
we now recall a proof that (as is key for Theorem 1.4 when m = 6)

YHX,8) < X O7m)/4xe (2.17)

under Conjecture 1.3 for L(s,V,), when m is even and F is diagonal.
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Conditional proof sketch for (2.17). For this proof sketch only, let Z := X !/2+&_ Let
wol(s) :=1/L(s,Ve), W(s):=®(c,s)L(s,Ve), (2.18)

for ¢ € 81; then @ = W&'W2, Let . (n), a2(n) be the nth coefficients of the Dirichlet series ¥&!, ¥¢2,
respectively. Then the following holds (see e.g. [Wan22, [B1’] in §4.1]):

[B1'] For N < Z°, we have ¥ceg, -7,z Ln<n<an|al(n)| <e ZmHEN1/2,
The arguments in [Hoo86b, Hoo97] and [HB98] can then loosely be interpreted as

(H1) using partial summation over n € [N,2N) to “factor out” J; x (n) from the sum over n in (2.15) for
8 = 81, and then bounding the J-contribution in £;’([N,2N));

(H2) expanding Sk = Ue * al using @ = P pe2;

(H3) using GRH to bound the W !-contribution in £ (81 N[—Z,Z]™); and

(H4) using [B1’] afterwards, to bound the ¥¢-contribution in £1(8; N [-Z,Z]™).

Upon dyadic summation over 1 < N < ¥, one gets Z%(X,8;) <, X(0-m)/4+0(&) O
We now diagnose, and sketch “cures” for, some key sources of € above:

1. In (H3), the pointwise GRH bound Yy, .oy te(n) <e ||€||EN/?+€. (Cure: RMT-type predictions
such as Conjecture 1.5.)

2. In (H4), the bound [B1’]. In fact, the proof of [B1°] has two sources of €:

(a) Prime factors ptA(c) of n, via the factor W¢2. (Cure: Replacing W¢! with a better approxi-
mation of ®.)

(b) Primes p | gcd(A(c),n), via the sometimes large failure of square-root cancellation in individ-
ual sums of the form S(p'). (Cure: New and old pointwise bounds on |S¢(p')|, and a new
saving on average via Conjecture 1.6.)

3. The fact that over 1 << N <Y, each dyadic range N < n < 2N contributes roughly equally to the
final bound (2.17); cf. [Wan22, Remark 4.1.1]. If unaddressed, then a fatal log X factor would arise
in our proof of Theorem 1.7, via summation over N. (Cure: New integral bounds that decay, as
n — 0, fairly uniformly over c.)

3 Background on individual L-functions

3.1 Geometric background

We need to give a precise meaning to Conjecture 1.3. We first define the necessary Hasse—Weil L-functions
and their local factors, following [Ser70, Kah20]. Let I'g(s) := 7~*/2['(s/2) and T'c(s) := (27) *T(s).
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The case of the Riemann zeta function §(s) in (1.5) is familiar, with §,(s) = (1 — p~*)~! and {w(s) =
FR (S)

Now let ¢ € 8;. For any perfect field K, let Gx := Gal(K/K). Let ¢ be a prime, and consider the
{-adic Galois representations

14+m, O 1y [0}

pv: Gy Hm (v 2@1@7@4)7 pv.: G — H™ (Ve :81@7@6)'
HUm (P, Qo) H™ (B, Q)

It is known that the representations py, py,, ®? PV, Sym? PV, A? pv, of Gg have dimensions depending
only on m, and are pure of weight 1 +m,, m., 2m,, 2m,, 2m,, respectively.

Let p: Gg — M be one of these five representations. Let dp, w), be the dimension and weight of
p, respectively. Define I', (s) using Hodge theory, following [Ser70, §3.2], after passing from M to a
singular cohomology group M’/C independent of £. Then for certain i, (+),hp(—),hp(a,b) € Z=o with
hp(+) +hp (=) +2X0<a<b:arb=w, hp(a,b) = dp, we have

To(s) =Tr(s—2)»Hg(s— 2+ 1)) [T  Tels—a) . (3.1

0<a<b:a+b=w,

Let Loo(s,p) :=Tp(s+“2); then Lw (s, p) is holomorphic on the half-plane Re(s) > 0. Note that if we let
¢, p vary, the number of possible functions L«(s,p) could be is <, 1.

For each prime p # /, consider the restriction of p to Gg,. Following [Ser70, §2.2], let P,(T') :=
det(1 —m,T) € Q/[T] be the reverse characteristic polynomial of the geometric Frobenius element 7, on
M | the inertia invariants of M. Clearly deg P, < dp, with equality if and only if p is unramified at p.

Write Py(T) = [1i<j<degp,(1 — 0p,;(p)T), and let

O j(p)i=p "0 5(p), Ly(s,p)i= [ (—@p)p ™) ' =P """ (32
1<j<degP,

Because V, V, are complete intersections in ]P’gfl, it is known [Sai03, Sch12,Las17] that PP(T) lies in
QI[T] and is independent of ¢, and that for any embedding of ¢, ;(p) into C,

| j(P)| < P72, |G i(p) < 1. 3.3)

Let Loo(s,V) := Lo(s, pv) for any £. Given a prime p, let L,(s,V) := L, (s, py) for any £ # p, and let
oy, j(p) :== @, j(p) and dy , := degP,. Let

Lis,V) =[] Lp(s.V) = Y Ap(n)n™,

p<o n>1

so that Aj, (p) = Yi<j<dy, Ov,j(p) for all p. LetdegL(s,V) := max,dy, = dp,. Make analogous defini-
tions for L(s,V,) and its tensor squares in (1.5), in terms of py, and its tensor squares. If p t A(¢) and
d =degL(s,V,), then by (2.12), (3.2), smooth proper base change, and the Grothendieck—Lefschetz trace
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formula, we have

Mp)= Y av(p)=(=D)""E(p), (3.4)
1<j<degL(s, )
M (p)= Y av.p)=(-1)"Eip), (3.5)
1<j<d
A s (P) = lzd iv,.i(P) G, (p) = A, (P7). (3.6)
A Az( =Y davc,,-(p)avc,j@)=xéc(p)2—léc(p2), (3.7)
1<i<j<
(1™ E&( 1<,Z<dav”” =E{(p) =22 ,(p), (3:8)

where for all j, we have by Deligne’s resolution of the Weil Conjectures, since p 1 A(c),
aw,j(p)| =1, |aw,.;(p)|=1. 3.9)

Remark 3.1. Let n > 1 be an integer. By working locally from the beginning, one can define the quantities
[TpjnLp(s,Ve) and l‘n,c(n) on all of {¢ € [1,,Z} : A(c) # 0}. Extended definitions like this will be
convenient for local calculations in §6.1.

3.2 Automorphic background

We need some background on automorphic representations IT of GL;(Ag) for d > 1. We will only work
with cuspidal TT’s, or more generally, isobaric IT’s. These IT’s have well-defined L-functions L(s,IT), and
good formal properties (due to Rankin, Selberg, Langlands, Godement, Jacquet, Shalika, and others):

1. If ITis cuspidal, then L(s,II) is primitive in the sense of [FPRS19, Lemma 2.4], and has certain
familiar analytic properties [FPRS19, Theorem 3.1].

2. For each isobaric I, there is a unique multiset {I1,,...,I1,}, consisting of cuspidals, such that
L(s,IT) = L(s,I1y)---L(s,I1,). We call the I1;’s cuspidal constituents of IL.

3. Strong multiplicity one: If T1, IT' are isobaric, and L, (s,IT) = L,(s,IT’) for all but finitely many
primes p, then L(s,IT) = L(s,IT').

Conjecture 1.3 has a host of standard consequences, which may be treated as a black box.

Proposition 3.2. Let ¢ € 8. Let L(s) be one of the Hasse—Weil L-functions in (1.5). Assume Conjec-
ture 1.3 for L(s) holds for some d, I1. Then the following hold:

1. d =degL(s); in particular, d <, 1.
2. The conductor q(I1) € Z1 of I satisfies q(I1) | A(c)°(V.

3. Each cuspidal constituent of Il has unitary, finite-order central character.
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4. L(s) is holomorphic on C, except possibly for poles at s = 1 corresponding to trivial constituents
of TL.

5. (s—1)L(s) is an entire function of order 1.

6. L(s) has a standard functional equation, with critical line Re(s) = 1, involving q(I1) and some
root number €(IT) € {z€ C: |z| = 1}.

7. L(s) has real coefficients, I is self-dual, and €(IT) € {—1,+1}.

8. Let y be a cuspidal or isobaric constituent of I Then 1/L(s,¥) <me ||c||E(1 + |s])¢ for
Re(s) > 1 +&. If ty(n) denotes the nth coefficient of the Dirichlet series 1/L(s,y), then
Yi<nen y(m)n " e ||el|E(1+ |t[)ENY2EE for all t € R and N € Rey.

Proof. 1f p is a prime, then L, (s,IT) has degree < d, with equality if and only if p { ¢(IT); cf. [FPRS19,
Axiom 3(b) and (3.3)].

(1): Compare the degrees of L, (s), L,(s,IT) at a prime p { g(IT)A(c).

(2): For some v € Z, the local Dirichlet polynomial L, (s — %) has rational coefficients for all primes
p. So by [ST14, (3.2)], there exists u € R such that for all p { ¢(IT), the representation IT, ® (|-|* o det) of
GL;(Q)) has field of rationality Q, in the sense of [ST14, Definition 2.2]. So by strong multiplicity one,
the field of rationality of IT® (|-|* o det) is Q. Now consider any p | ¢(IT). Then L, (s,IT) has degree < d,
so L,(s) has degree < d, whence p | A(c). By [ST14, Lemmas 3.11 and 3.13], then, v,(¢(IT)) <4 1. So
a(T1) | A(e)24D) | A(e)9n(1).

(3): Let IT be a cuspidal constituent of IT, so IT" is a cuspidal automorphic representation of
GLy(Aq) for some d’ > 1. Let o': Q*\Ag — C* be the central character of IT". Then @' corresponds
to a classical character n +— |n|*x(n) on Z, where z € C and ¥ is a Dirichlet character of conductor
dividing ¢(IT), such that ,(p) = p*x(p) for all primes p { ¢(IT). But at each prime p { g(IT), if we
write Ly (s,IT) = [Tj<j< (1 — om,j(p)p~*) "', then ®,(p) = li<j<a 011, (p); cf. [FPRS19, (3.3) and its
proof]. By (3.9) and the algebraicity of the eigenvalues &;(p), it follows that for infinitely many primes p,
we have |p*| = 1 and p* € Q. So Re(z) =0, i.e. @’ is unitary; and then Im(z) = 0 by the six exponentials
theorem (cf. [FPRS19, proof of Lemma 4.9]), so @’ has finite order.

4), (5), (6): Use (3) and results of Godement and Jacquet; cf. [FPRS19, Theorem 3.1].

(7): For some v € Z, the coefficients of L(s — %) are all rational. Hence L(s) has real coefficients. So
by (3) and strong multiplicity one, we have L(s,IT) = L(s,IT") and thus IT is self-dual. The functional
equation from (6) then implies £(IT) € R, so g(IT) = +1.

(8): By (3.3), (5), (6), and Conjecture 1.3(2), we have 1/L(s, ¥) <4 g(y)%(1+ |s])¢ for Re(s) >
1 +€; see e.g. [IK04, Theorem 5.19 and the ensuing paragraph]. But ¢(y) | ¢(IT) | A(c)9(), 50 the
desired bound on 1/L follows. By Perron’s formula ([IK04, Proposition 5.54]) and contour integration,
¥ 1 nn y () e €] E(1+ J)EN1/2, 0

4 Local control on polynomials and L-functions

We first recall some bounds on the local near-zero loci of a polynomial. Given f € Z[x], let N(f;q)
be the number of solutions x mod g to f(x) =0 mod ¢, and let ur(f;A) be the Lebesgue measure of
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{xe[-1,1]:|f(x)| < A}. Similarly, for P € Z[yi,...,y,], define

N(P;q) :==#{(y1,---,yn) € (Z/qZ)" : P(y1,...,yn) =0 mod g},
(P A) = vol {(y1,...,ya) € [~ 1,11 : |[PO1,. .., ya)| < A ).

Proposition 4.1. Suppose f € Z[x] has leading term ax? with a # 0 and d > 1. Then

N(f:q) <ala''*q'~"", (@.1)
uniformly over integers q > 1. Also, uniformly over reals A > 0, we have

g (fi4) <q la|~14A1/4, (4.2)

Proof. The bound (4.2) goes back to Pélya; see e.g. [Gan0O1, Theorem 1.1]. Now let / denote the greatest
common divisor of ¢ and the coefficients of f. The bound (4.1) follows from [Kon79] if # = 1, and then

in general from the inequality N(f;q) < h-N(f/h;q/h). O
Corollary 4.2. Fix a nonconstant polynomial P € Z[yy,...,yy), where n > 1. Then
N(P;q) <p g~ 43)

uniformly over integers q > 1. Also, uniformly over reals A > 0, we have
tr(P;A) <p )1/ degP “4.4)

Proof. Let d = degP. Given a matrix A € GL,(Q) with integral entries, let Q = (detA)? - PoA~! €
Zly1,...,yn]. Via the Z-linear map y — Ay, we have N(P;q) < N(Q;q) and ur(P;A) <4 Ur(Q;1).
By [Eis95, p. 283, proof of Lemma 13.2.c], we may choose A so that Q has y;-leading term alyf, with
a; #0. Fix y,...,yn; then #{y; : Q(y) =0} <44, ¢~ by (4.1). Summing over y,,...,y, gives (4.3).
Similarly, (4.2) implies (4.4).

(For nearly the same result and proof, see [PSW 16, Lemmas 4.10 and 4.8].) 0

We now turn to local L-factors, defined in p-adic generality by Remark 3.1.

Proposition 4.3 ([Kis99]). Fix a prime p and a vector b € Zi) with A(b) # 0. Then there exists an

14/

integer | > 0, depending only on p and b, such that for all vectors a € Ly, with a = b mod p' ™, we have

A(a) #0and L,(s,Va) = Ly(s,Vp).

Proof. Let S be the open subscheme A(¢) # 0 of Aﬁp. Let W be the closed subscheme F(x) =c-x =
0 of Pg’_l. Let ¢ # p be a prime. The maps fi: W — S and f>: Pg"_] — S induce local systems
L;:=R"™(fj)«(Z;) on S. By [Kis99, Theorem 5.1, case (2), and its proof], there exists a p-adic
neighborhood U of b in S such that the Galois representations p;: Gg, — Aut(L;4) for a € U(Q))
all factor through m;(U) in an appropriate sense. So the isomorphism class of the representation
Gq, = Aut(Qr® (L1,4/L2.4)) is constant over a € U(Q),), and thus L, (s, V,) is too. O
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Lemma 4.4. Fix a prime p. For each b € 7} with A(b) # 0, let [(p,b) > 0 be the smallest integer for
which the conclusion of Proposition 4.3 holds. Then for each integer | > 0, the set

L(1):={beZl: Ab) £0, I(p,b) < I}

is invariant under translation by any element of p'+! Z,. Furthermore, the measure of Z(1) tends to 1 as
[ — oo. (Here we use the usual Haar measure on Z:’}. )

Proof. Suppose b,c € 7} with A(b) # 0 and ¢ = b mod p' (P8 Then A(c) # 0 and L,(s,V.) =
L,(s,Vp). Forevery a = ¢ mod p'*("?) we have a = b mod p'*'(P®), whence A(a) # 0 and L, (s,V,) =
Ly(s,Vp) = L,(s,Ve). Thus I(p,c) < I(p,b). But then b = ¢ mod p' (7€), 50 a similar argument gives
I(p,b) <I(p,c), whence

l(p,b) =l(p,c). 4.5)

Therefore, if b € £ (1) for some [ > 0, then ¢ € Z(1), so indeed £ (1) D b+p’+1Z;’,’.

Next, let A € Z>¢. The set Sy = {c € Z}} : v,(A(c)) < A} is closed in Z}, and thus compact. The
function b — I(p,b) on Sy is locally constant by (4.5), and thus has a (finite) maximum value. Therefore,
for all / sufficiently large in terms of A, the set .-Z’(/) contains S4. But by (4.3), the measure of S4 tends to
las A — oo, (]

5 General separation technique

At several points in the paper, we need to understand quantities that vary with ¢ and n. A key tool for this
is Lemma 5.2 below. It amounts to a smooth dyadic decomposition, followed by a separation of variables
via Mellin inversion.

Letd”r:=dr/rand diog, :=r1- 0, for r € R.q. Forany k € Z>, andrER’;O,letdxr:erl--.dxrk

and 9%, 1= dgt . -9k, . Given g € C7(RE;) @ C and s € CF, let
g'(s):= dxrg(r)rsz/ d*ry--d*reg(ri,...,r)ry - rik. (5.1
r>0 71yt >0

Then for all & € R¥, Mellin inversion [IK04, p- 90, (4.106)] gives

g(r)=0@m)" | dtg'(e+it) r o (5.2)

teRK

Let ||s]| := max(|si|,...,|sx|). We need the following standard Mellin bound.

Proposition 5.1. Let A,B € Rog with A < B. Letk € Z>1 and (M,s) € RX ; x Ck. Let g € C2(RY ) ® C
with Supp g C [T5_,[M;A, M;B]. Then

g"(s) <<b% I1 (Mfe(sf)max(AR€<Sf>,BRC<Sf>)1og(B/A)), (5.3)
(1+HS||) 1<j<k |

for all b € Z>o. Here ||goexp||pe = X |a|<p SUP et |90 8(7) |-
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Proof. If ||s|| < 1, we may assume b = 0. Choose i € {1,2,...,k} with |s;| = ||s||. On the right-hand side
of (5.1), integrate by parts b times in logr; to get

r goexp||pe MB
g'(s) = (—l)b dxrs—b%?,grig(r) L = ” | H < / “rl,

r>0 i Isil” 2
where 90 := SUp,.<(us,.a 1,8 (rRe(s))). This suffices for (5.3). O

Fix a function v, € C°(R~), supported on [1,2], with

d*rw(r)? =1. (5.4)

r>0
Lemma 5.2. Letk € Z> and A € R>y. Leta: 7% | — C be a function. Let f Rk>0 — C be a smooth
function supported on {r € RX  : HJ i <AL Let v=wyletv(r/N) := H];:l v(rj/N;) and gn(r) :=
f(r)v(r/N). Then
Y a(n)f(n) = (2@—1«/ e d N/ dtgy(it) Y v(n/N)a(n)n" (5.5
Ne[1/2,0

n>1 n>1
Proof. Foralln > 1, we have f(n) = fNZl/deNv(n/N)gN(n) by (5.4), since v(n/N) =0for N < 1/2.
Also, gn(r) € CZ(RY ) ® C for each N > 1/2. So by (5.2), we get
Y a(n)f(n) =Y a(n) / d*Nv(n/N)(2m)* / dt gl (it)n'". (5.6)
n>1 n>1 JN>1/2 teRK

If r € Suppgn, then [];7; < A and r € [];[N;,2N;], so [];N; < A. Therefore, there exist compact
sets K1,K> C RY ) such that if (n,N) ¢ Ky x K5 in (5.6), then v(n/N) - gy,(it) = 0. Furthermore, there
exists a compact set Kz C R’;O such that if N € X5, then Suppgy C K3. So Proposition 5.1 gives
gn(it) < sy p (14]2]]) 7" for N € K,. Taking b = k+ 1, we get

Y[ N[ atamyi/Nein] <awx Y[ dN<e.

n>1 N21/2 tcRk nex, NZk NeX,
Now (5.5) follows from (5.6) by Fubini’s theorem. ]

For later use, we now do a general dyadic calculation of a unimodal nature.
Lemma 5.3. Let g,a,b € Rwitha < g <b. Let r|,r;,T € Ryg. Then
q q
Z a rb—a b’ / dxrra rb—a b’
r1<r<ry:log,(r)€Z r4 e MSrsr e

are both <, 4, min(t~!, )97 (log(1+ry/ry))le=

Proof. We may assume r; < rp, or else the sum and integral both vanish. By subtracting ¢, a, b by a, we
may also assume a =0. If r, < 7-!, then the result follows from the bound 1 + 7% > 1 and a geometric
series (or corresponding integral). If 7, > 77!, then separately considering » < 7! and r > 77! leads to
the result. O
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6 Statistics of families of L-functions

Throughout §6, assume 2 | m. Recall the eigenvalue and coefficient notation from §3.

6.1 Computing local averages

Recall the definitions of 8y and 8; from (1.4). For each vector ¢ € 8y, let & j(p) := 0, j(p) and

lch(n) = l‘h,c (n) for convenience, and let p.(n) be the nth coefficient of the Dirichlet series 1/L(s, V).
We have

1/Lp(s,Ve) =T1;(1 = G j(p)p™) (6.1)
by (3.2). Soif p{A(e), then (3.5), (3.7), (3.8), and 2 { m,. imply
He(p) = =22(p) = Ei(p),  He(P®) = 2] 2(p) = 3(EE(p) +EL(p7)). 62)

Averages of A&(n), tie(n) over ¢ play a basic role in the statistics of L(s,V,) over ¢. To prove that
certain averages exist, we will use (3.3) and Lemma 4.4. But to estimate said averages, we will take a
point-counting approach. The result is Proposition 6.1 below.

For any set S # @ with an obvious measure (e.g. the counting measure on a finite set, or the usual Haar
measure on Z), we let Ecs[f(b)] denote the average of f(b) over b € S. Moreover, we use the following
notation for Proposition 6.1. Let B := H;-"Zl I; € R™, where I1,...,I,, C R are compact intervals of
positive length. Let ZB := {Zx : x € B}. Let a € Z™ and ng,n,ny,ny € Z>;. Let E.2[f] be the average
of f over {¢ € §: ¢ = a mod ny}, assuming this set is nonempty. Let E{Z)_, [f] := E?é’fm....,n}m [f]. The
reader may assume (a,ng) = (0, 1), but the general case is no harder, and is useful for future work.

Proposition 6.1. The following limit exists, and is independent of B:

Ry (my o) v= Hm EZTQ o [l () e (n2)].

- g
Let ﬁ;v’;’o(n) = ﬁg’go(n, 1)= ,L_L;’;O(l,n). If ged(nyng,nnb) = 1, then
[ (my ) g (nh my) = [ (mimh mony). (6.3)
Now let p be a prime, and let 1, 11,1, > 0 be integers. Then

=a.ng ~=a.ng

A (ph) <e p'e, mEst(pt,p") <e p e (6.4)

(uniformly over p, , 11, b, a, ng). Furthermore, ifpj(no, then
B (p) =M (p)p P+ 007, B (P =1+0(p7"), (6.5)
gy (p,p) =1+0(p™"). (6.6)

Proof. For vectors ¢ € [1p,, Z)), define fe(n)15(c) 40 to be ue(n) if A(c) # 0, and 0 if A(c) = 0. By (3.3)
and (6.1), we have
te(P) Laeyz0 <m 1 He(n)1ae) 0 <e 1. 6.7)
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Since pe(1)15¢e)20 = La(c) 20, We have [L;E’“(l, 1) =1, because |So NZB| = 0p.7,-(Z™) by (2.4).
On the other hand, if n > 2 and k > 1, then by Lemma 4.4, the quantity .(n)1 A(c)#0 depends only on
¢ mod r*, unless ¢ lies in one of on;kﬁm(nkm) exceptional residue classes of Z™ (or [y Z;,") modulo r*.
This, together with (6.7) and the Chinese remainder theorem, implies that the following three quantities

exist and equal one another:

'a;f:;() (7’11 7nz), 11m Etll<ng<(n1n2) [uc(nl ),uc(nz) lA(c)yéO]u H E:E”%m [“c(pvP(nl)),llc (pvp(nz)) lA(c);éO}-

plnina

This establishes the required existence, independence, and multiplicativity of limits.

We now turn to the required estimates. First, (6.4) follows from (6.7). Now assume p { ng; we must
prove (6.5) and (6.6). But p t ny implies {¢ € Zy e =amod no} = Zy, so E?g%m [f] = Ecezy [f] for any
quantity f. Therefore, it remains to prove the following:

1. Eeezp[He(p)1age) 20 = A (p)p~ 2+ 0(p7)).
2. Ecer} [.uc(pZ)IA(c);éO] =1+0(p").

3. ECEZ;," [.uc(p)zlA(c);éO] =1+ 0(p71)'
We now prove (1)—(3). By [Wan23a, Corollary 1.7], we have

Ecery [EX(P)1 pace)] = M (p)p /2 +0(p7"), (6.8)
Ecerp [ES(p*) 1 pae)) = 1+0(p7"), (6.9)
Ecery[EX(P)* 1pjaie) = 1+ 0(p™"), (6.10)

in view of our present definition of EZ in (2.12). But for each f € {(p), tc(p?), te(p)?}, we have
Ecezp [f1a(e)20] = Ecezy 1 pace)] + O(p~1), by (6.7) and the Lang—WEeil bound for the zero locus of
A(c) over IF,,. After rewriting f1 plA(e) Using (6.2), we conclude that (6.8) implies (1), that (6.10) implies
(3), and that (6.9), (6.10) imply (2). ]

For the rest of §6, assume that 2 | m and that Conjecture 1.3 holds.

6.2 The Sarnak—-Shin-Templier framework

Using Conjecture 1.3 and (6.8), (6.9), (6.10), we can obtain useful statistical information on L(s,V,) over
¢ € 81, where the set 8 is defined as in (1.4). Let Il, be an isobaric automorphic representation over QQ
corresponding to L(s, V) in Conjecture 1.3. Let 8; be the set of ¢ € 8| for which I, is cuspidal, self-dual,
and symplectic, in the sense of [SST16, p. 533]. By (3.1) and the fact that the gamma function I'(z) has
no zeros, the gamma factor Lo (s, V, /\2) is an invertible holomorphic function at s = 1. Therefore, for
each ¢ € 85, the L-function L(s, V., \?) has a pole at s = 1, whence there exists an isobaric automorphic
representation ¢, » over Q with

L(s,Ve, A) = C(s)L(s, 9e.2).- (6.11)
Proposition 6.2. Let Z € Rxy. Then |(81\82) N [~Z,Z]"| K e 2"~ /242,
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Proof. We want to show that the family ¢ — I1, indexed by ¢ € 8; is, in the sense of [SST16, p. 538,
(1)—(ii)], essentially cuspidal, self-dual, and symplectic, with a power-saving exceptional set. We follow
the GRH strategy suggested in [SST16].

Let v be asin §1.2. Fix € € (0,1) and let P = Z' €.

By Proposition 3.2(7), each I, is self-dual. Let 8 5 be the set of ¢ € 8; for which I, is cuspidal.
Then L(s,V,, ®2) has a pole at s = 1 of order exactly 1 if ¢ € 8; 5, and at least 2 if ¢ € 8; \ 8;.5. This
follows from the theory of unramified Rankin—Selberg L-functions; cf. [FPRS19, proof of Lemma 2.3]. A
calculation with %(s, Ve, ®2), using (3.3), GRH, and [IK04, §5.6’s Exercise 6 and §5.7’s Theorem 5.15],
then yields

Y vole/z) Y, (logp)- (A oo(p)=1) =P Y, vo(e/Z)(Legs, s +0c(P/>9)).  (6.12)
ceS p<P:ptA(c) cES

On the other hand, L(s, V,, Sym?) hasapoleats=1ifc € 8; 5 \ 8; this follows from [SST16, p. 533].
So a calculation with Lf/(s,Vc7 Sym?) gives

Y owie/2) Y (ogp) A g, ap) =P ¥ vole/2)ecs, s + 0P 1) (613
cES) p<P:ptA(c) : cES)

But for all primes p and vectors ¢ € Z™ with p{A(c), we have ¢ € 81, and we can use (3.5), (3.6),
(3.7) to write /1507 o (P) = A& (p)? = EX(p)* and /l‘t/msme (p) = L(EX(p)* — EX(p?)), since m. is odd. So
the left-hand side of (6.12) equals

Y (logp) Y vole/Z)(Ei(p)* = D1yjare) = Y. (logp)Z™(0+O(p~")) <, Z"PF,

p<P ceZM p<P

by Poisson summation and (6.10). Similarly, by (6.10) and (6.9), the left-hand side of (6.13) is <,
Z"P¢. Thus from (6.12) we get |(81\ 815) N [~Z/2,Z/2]"| Kme Z"P~'/?*€, and from (6.13) we get
1(815\82) N[~Z/2,Z/2]"| Kpme Z"P~'/>T€. Now let € — 0. O

6.3 The Ratios Recipe

Using Proposition 6.1 and the Ratios Recipe [CFZ08, §5.1], we will soon derive the Ratios Con-
jecture 1.5 (R2). It is easier to first explain a simpler instance, (R1), of the Ratios Conjecture. Recall
o(Z):=%+ @. We will soon define an Euler product A, (s), which converges absolutely for Re(s) > 1.

Conjecture 6.3 (R1). Write s = 6(Z) + it. Then there exists a real i > 0 such that uniformly over reals
Z>2andt € [~Z"Z", we have

Y o9ls)= Y, (I40z5e(1))-Ari(s).
CGSH’T[*Z,Z]’" CGSH’T[*Z,Z]"’

6.3.1 Deriving (R1)

The Ratios Recipe [CFZ08, §5.1] produces the conjecture

1
L(s,V¢)

= Y a0+ozh) (6.14)

ce8§ N[—-Z,Z|" ce8 N[-Z,Z|"
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for ¢, s as in Conjecture 6.3, for some / > 0, where

A (s):= Y m) (m)n?

n>1

is the coefficient-wise average of the series L(s,V,) ™! = Zn>1 Ue(n)n™*. The first step of the recipe is to
define L (s;7) 1= W For us, the second step expands - 7 as a series, and the third step does nothing.

The fourth and fifth steps replace each coefficient u.(n) with its expected value ,um (n) as Z — oo, in
the notation of Proposition 6.1, and call the total series M,(s;7y) := <7 (s+ ¥). The sixth step plugs in

(3,5— 1) for (s,7), giving (6.14).

The series .7 (s) behaves like {(2s)L(s+ 5, V), as we now explain. Let

Api(s) = (5)¢(2s) 'L(s+1,V)~ Zapl n’.

n>1
Multiplying the definition of Az (s) out modulo O(p~3), we get
- 0 - _ _0, 0, _ _
ar1(p) = ipi(p) = A ()2, ara(p?) = B2y (0%) — Bt (D) Ay (p)p™ 2 =1+ 0(p71).
Also, ar,1(n) is multiplicative in n by (6.3). Now by (6.4), (6.5) we have
ap(n) <en®, api(p)<p”', api(p?) <p (6.15)

So Ar1(s) has an Euler product, and satisfies

(s)] < Z a1 ()] H<1+ Op D), 0 ') | 08(1’8)) <1 (6.16)

1/3+8 pl /3+e p2/3+28 p1+3e

for Re(s) > § + ¢, for any & > 0. On the other hand, {(2s)L(s +1, ) has a pole of order > 1 at s = 1,
and thus is more dominant than Ag,; (s) in & (s) = Ap1(s){ (25)L(s +1,V).

Writing o7 (s) = A1 (s)(2s)L(s+ %, V) in (6.14), then dividing by & (2s)L(s+ 3,V), gives Conjec-
ture 6.3, in view of the definition (1.6) of ®¢!(s) in terms of 1/L(s,V,). Here C(2s) L(s+3,V) are
called polar factors, or polar terms. As we will see shortly, an additional polar factor, {(s; +s7), arises
in (R2).

Before proceeding, the following clarifications may be helpful:

1. Since the ratio 1/L has no L’s in the numerator, the Ratios Recipe for 1/L(s,V,) does not involve
the approximate functional equation for L(s,V,).

2. Some L(s,V,) may not be primitive. But by Proposition 6.2 and GRH, there is no statistical
difference between 8; and 8,, on which each L(s,V,) is primitive.

f. [SST16,

p- 535, Remark (i); and p. 560, second paragraph after (25)].

4. We restrict ¢ to comfortably respect the constraint [CS07, (2.11c)] on vertical shifts. But it
would be reasonable to allow ¢ € [~Z4,Z4] for arbitrarily large A > 0; cf. [BC21, p. 4 of
arXiv:2002.09466v2, the sentence before Conjecture 2].
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6.3.2 Deriving (R2)

We follow §6.3.1 closely. Consider the coefficient-wise average

=0 .
Apo(s1,82) =Y, Mgy (ni,nma)ny*ny ™
npnp>1

of L(s1,Ve) 'L(s2,Ve) ™' = L0, my>1 He(n1) e (n2)ny *'ny 2. The Ratios Recipe gives

Y : = Y () (1+0Z7). (6.17)

ce8 N[-z,z)m L(s1,Ve)L(s2,Ve) ce$ N[-2,Z)m

Let
A (s1,52) = Apa(s1,9)C(s1+52) [] (§(2s5;)L(s;+35,V)).

1<j<2

Then Arp(s1,52) = Y, ny>1dr2(n1,n2)ny ' ny ™2, where

dF,z(Pla 1)= ﬁF,z(l,Pl) =ar, (Pl),
ara(p.p) = B2s (p.p) — 2091 (P)AL(P)P ™2 — 14+ A5 (p)2p~".

Therefore, if Re(s;),Re(s2) > % + &, then by (6.15) and Proposition 6.1, we have

Apa(si,s2)| <Y lara(ni,n)l (nina) 378 < 1; (6.18)

ny,np>1

cf. (6.16). Dividing (6.17) by [Tj<j<2(&(2s;)L(s; + 1,V)) leads to Conjecture 1.5, after using (1.6) to
write @1 (s;) in terms of 1/L(s;,V¢).

6.4 Applying (R2)

Write Apx(s) = Ara(s1,52). Conjecture 1.5 implies, uniformly over Z > 2 and t € R2, that for sj=
0(Z) +itj, we have, for all € > 0,

D (1)@ (52) = O (Z"(1+ 1))+ Y, Ara()§(s1+52). (6.19)
c€81N[—2,Z)" ce8in[-Z,.Z)m

This follows for ||| < Z" by Conjecture 1.5, and for ||| > Z” by GRH (see Proposition 3.2(8)). Using
(6.19), we will derive the following conjecture:

Conjecture 6.4 (R2). Let f: C — C be entire, with f(s) <z, (14 [Im(s)|) > on the strip 0 <Re(s) <2
forallb € Z>y. Let Z,N € R>1 with N < Z3. If 6y € (1,2), then

2

<rZ"N sup | (1+|t])?f(o+it)|*dt. (6.20)

@1 (s)- f(s)N*ds
0<o<2/R

(00)

ce$in-z.z)m

Remark 6.5. There are several notable features of (R2') worth clarifying or discussing:
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1. The contour (0p) in (6.20) runs from s = 0y — ico to s = Gy + ico. The left-hand side of (6.20) is
independent of oy € (%,2), under Conjecture 1.3 (HW2).

2. There are no log factors on the right-hand side of (6.20); the factor {(2s)~'L(s+3,V)~!in (1.6),
and the integral over (0p) in (6.20), play a mollifying role.

3. In Theorem 1.7, one may assume Conjecture 6.4 (R2') in place of Conjecture 1.5 (R2).

4. The statement (R2') can be derived from (HW2) and (R2); see Proposition 6.6. Yet (R2') is a rough,
order-of-magnitude prediction that could perhaps be explained in other ways, not just following the
rather arithmetic Ratios Recipe.

5. (R2') essentially concerns cancellation in the coefficients of ®¢!(s) over moduli 7 in a dyadic
range; see Proposition 6.8. It should be possible to obtain results towards (R2') using ideas of
[Sou09, Har13, Sza24], perhaps over F[f] as in [BFK23, Flo24].

6. Since (6.20) is log-free, one may hope that “better than square-root cancellation” occurs in £>~¢, by
analogy with [Har23, (1.2)]. If true, this would provide additional cancellation in Proposition 7.5
(one of the key ingredients for Theorem 1.7), and thus provide an alternative approach to the second
half of Theorem 1.2.

Proposition 6.6. Assume Conjectures 1.3 and 1.5. Then Conjecture 6.4 holds.

Proof. Let f(s) := f(5). Let Z,N > 1 with N < Z3. The left-hand side of (6.20) is independent of o > 3.
If Z < 1 then (6.20) is trivial, so suppose Z is large. Now shift contours to Re(s) = ¢(Z), and expand
squares using self-duality of the L-functions in (1.6) (see Proposition 3.2(7)), to equate the left-hand side
of (6.20) with the quantity

G(Z)+i°° G(Z)fioo B
Z() = Z / dsl/ ds2 (bc’l(sl)q)c’l(Sz) 'f(Sl)f(SQ)NS'HZ,
ce8inz.zm” 0(Z)—ie 0(Z)+ieo

After switching the order of ¢ and s in ¥ using Fubini’s theorem, and plugging in the estimate (6.19) and
the bound 1+ [|¢|| < (1+ |t1])(1 +|z2]) for each s, we get the estimate

Yo = 0e(Z"E3) + %, (6.21)

where £y = [ dt (1+]¢])¢ - |f(0(Z) +it)[N°@ and

G(Z)+[°° G(Z)fioo B
¥ = Z / . dsy / _ dsy E (s +52)AFp2(s) .f(sl)f(SQ)Nsl+s2'
ce$iN[-Z,zm 6(Z)—ioo O(Z)+ieo

Here N < 290, s0 £, < N/ supg<g<oll (1 +1¢))f(0 +it)[ 11 (m)- Also,
ICL+11) £ (0 + i) |y gy < N+ 1) 28Ny - 1+ [2)242 f (0 +it) |y (6.22)

by the Cauchy—Schwarz inequality.
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Now let 6 = %, and assume Z is large enough that 1 — o (Z) — 6 > % + 4. Shifting s, in X, from

Re(s2) = 0(Z) toRe(sy) = 1 —0(Z) — 0 yields Xy = X3+ Op¢(Z™%4), where
0(Z)+ieo _
= Y / T dsy (=2 Apa (1,1 — s1) - F(s1)F(1—s1)N
cesin~z.zm” O(Z)—i=
comes from the residue of {(s; +s2) at so = 1 —s;, and where on Re(s2) = 1 —0(Z) — 8 we use (6.18)
and the consequence §(s1+52) <5, (14 |t +12|)® of RH to be able to take

Ty i= /tERZ dtydty (1+ |11 + 1)) £(0(Z) +it)) f(1 — 6(Z) — & — it) N1 5.

In X3, shifting 51 to Re(sy) = § yields £3 <p Z"N||f(4 + it)Hiz(R), thanks to (6.18). Also, X4 <
N9 supy ool (1+ |t|)€f(6+it)]|i}(R), since 1+ |t +1| < (14 ]1])(1+ |52]). But £y < O(Z"%?) +
%3+ O e(Z"54), by (6.21). By (6.22) with £ = L, we get (6.20). O

As a stepping stone from Conjecture 6.4 (R2') to Conjecture 7.4 (R2'E’), we now state (R2'E). Let
ac.1(n) be the nth coefficient of the Dirichlet series @1 (s).

Conjecture 6.7 (R2'E). Fix a function D € C*(Rxo). Let tg € R. Let Z,N € R~ with N < Z*. Then for

some real Az > 0 depending only on F, we have

. 2
Y Y. D(n/N)-n""ac(n)| <rp (14 |0])Z"N. (6.23)
ce8N[=2,Z)m n>1

Proposition 6.8. Assume Conjecture 6.4. Then Conjecture 6.7 holds.

Proof. The case N < 1is trivial, so assume N > 1. Let 6p = 1.5. By (5.2), D(n/N) = (27)~! [, g dt D" (0o +
it)(N /n)%%i Apply Conjecture 6.4 with f(s) = D" (s — ity), and bound f using Proposition 5.1, to get
(6.23) with A3 = 2. O

6.5 Bounding exterior squares

For each ¢ € 81, let 110 2(n) denote the nth coefficient of the Dirichlet series {(s)/L(s, Ve, A?). Recall N,
N¢ from (2.5). Assume Conjecture 1.3.

Proposition 6.9. Let A > 2 be an even integer. Let Z,N,€ € Ry with N < 732, Then

A
<<A7£ Z)nNA71/3+8' (624)

Z He2(n)

ce81N[—Z,ZJ" N<n<2N:neN¢

Proof. For N < 2, the left-hand side of (6.24) is <4 Z" by (3.3). Now assume N > 2.
Let vp be as in §1.2. Let f(Z,N) denote the left-hand side of (6.24). Let g(Z,N) denote f(Z,N) with
Yces, Vo(€/Z) -+ in place of ¥ e n—z,zp - - Then by positivity,

8(Z/2,N) < f(Z,N) <g(2Z,N) (6.25)

JOURNAL OF THE ASSOCIATION FOR MATHEMATICAL RESEARCH, 4(1):183-236, 2026 205


https://jamathr.org

VICTOR Y. WANG

for all Z > 0. Butif Z > (2N)A*!, then if we let Heo(n) := Uea(ny) - Ueo(na) and P:=ny ---ny, and
note that 1,cq(pa(c))=1 - He2(n) is determined by P and ¢ mod P, we get

gzZN)= ) Y vole/Z)1ces, Lgearpaie))—1 - Mea(n)

N<ny,...,na<2N ceZ

= 0a(Z") + Y, @/P)" Y, gapa)— - Mea(n),
N<ny,...,na<2N ce(Z/PZ)"

by (3.3) and Poisson summation in residue classes modulo P; note that P > NA > 1, so the condition
gcd(P,A(c)) = 1 automatically implies ¢ € 8. Cf. the proof of Proposition 6.2. If §(Z,N) :=g(Z,N)/Z",
then for Z > (2N)A*! we conclude that

Z(Z,N)=g((2N)AT1 N) 4+ 04(1). (6.26)

We now address Z < (2N)A*!. Recall 8, from Proposition 6.2. If ¢ € 85, then (6.11) and Proposi-
tion 3.2(8) for L(s, @) ', when combined with (3.3) at primes p | A(c), yield ¥ y<,<on: nene He2 () <e
|c|[EN'/?>€ . If ¢ € 8; \ 85, we still have the bound Y N<n<an:nene He () <e N'TE due to (3.3). There-
fore, Proposition 6.2 yields

g(Z’N) <<A7€ ZI11+£NA/2+S +Zm_1/2+8NA+8

for all Z > 0. It follows that 3(Z,N) <ae NA/2+€ + NA=1/3+¢ for all Z € [N*/3,(2N)A*], and thus for
all Z > N2/3 by (6.26). Now (6.24) follows from (6.25). O

To handle primes p | A(c), we prove the following unconditional result:
Lemma 6.10. IfZ,N,A, & € Ro, then ¥ecg -7,z Ne N [1,N][* <4 ¢ Z"NE.

Proof. Lemma 2.3 immediately suffices if Z < N4. Now suppose Z > N4. By Holder’s inequality, we
may assume A € Z>1. The sum ¥ocg,q(—z7[Ne N [1,N]|* then equals

Y5 = Z Z 1= Z Z lrad(u]-~-uA)|A(c)'

cES) ﬁ[fz,Z}”' Uup,...,upg <N: M,‘lA(C)Do uy,....,ua<N c€8§; ﬁ[fz,Z]’”
Here u;---uy < N4 < Z, so by the Lang—Weil bound and the Chinese remainder theorem,

N ¥ Pmdows Y2 YL

Uy, upA<N r<NA Uy yeoostig <N:ui|r™
By Lemma 2.3, we conclude that &5 <4 ¢ X< ya Z"r (Nr)€ < Z"NA+DE, O
In §7, we need the following technical complement to Proposition 6.8.

Proposition 6.11. Assume Conjecture 1.3. Fix A € Rog and f(r) € {1,<1} UCZ(Rxo). Let Z,N € R~
with N < Z3/2. Let ty € R. For some N = 10 (A) > 0, we have

Y X AN s <y (1 o)A ZeN A, (6.27)

ce8N[-2,Z]m n>1

JOURNAL OF THE ASSOCIATION FOR MATHEMATICAL RESEARCH, 4(1):183-236, 2026 206


https://jamathr.org

ZETA STATISTICS AT THE SQUARE-ROOT BARRIER FOR CUBES

Proof. First suppose (f,%) = (1,<1,0) and A € Z>,. Let g(M) = ¥, <ps. rene Me2(r). By multiplicativity
and (3.3), we find that

Y bep(n)= Y Hea(d)g(N/d)<eN® ) |g(N/d)|.

n<N d<N:deN, d<N:deN,

So by Hoélder’s inequality over d, the left-hand side of (6.27) is at most O4 ¢(N®X¢), where

Too= Y, N[N Y Je(N/d)[

ce$iN[—z,z)m d<N:deN,

By positivity, X6 < ¥ g<y Yees,n-z,zn [ Ne N [1, N][*~!g(N/d)|*. Then the Cauchy—Schwarz inequality
over ¢, followed by Lemma 6.10 and Proposition 6.9, gives

X6 <A Z (ZmNs)I/Z(Zm(N/d)ZA—l/3+8)1/2 Lae ZmNA_1/6+8,
d<N

where we use A — 1/6+¢€/2 > 1+ €/2 to evaluate the sum over d. By Holder’s inequality, then, (6.27)
holds with n; = 1/7A if A > 2, and with; = 1/14if 0 < A < 2.

The general case follows from partial summation and Holder’s inequality, in view of the derivative
bounds - 9D(n/N) <p 1/N and 2 L' < |ty /n. O

7 Adapting L-function statistics to delta

7.1 Factorization

We need to mold the statistics from §6 into a form friendlier for the delta method. We first split the series
®(c,s) from (2.11) into more manageable pieces. Recall N¢, N, from (2.5). Given ¢ € 81, consider the
factorization ® = ®SPB, where

Hcp c.s)= Y Si(n) (7.1)

PtA(c) neN¢e
H D,(c,s) =Y Si(n)n". (7.2)
plA(c) neN¢

One can approximate S using Hasse—Weil L-functions. It would be interesting to also relate P, for
p | A(c) to L-functions, even in special cases like when m = 4 and v,,(A(c)) = 1. For now, we study ®B
very differently, in §9. In §7, we thus concentrate on ®C.

For the rest of §7, assume 2 | m. We first factor ®C into three pieces: ®°1, P2 Pe3,

Definition 7.1. Let ®%!(s) := L(s,Ve) "'L(3 +5,V)~'{(25) ! as in (1.6), and let

@2 (s) 1= £ (25)/L(25, Ve, N2, (7.3)
D3 (s) := D9 (e, s)L(s, Ve)L(% +5,V)L(25,Ve, A2). (7.4)

For each j € {1,2,3}, let a j(n) be the nth coefficient of the Dirichlet series ®°(s).
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The factors @2, &3 in &S = P 1d2P<3 hinder any direct attempt to apply statistics on ®°! to
®OS. Fortunately, ®° 2, @3 turn out to be suitably small on average. Proposition 6.11 lets us handle large
moduli in ®¢2. Indeed, a,»(n) = 0 if n is not a square, and

ac,Z(”) = .uc,Z(nl/z) (7.5)

otherwise. Here L, is as in §6.5. We now prove results to handle large moduli in ®¢.

The factor @3 measures the quality of ®¢!®¢? as an approximation to ®C. Recall the approximation
®(c,s) = P! (s)P2(s) given by W&!, W2 from (2.18); here W! (s) = 1/L(s,V,). The factor W2 (s)
is only expected to converge absolutely for Re(s) > % As suggested in §2, this is a “source of €” in

(2.17). On the other hand, the following result establishes absolute convergence for ®¢3(s) past the

critical line Re(s) = 3.

Proposition 7.2. Uniformly over ¢ € 81, primes p, and integers | > 1, we have
ac3(P) Lyae) =0, ac3(P?) Lyae < p 7%, acs(p') <e p'“. (7.6)
In particular, if ¢ € 8, then ®°3(s) converges absolutely over Re(s) > %

Proof. Letc € 8. Let Al = /I‘Ec, as in §6.1. Suppose first that p | A(c). Then @g(c,s) = 1by (7.1). So
by (7.4) and (3.3), we have ac,g(pl) <L plg. So (7.6) holds.
Now suppose p { A(c). Then ®,(c,s) =1 —1—S£(p)p"Y by (2.14), and

—1/2
Si(p) = E&(p) = p'PEL(p) = =24(p) — p~ "2 (p)
by (2.13), (3.5), and (3.4). In particular, a.3(p') < p'¢ by (7.4) and (3.3). Furthermore,

@p(e,)L(5,Ve) = (1= A5(p)p* =25 (P)p™ P 1+ Ap)p ™ + A (PP > +0(p ™)
= L= (p)p P+ E(P7) — AP lp 0 ) 1 0(p ).

To get further cancellation, we multiply ®,(c,s)L,(s,Vc) by the two series
Ly(3+5,V)=1+A(p)p P +0(p "),
Lp(2s,Ve N) = 1447 (p)p > +0(p™),
and plug in the identity luﬁ/\ (p) = /lcu(p)2 — A (p?) from (3.7), to get
D@, (c,8)Ly(s,Ve)Lp(3 +5,V)L,y(25,Ve, \?) = 1+ O(p~1/2"2) + O(p~). (7.7)

By (7.4), the left-hand side of (7.7) is precisely the local factor CIDZ’S(S) of ®¢3(s). Thus (7.7) completes
the proof of (7.6). The convergence statement on &3 (s) follows from (7.6). O

Corollary 7.3. Fix A € R.. Then uniformly over Z,N € R+, we have

A
)y (Z!ac,s(n)\> Lpp Z"NUIB3FEA (7.8)

ce8iN[-Z.z)™ \n<N
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Proof. Recall N¢, N, from (2.5). By the multiplicativity and positivity of |ac 3|, we have

Y lacs(m) < Y, acs(@)] Y, lacs(r)l. (7.9)

n<N d<N:deN, r<N:reN¢

But for any € > 0, the bounds in (7.6) imply a.3(d) <¢ d¥, and that

Y lacs()| SNVIEY B ags(r)] <o NYATES
r<N:reNe¢ reNe

cf. (6.16). So by (7.9), the left-hand side of (7.8) is

<<A,£ N(1/3+28)A Z |Nc N [I,N] |A.
ce8§ N2,z

Now (7.8) follows from Lemma 6.10. (]

7.2 A near-second moment bound

We now build on Conjecture 6.7 (R2'E).

Conjecture 7.4 (R2'E'). Fix a function D € CZ(R~q). Lett € R. Let Z,N,& € R~ with N < Z* and
€ € (0, 1]. Then for some real Ay = A4(F,€) > 0, we have

. 2—¢
Y Y D(n/N)-n7"Si(n)|  <rpe (14 t])42"NEE2, (7.10)
ce8N[-Z.Z]"™ neN¢

Proposition 7.5. Assume Conjectures 1.3 and 6.7. Then Conjecture 7.4 holds.

Proof. Let v, € CZ(R>) be as in §5, so that Supp v> C [1,2] and we have (5.4). In view of (7.1) and the
factorization @9 = P! P23, we may use Lemma 5.2, with k = 3, a(n) = [11<;<3(n; "ac j(n;)), and
f(r)=D(riryr3/N), to write

Y D(n/N)-n~Si(n) = (27)"3 /N N[ drgiin) T =540, (7.11)

neNe 2172 e 15/<3

where N = (N1,N2,N3), where gn(r) := D(r1r2r3/N)[1i< ;<3 v2(rj/N;), and where

908 = E50(t1,,3) = X valng /N ag (). (7.12)

nj>1
Here N, t are independent of N, ¢. For all N > 1/2 and b > 0, Proposition 5.1 gives
en(it) <ppy, (141" (7.13)

Fix an integer A > 1 for which SuppD C [A~!,A]. If r € Suppgn, then N/A < riror; < AN and
N; <rj <2N;jforall j, so N lies in the set

Ry = {N > 1/2 :NIN,N;5 € [N/SA,AN]}. (7.14)
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Thus the equality (7.11) remains true if we restrict the integral over N > 1/2 to the region %#;. Now set
Wi (N,t):=N - |gy(it)| and W5 (N, 1) := Nl_(ﬁ_l)n -|gp(it)], for some constants 17, B > 0 to be chosen
later. Let Jy := [, g3 d“NdtWi(N,t). Letting  :=2 — ¢ € [1,2), and using Holder’s inequality over
(logN,t) C R3 x R?, restricted to N € %7, we obtain

Y D(n/N)n_i’SE(n)’B <gf-t. / d*NdtWy(N.1) [T 1Z54@)P, (7.15)

neNe b7 xR 1<<3

since B > 1 and W, (N, )P~ - W, (N, t) = |g),(it)|P.
By (7.13) and (7.14), we have Iy <py, [ d*NNJ <an N [y, y.oyp Sa2edB < N, Upon

(N2N3)T
summing (7.15) over ¢ € 8} N[—Z,Z]™, we thus find that the left-hand side of (7.10) is
Sown [ Na@N)E gy Y TLEROF. 016
<0/7>< ’

ce$1N[-2,2" 1<j<3
Now let (71,%,7) == (2,4B/¢,4B/¢). Then ¥ 1< ;<3 B/y; = 1, since B =2 —&. So

Y 0 =) < I A" (7.17)

B _ m
ce8N[-Z,Z)m le($in[=2.2]") 1<j<3

by Holder’s inequality over ¢, where

— c,j Pi= & [
O7:= 1<jI]<327,N(t)7 M HZZNO)Hfzj(slﬁ[—zvz}m).

We now bound the necessary £%-norms. First,
My <y 1+ 1 415 (Z+ NPy NI2,

by (7.12) and Conjecture 6.7 with Z+N11/3, Ny in place of Z, N. Second, by (7.12), (7.5), and (6.27) with

A =7, with f = v,, and with Z+N21/3, Nzl/2 in place of Z, N, we have

My Loy (14 |2+ 1)) (Z+ NPy (g1 O -m ),

Third, by (7.12), the bound v, (n3/Ns)n; ' “™) <, 1, and Corollary 7.3, we have

11y3/30
%3 <<}/3,v2 ZmN3 7/3/ .

Plugging into (7.17), and writing 1+ |¢t; 4+ < (1 + ||t]|)(1+ |z]), we get that if N € %7, then the
left-hand side of (7.17) is <p v, g (1 +#]))* (1 +|¢])** &, where

P = szmﬁ/)/jN{}/zNZ(I*m(72))B/2N3113/30 XDﬁ Zm(Nl/ZN;nl(h)/zN;4/30)B

)

and where A4 := (A3B /71 +2B/72) = (A3/2+ 1)B. Upon plugging this result into (7.16), we get that
the left-hand side of (7.10) is at most Op, y, » (<2), where

A4 m B/2
_ % B=1)1 1V (e a, (L+[t))MZ"N
2: %de Ndt(N/Ny) lgn(it)] - (1+]2]]) (NN
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Finally, let 71 = min(1; (7),/2,4/30). Then for each N € %7, we have (N/Ni) < g Ni' /N3,
Since B — 1 > 0, it follows that

. 1+ |e])A+ZzmNPB/2 ,
Z< / d*Ndt |gy(it)] - (14t ail <pg (1+|t)4z"NB/2,
D,B 7 xR ‘gN(l )’ ( H H) sz(m/zN;‘/” D, ( ’ |)

where we have used (7.13) to integrate over ¢, and (7.14) to integrate first over Ny, given N,, N3, and then
over N, N3 > 1/2. Therefore, (7.10) holds with A4 = (A3/2+1)(2 —¢). O

8 New bounds on the integral factor

Recall J¢ x (n) from (2.9). We need to go beyond the integral estimates from [HB96, HB98, Hoo14]. We
will prove uniform bounds free of epsilons and logs, while also bringing discriminants into the picture via
the following consequence of (2.3):

A(VF(x)) < |F(x)|-||Jx|?dee®)—deelF)  for x € R™, (8.1)
To give clean, general bounds, we assume (2.6). We prove the following on J; x (n):

Proposition 8.1. Assume (2.6). Let X,Z,n € R~¢. Let ¢ € R" with ||¢|| < Z. Then

(X/m)\ (1 + X e]|/n)" "2

o
(L+lell/X12)b(1+X | Ale/Z)e| /n)

o
lognac JC7X (n) <<F7W7jaa7b

for all integers j,b > 0 and multi-indices ot > 0.

The factor A(c/Z) < 1 measures how close V(IR) is to being singular, and it arises in our proof from
cancellation over smoothed circular arcs.

To prove Proposition 8.1, we must first dig into some technical aspects of [DFI93, HB96]’s A-function.
Let po(x) := 1< -exp(—(1 —x*)~1) € C2(R) and

p(x) :=4(f,erdypo(y)) " - po(4x—3) € CT(R),
so that p is supported on [1/2,1]. For x >0 and y € R, let

h(x,y) =Y (xj) " o (xj) = p(Iyl/ (x))]-

=1
By (2.7) and (2.9), and a change of variables from x to ¥ = x/X, we have
Jex(n) = / d%w(E)h(n)Y,F(%))e(—Xc - %/n). (8.2)
XcRm

The following shows that we may take Ao = Sup,csypp, max(1,2|F (x)]) in Proposition 2.4.

Lemma 8.2 (See [HB96, Lemma 4]). If & € R and r > max(1,2|&

), then h(r,&) = 0.
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Following [HB96], we now build a Fourier transform. Fix v; € C2°(R) such that v; (F(x)) > 1 for all
x € Suppw. Let wo(x) :=w(x)/v1(F(x)) € CZ(R). For any r > 0, let

pel) = [ dEvi(E)htr el —uc)

be the Fourier transform of vy (§)h(r,&) € C°(R). Writing w(%) = wo(X)v;(F (X)) and vy (&)A(rE) =
Juer dupr(u)e(u) in (8.2), where r =n/Y and § = F(X), we get

Jex(n / du p, (u )/xeRmdxwo( Ye(uF (%) — v %), 8.3)

where (r,v) := (n/Y,Xc/n); cf. [HB96, Lemma 17].
Let q,(t) := p,(t/r), so that p,(u) = q,(ru). The following lemma shows that q,(¢) is Schwartz in ¢
and smoothly varying in logr.

Lemma 8.3. Let r > 0 andt € R. Then 80grqr (t) <1 jx (L+[t])7* for all j,k,1 € Zso.
Proof. We may assume k = 0 if |¢t| < 1; this lets us treat all # simultaneously.
Since q,(t) = p,(t/r) = [z dS V1(E)A(r,§)e(—1tE /1), we have
! :
A1) = [ dE @M E)-(~2mit frYe(—i¢ ).

Since lge((§/r)) = ~1(& ) and g (e(—1§ /r) = (i /rie(~15 /). we find by induction and
the Leibniz product rule that for some constants c b € C, we have

LELECE I Y o AE &) g M 8))- (/) 18 e—18 ).

We now integrate by parts k times in &, repeatedly integrating e(—¢& /r) and differentiating the comple-
mentary factor. Taking absolute values, we then get

&/l eE /> 1
ISP Je/rlE

() a
et Cjin X[ dE O (8

ab,o,>0:
a+b<j, o+B<k, B<I+b
By Lemma 8.2, we may assume r <y, 1. Then d79h(r,¢) <can r 17" %min(1, (r/|E])*) for
¢, a,A >0, by [HB96, Lemma 5]. Thus 1Ogr8"‘ll( 1,8) <aXo<e<ar 107 IEh(r.S)| <aanr™ =%min(1, (r/|E])M),
which when inserted in the previous display gives

flf(xflfb+k|é |l+bfﬁ |t|bfk

9, Clgl) (t) <ijka / d& r
e P "I (18 /rl)*
a+b<j, oa+B<k, B<I+b

Let A =+ j+2; then each integral here over £ is < 4 r~1 =~ I=b+kpl+4b=F 4 |b=k by | emma 5.3, and
thus < j 4 "% P|t|P~* < [t|P~*, since k— ot — B > 0 and r < 1. If |¢| < 1, we are done, since k = 0. If
|f| > 1, we may replace k with k + j to finish, since b < j. O
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We now put (8.3) in a broader framework. For any Schwartz functions g: R — C and ¢ € C’(R™)®C
with |¢\)(¢)| < C(1,k) (14 |¢])* and Supp ¢ C Suppw, let

Jiola.9):= [ _dugtru) [ dxoxle(urm)—v-). (8.4)

Then by (8.3), we have Jo x(n) = _Z.,(q,,wo), where (r,v) = (n/Y,Xc/n).

Proposition 8.4. Assume (2.6). Let g, ¢, and C = C(L,k) be as above. Then for all (k,v) € Z>o x R™

Ii(@,9) <puwcox (L V)2 (L [lrv]) (14| A(v/M)v])

Before proving Proposition 8.4, we first explain why it implies the desired Proposition 8.1. To handle

d'  for Jj > 1, we need a recursion, (8.5), observed for j = 1 by [HB96].

logn

Lemma 8.5. Let (r,v) = (n/Y,Xc/n). Let qi(t) :=1t-q(t) and let ¢\ (x) := div(¢;(x)x) =x-V¢;(x) =
Y xj- 0 ¢1. Let ¢ j(x) :=x; - §(x). Then

alogn/rv q, ¢) )/rv q, ¢) szV(qlu )+/r,v(517¢1)7 (8.5)
ac,-fr,v(‘]a¢) = (_ZEIX/n)/r,v(%(blj)- (8.6)

Proof. The formula (8.6) immediately follows upon differentiating (8.4) by c;. It is possible to prove
(8.5) by a clever integration by parts; cf. [HB96, p. 182, proof of Lemma 14]. We give a slightly shorter
argument. Write u = ¢ /r> and x = ry in (8.4) to get

Fila.0) = [ dra(u/?) [ dyo(m)e(tF(y)=rv-y). 87)

Differentiating both sides of (8.7) by logn, using diog,r = r and the fact that rv = Xc¢ /Y is independent
of logn, we get (8.5), by (8.7) applied to each of (¢,9), (q1,9), (¢, ¢1). O

Proof of Proposition 8.1, assuming Proposition 8.4. We have J¢ x(n) = /rv(qr,wo) by (8.3), where

(r,v) = (n/Y,Xc¢/n). By Lemmas 8.3 and 8.5, we may thus write d% 810gn

combination of integrals _#,,(q, ), with coefficients O, j ¢ ((X/n)/%!), running over a set of at most 4/
pairs (g, ¢). Here we first use the chain rule, (8.5), and Lemma 8.3 when differentiating by logn, and
then use (8.6) when differentiating c¢. For example, for j = 1 and & = 0, we would use the chain rule and

(8.5) to write diogn _Zrv(qr,wo) as

jr,v(alogrqraWO) + (m - 3)%r,v(qraw0) - 2/r,v(qr,law0) + /r,v(qraWO,l)a

Jex(n) as a finite linear

where q,.1 () =1 q,(t) and wo 1 (x) := div(wp(x)x). In any case, Proposition 8.1 now follows from an
application of Proposition 8.4 to each individual _Z,.,(q,¢). O

To prove Proposition 8.4, we need the following lemma:
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Lemma 8.6 (Non-stationary phase). Let A,A € Roy and d.,k € Z>,. Suppose a € CZ"(Rd) ®C is
supported on [—A, A%, with Y aj<klo5a(x)| < A forall x € Re. Suppose f: RY — R is smooth, with
V(@) > A/A and ¥ <|q<k+1195 f(x)| < AA for all x € Suppa. Then

/xeRd dXCl(x)e(f(x)) LAk )L—k.

Proof. See [HB96, Lemma 10], and its proof via repeated integration by parts; see [HB96, §2] for the
definition of €(S), which allows for the required uniformity over weight functions. O

Proof of Proposition 8.4. Certainly 0 ¢ Suppw by (2.6). Since V' is smooth, we thus have | VF(x)|| >0
for all x € Suppw. Since Suppw is compact, there thus exists As = As(F,w) > 2 such that for all
x € Suppw, we have ||x|, |VF (x)|| € [A5',As]. Let # = {ax : (a,x) € [1/3As,3As] x Suppw} be the
union of all dilates of Suppw by a scale factor a € [1/3As5,3As]. The set # is compact, being the
continuous image of a product of compact sets. Also, since the right-hand side of (2.6) is invariant under
scaling, we have

W C{weR":det(HessF(w))#O0}. (8.8)

Let Ag = Ag(F,w) > 2 be a constant such that for all w € #, we have
Ag' <|wl <46, Ag' <|[VE(W)|| < A (8.9)

Our plan is to first consider the x-integral in _Z,.,(¢,¢) (see (8.4)) for a single value of u at a time,
and then integrate over u. Given u, v, let Yy(x) := uF (x) —v-xand J,y(9) := [cpn dx @ (x)e(Wo(x)).
Taking absolute values in J gives the trivial bound

Juy(9) < 1. (8.10)

On the other hand, Vypy(x) = uVF (x) — v. In particular, if |u| > 2As]||v|| or |u| < ||v||/2As, then we
have ||Vyy(x)|| > max(|u/2As],||v|/2) and dFyo(x) <pwe |u| + |[v] for all x € Suppw, and thus
Juv(9) <ok (Ju|+|[v]]) ™ by Lemma 8.6, provided |u| + ||v|| > 0. This, together with (8.10) and the
bound g(ru) <¢ 1, gives

d
/ du|q(ru)-Juv(9)| <<C,¢.,b/ - < (14w 7%, (8.11)
lu|>245] v

=245 v]| (14 [u] )P+

du
d '3uv < )
/|M<|V|/2A5 u|q(ru)-3uy(@)] c,¢,h/|

—b
u<ivlyzas LE NPT I+~ 8.12)

for all integers b > 1. Fix w; € C°(R) with

Wil[—245,245]\[<1/245,1/245) = 1, Suppwi C [~3As5,3As]\ [-1/3A5,1/3A5].

Then by (8.11), (8.12), and the triangle inequality, we have, for all integers b > 1,
Fiola9) = [ duglrpw o/ V1)) <o (1+ V)" 8.13)
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It remains to handle |u|/||v|| € [1/3As,3As]. Suppose first that ||v|| < 1. Plugging (8.10) and the
bound g(ru) <c 1 into (8.13), we get 7,,(¢,9) <c¢p (1+[[v[)~" + i, /<34, du1 < 1. This bound on
Zrv(q, ¢) fits in Proposition 8.4, since ||rv|| < Ap and ||A(v/M)v|| <F 1.

For the rest of the proof, suppose ||v|| > 1, let & := u/||v|| and ¥ := v/||v
sgn(u) :=u/|u| € {—1,1}, and let

i(2) = | Pwo )/ vl = @) o (z/|@) ) /|[v]) = sgn(u)F(z) =9 z.
1/2

1/2

, let z == |i|'/*x, let

The normalization by |i|'/= makes y; nearly independent of u; this is crucial later. Now, note that
Vi (z) = sgn(u)VF(z) — v = iiVF (x) — v. Consider an individual & € R with

1/345 < |ii] < 3As. (8.14)

For all x € Suppw, we have z € #/, so ||z|| € [1/As,A¢) and ||V (2)]| < ||VF(z)|| + 1 < 2A¢. Further-
more, the condition (8.8) implies

vol{z € 7 1 [|[Vyi(2)|| S mA} <pp A”, (8.15)

uniformly over A € R, by calculus; see [HB96, Lemma 21 and its proof]. We will split J,,,(¢) into
pieces according to the size of ||V (2)||; cf. [Hua20, J%; on p. 2061]. To avoid the need for explicit
stationary phase expansions, which can be messy after the leading term, we will do the subdivision in a
way inspired by [HB96, §8].

Recall the weights vy, v; from §1.2. Let Vo := 1 — vy. For reals A > 0, let

._ dz Vyi(z) [vllvi(z)

= [, V°<Hv\|—1/2>¢(")e(|ﬂ|l/2>’ (®10
Lz (V@) (YW vl (2

puans = [ oo (i o (2o () .

where ¢(x) = ¢(z/]i|'/?). By the definitions of vy, vi, we have J; ,,1 = 0 unless there exists z € 7/,
corresponding to x € Suppw, satisfying |V (z)|| > ||[v]|~"/?/2 and A < ||V (z)|| < mA. Therefore,
J1uv, = 0 unless [v[|=1/2/2m < A < 246. Since [, od*A vi(t/A) = 1forallt € R™\ {0}, we obtain
the decomposition

246

Fun(®) — Fouy = / Ay (8.18)

[vlI=1/2/2m
under the assumption (8.14). Fix functions oy, ..., ®, € C°(R™), all supported on Supp v;, such that
.y ®; = vy and we have 1/2 < [t;| < 2m for all t € Supp ;. Let J, ;. denote J; ,,  with @; in
place of vy; clearly 31,u,v,/1 = 27:1 Hl,j,u,v,/l-

We proceed based on the following rough idea: if ||V (z)|| > ||v||"/> with a large constant,
integration by parts over z is useful; and if ||V (z)|| < |A(¥)|'/? with a small constant, integration by
parts over u is useful, if || A(¥)v|| > 1 with any constant.

Let A € [4|[v]|~'/2,2A¢]. Since A > 4]|v||~'/2, the supports of vo(Vy1(2)/||v]|~'/?) and vi (Vi (z) /)
are disjoint, so Vo(Vy1 (2), V]| /%)@, (VWi (2)/4) = ;(Vy1 (2)/4). Thus

87281 s = [ dzwajo@ev]i(2)/1al"), (8.19)
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where w,j0 = W) 0.2 (2) == 0;(V¥1(2) /A) 9 (2/]d]'/?).
Since Suppw; C {t € R™: 1/2 <|t;| < 2m} N Supp v, we have

9 w1(2)[ 2 A/2,  [[Vyi(2)]| <mA, (8.20)

for all z € Suppws,j 0. For k > 1, recursively define wy j x =Wy j ¢ 4.v,1(2), @ sequence of smooth functions
R™ — C supported on Suppwy o, by setting

wojk = —(0.,y1)" - 9, (wa -1/ (92, w1)"). (8.21)

Integrating by parts k times in (8.19), we get

im/2q o W2 j kuw (2) ) ~11/2.
"B = [ e s el v @)l (322)
cf. [HB96, (5.4), from the proof of Lemma 10].

We claim that for each k > 0, there exists a smooth function w3 jx: RMk+2)+3 _y C of the form
w3 ik =wW3 jk(@10,-..,81%,820,021,03,a4), defined in terms of F, j, k, independently of u, v, A, such
that for all u, v, A satisfying the present assumptions ||v| > 1, (8.14), and A € [4v||~'/2,24], and for
all z € Suppw; jo, we have

Vyi(z)
A

z 1 A
AKX wy i 1(z) = w3, M( Vo wi(z),..., Vol wi(2) /1). (8.23)

a2 a2 oz yn
This claim can be easily proven by induction on k > 0, as follows. For k = 0, we take

w3 j0(@1,0,820,02,1,a3,a4) = ®;j(a@ip)P(ap).

For £ > 1, we first use the product and chain rules in (8.21) to compute the quantity )Lkw; jk=A-
lk_lwz,jvk in terms of ),k_lwz_,j_yk_l and its z;-derivatives. We then observe that

heooy (YY) =alye, 200,000 =200, 2-0,() = A 1,

A
A . 2 A ? k A — (92 —kA
20, () = () - () = @5

for all / > 1, that y; is smooth, and that 9z,- Y1 is nonvanishing on Suppw, ;0.

By (8.9), we have d*y;(z) <o | whenever |@| > 2 and z € . Inserting this and the bounds (8.20),
(8.14), (8.9), and A < 1 into (8.23), we find that /lkw;j,k(z) Ky, 1 for all z € R™. Thus (8.22) and
(8.20) immediately give

1 m
’mm/zgl,j,u,v,l <<k/ dz Vi (z)[|<mA (8.24)
Zz

ev (A2|vll/al )

assuming A € [4]|v]|~'/2,24¢] and (8.14). Our derivation of (8.24) has essentially followed the proof of
Lemma 8.6, but in some key ranges we need to go further. We need to decide when to integrate by parts
over @i € R; this will be informed by the next two paragraphs.
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By (8.8) and the inverse function theorem, we know that for some open neighborhood U C R™ of #/,
the gradient map VF|y: U — R™ is a local diffeomorphism. But % is compact, so after covering it by
sufficiently small open sets, we find that there exists a constant 1, = 12 (F,w) > 0 such that for any z € #
and b € [1,1]" with ||VF(z) — b|| < 1y, there exists s € (VF)~(b) with ||z —s| < n, '|[VF(z) - b].

We apply this as follows. Let b = sgn(u)v and z € #/, and suppose ||Vy1(z)|| < n2. Then there exists
s € R" with Vy(s) = 0 and ||z —s|| <1, ||V (2)|. Since Vi (s) = 0, Taylor expansion of y; at s
gives ¥ (z) = Wi (s) + OF.,,(||z — s||*). Furthermore, Vi (s) = 0 implies b-s = VF(s) - s = 3F(s), so
lwi(s)| = [2F (s)|. But A(b) = A(VF(s)) <Fw |F(s)| by (8.1). Combining the above, we get
12,

w1 (2)] > m3A@)| =5 [V (2)]]%,  for some 13 = n3(F,w) > 0. (8.25)

Let A7 := 1 +supge(_; 1j» |A(a)], and let ng := mflmin(nz/A;/z,m/Z).
Our remaining analysis breaks into two cases: [|A(9)v|| > (4/n4)% and ||A(¥)v|| < (4/14).
Suppose first that | A(¥)v|| < (4/n4)?. Consider a i € R satisfying (8.14). By (8.15), the right-hand
side of (8.24) is < A™(A2||v|)~* = ||[v|| =™/ (A||v||'/*)™2*. Choosing k = [m/2+ 1] and inserting
(8.24) into (8.18), we then get

4]~
3u,v(¢)_30,u,v_/ dxlgl,u,vl <L HvHim/Za

[vlI=1/2/2m
since [y, -12d*A (A|v||'/?)m=2* = [*d*aa™* < 1 via the substitution a = A||v||'/2. But if we
simply take absolute values in o,y (see (8.16)) and in g ., 5 (see (8.17)), and then apply (8.15), we
26t Jo.uy < V]2 and 81y 1 < V|72 for A € [[Iv][~/2/2m,4][v]| V2] Integrating over  in the
previous display, we conclude that J,,,(¢) <, [|v||~"/2, under (8.14). Hence by (8.13), after writing
u = ||v||i, we have

Frw(@,9) <5 (1+v]) 7"+ HVH/ —dilq(rlv@)] - |v]
1/3A4s<[i|<3As

But g(r||v||it) <p (1+7|[v||])~, under (8.14). Thus _Z,.,(q,®) <p ||[v]|'~2(1+r|v||)~*. This suffices
for Proposition 8.4, since ||v|| > 1 and |A(v/M)v|| < [|A(D)v|| < 1.

For the rest of the proof, assume ||A(¥)v| > (4/m4)2, so that 4||v||~'/? < m4|A(¥)|'/2. We will
integrate by parts over # in the integrals

2 3=/RdﬁQ(FHVHﬁ)Wl(ﬁ)go,mv, A1 A 1=/Rdﬁé](r”"”ﬁ)wl(ﬁ)31,u,v,/l

for A < m4|A(¥)|'/2. Tt is crucial to work in terms of z rather than x = z/|ii]'/?. Before proceeding, note
that inserting (8.18) into (8.13) and writing u = ||v||i gives

2A¢6
Fw— V- Fo— V] -/|v|1/2/2mdx/l <o (14 V)", (8.26)

For later reference, let z € # and suppose ||V (2)|| < mns|A(¥)|'/2. By the definition of 1y, we
then have ||V (z2)|| < n and ||V (2)]] < n3|A()]'/?/2, so by (8.25), we have

lwi(2)] = 3n3|A(9)] /4. (8.27)

JOURNAL OF THE ASSOCIATION FOR MATHEMATICAL RESEARCH, 4(1):183-236, 2026 217


https://jamathr.org

VICTOR Y. WANG

For convenience, let 7 (A) :={ze€ # :||Vyi(z)|| <mA} foreach A > 0.
We now bound .#. For each ii € Suppwi, the condition (8.14) holds, so if we plug in the definition
(8.16) of Jo.uv, and then switch the order of u, z, we may rewrite .% as

Vuiz N (e
[ (uvu 1/2)/ 7 \m/zq"””’”W‘(“)"’(mrlﬂ)e( FlE )

Here v is independent of |i|, when sgn(u) is fixed. Therefore, for each z € #/(||v||~'/?), the inner integral
over it is < (1+7|[v|])*||A(¥)v|~* by (8.27) and Lemma 8.6, because |ii| < 1 for i € Suppw; and we
have dlq(r||v||i) = (r||v||)!q"" (r||v]|#) <cix (1+r|[v|))* for all ,k > 0. Applying this inner integral
estimate for each z € #(||v||~'/?), and then using (8.15), we get % < ||v||~2(1 +r|[v|) ¥ ||A(®)v|| *.
Similarly, .71, < [v]|"2(1+r{v])) 4| AG)] -+ for 2 € [Jv]) > /2m,4]lv]| 2],
Now suppose 4(|v|| =1/ < 4 < min(n4|A(¥)['/2,246). Let A j.» denote .7 ; with g, ;2 in place
of Jyuy- Then S, =31, 7 ;2. By (8.22), we have, for all integers / > 0,

i s @yl (211"
P52 = foyi e ol @

We now write wy j ; v (2) = 171W37J’,1(‘ -+), using (8.23). Since y; is independent of ||, and we have
||lz|] < 1 and |i| < 1 for all (z,i) € # x Suppwi, we find by (8.20), (8.27), and Lemma 8.6, applied to
the inner integral over i for each z € #/(A) for which there exists u € R with wy(@)w, ;;,,4(2) # 0,
that

(Lt rlvD) MA@l ~* A"+ rlvID*A@)v]
A1 <<k.l/ dz <
P e ) (A2[vl))! (A2[vl))!
for all integers k,/ > 0, where in the final step we use (8.15).
Finally, suppose n4\A(f:)|l/2 < A <2A¢. Then (8.24) and (8.15) directly give, for k,/ > 0,

rl|v i)|-A™ L+ r|v||) % ||| /2
A [Lan R o
Finally, we apply (8.26) with b = [m/2 + 2k]. On the left-hand side of (8.26), we insert our work
from the last four paragraphs, except the last one if 14|A(¥)|1/2 > 24¢. We get
F L+ fysgyd*A (A[v]| /)2 Fisma@edA (A |[w||1/2)m—21+2
vl [Vl (1 + rllvDFA@) ¢ w21+ rllv DA A@) I
Take [ = [m/2 + k+ 1], and evaluate both integrals over A4, the first being < 1 since 4/v||~!/2-

|v[|'/? = 4> 1, and the second being < 1 since n4[|A(¥)v||'/? > 4> 1. We get _Z,., < |[v||'™"/*(1+
r||v[|)~*||A(¥)v||*, which suffices for Proposition 8.4. O

9 New bounds on bad exponential sums
We first provide some general vanishing and boundedness criteria for S¢(p'), which when combined with

classical estimates from [Hoo86b, HB98] will, under Conjecture 1.6, allow us to break a critical €-barrier
behind (2.17). Recall S¢(n), Si(n) from (2.8), (2.9).
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Lemma 9.1. Let ¢ € 81, and let p be a prime.
1. If ptged(A(e), 0.,A(c),. .., 0., Ac)), then S¢(p) <m 1.
2. Ifvy(A(e)) < 1, then Si(p?) < 1.
3. We have Sc(p') = 0 for all integers | > 2+v,(A(c)).

Proof. (1): This follows from [Ho094, Lemma 60] if p  degA, since (degA)A(c) = c¢-VA(c). On the
other hand, if p | degA, then S¢.(p) <, 1 trivially.

We now turn to (2) and (3). For any vector u € Z", let v, (u) :=v,(ged(u1, . .. ,un)). Write ¢ = p8¢,
where g = v,(c) < o and ¢ € §;. For integers u,d > 0, let

BV (e;pu):= ) {xe€Z":ptx, p*|F(x), p*|&-x, p* | VF(x) - Ac}.
A€Z:piA

For any u,d > 0 and x € 'Y (c; p,u), Corollary 2.2 (with & in place of ¢) implies
ged(p", p*') | A®). ©.1)

For any set A C Z™ that can be written as a finite union of residue classes R C Z", let u(A)
be the density of A in Z™. Now let [ > 2+ 2g be an integer, and let d = [//2| > 1+ g; then by
[Wan24b, Proposition 7.4], we have

pmo(p)SL(p') = pPHEu(B D (e p, 1) — PP (B D (e;p,1 - 1)), 9.2)

where S.(p'), the “restriction to p { x” of S¢(p'), is defined as in [Wan24b, (7.5)].

(2): Suppose v,(A(c)) < 1. Then p 1 ¢, since degA > 2. So g =0 and ¢ = ¢. In particular,
Se(p?) = SL(p?) by [Wan24b, Lemma 7.2]. By (9.2) with [ =2 and d = |1/2] = 1, it remains to analyze
BV (¢;p,u) for u € {1,2}. By (9.1), we have B (¢;p,2) = 0, since p*>t A(¢). We now analyze
B (e;p,1).

For each a € 2V (c; p, 1), the variety F(x) =c-x=0in IP’m_l is singular at the point [a; : -+ : ay] €
P"1(F,). Since p1c, this variety is isomorphic to a cubic hypersurface fO1,--;Ym—1)=0in Pm 2,
Moreover, its singular locus has dimension < 0 if p t disc(F) [Wan23a, Theorem 2.3, due to Zak]. So if
pt3disc(F), then p"u (A" (¢;p,1)) < (p—1)-2"! by Bézout’s theorem applied to the system V f =0
in P{F";Z; note that 3f =y- V.

Butif p | 3disc(F), then p"u (A (c; p,1)) < p™ — 1 trivially. So in every case, p" (%" (c;p, 1)) <r
p— 1. Now by (2.9) and (9.2), we have

Se(p?)  Se(p?)  p™!
p1+m - pl+m - (p(pZ)

SE(r?) = (p 0= (@ ep 1)) < P =

(3): Take a counterexample (¢,!) € 81 x Z>( with / minimal. Then [ > 2 +v,(A(c)) and S¢(p') #
So 1 >2+2g, because degA > 2. Also,d = |1/2] > (I—1)/2. By (9 1), we have @W( c;p,u) =0 for
allu>1—1, since 2d >1—1 and p'~' f A(c). So (9.2) gives S.(p') = 0, whence S.(p') # SL(p'). If
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g = 0, this contradicts [Wan24b, Lemma 7.2]. If g = 1, then [ > 4, so S¢(p') — S’c(pl) = 0 by [Wan24b,
Lemma 7.2(2)]; again, a contradiction. Now suppose g > 2. Then p? | ¢ and [ —3 > 2 +v,(A(¢/p?)),
since degA > 3/2. So S,/ (p'~3) = 0 by the minimality hypothesis. But [Wan24b, Lemma 7.2(2)] then
gives S¢(p') — S.(p') = 0; another contradiction. Therefore, no counterexample (c,1) € 8; x Zx to (3)
in fact exists. O

Remark 9.2. If F were quadratic, rather than cubic, then Lemma 9.1(1) would be false whenever 2 | m.
See [Wan22, Remark 7.2.4] or [Wan23a, sentence after Theorem 1.1].

LetN<(t):={n>1:p|n=v,(n) <t}and N>(t):={n>1:p|n=v,(n) >t} for each integer
t > 1. For any integers N,t > 1, we have (see e.g. [BG58])

{N <n<2N:neNs(t)} < N (9.3)
Recall N, from (2.5). Lemma 9.1(1) has a useful unconditional consequence:

Proposition 9.3. Let A € R~. Uniformly over reals Z,N > 0 with N < Z?, we have

2A
( n1/2|55(n)\) <pae Z"min(N,Z)"1FE 9.4)
ce81N[—Z.Z" \neNNN<(1)N[N,2N)

Proof. The case N < 1 is trivial, so assume N > 1. Let D = {1,2,4,8,...}. Let
Neo:={neN<(1):p|n=p|ged(A(c),d,Alc),...,d,A(c))} 9.5)

for each ¢ € Z™. For each Q € D, let 83(Q) be the set of vectors ¢ € 8; for which N¢ oM [Q,20) # 0.
Note that 1 € N¢ g, so 83(1) = &;.

By e.g. [HB83, Lemma 11], it is known that SE (p) <m p'/2 for all ¢ € Z and primes p. So for all
ce8yandn e N<(1), Lemma 9.1(1) implies

Si(n) <men®- max g% < nf-(max{QeDN[l,n]:cec83(Q)})">.

qln:g€Nco

Therefore, the left-hand side of (9.4) is at most Oy, 4 ¢(.7"), where

N NeQh
Z NA Z NA
c<8y: 0€DN[1,2N): 0eDN[1,2N) ce83(0):
lel<z c€83(0) leli<z

T =Y [NcNIN2N)[*

Y INeN[N2N) A

Let € € (0,1), and consider an individual Q € D. By Lemma 6.10 and Holder’s inequality,

Y INN[N,2N) A <ae [83(Q)N[—Z,Z)™|' ¢ - (Z"N¥)E. (9.6)
ce83(Q)N[-Z,Z]"

On the other hand, the scheme A =d, A= --- =9, A=0in A6 has dimension < m — 2, since the
absolute irreducibility of A implies that A = 0 is generically smooth. So by a quantitative form of
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[Eke91]’s geometric sieve (see [Bhal4, Theorem 3.3] for the case of prime moduli, which extends to
square-free moduli as in [Bha25, §5, Case III]), we have

185(Q) N [=Z,2)"| <ae Q°Z"(Q ' +2Z7"). 9.7)
Upon inserting (9.7) into (9.6), we find that

Z N2£ QA

NA

T <4 _Zm(Q*?*l _|_Z£71) Lpe N38-Z’”(N8*1 +Zg,1),

QeDN[1,2N)
since A > 1. Since N¥ < min(N,Z)%, the bound (9.4) follows immediately. O

We now build on Conjecture 1.6.
Conjecture 9.4 (SF'). There exists a real s = Ns(A) > 0 such that
#{ce|-Z,Z]" : F3qeN>(2)N[0,20) with g | A(c)} < Z"Q™ 5 9.8)
holds uniformly over reals Z,Q > 1 with Q < Z°.
Proposition 9.5. Assume Conjecture 1.6. Then Conjecture 9.4 holds.

Proof. Suppose Z,Q > 1 are reals with Q < Z>.
Case 1: Q < Z. Recall the notation N(P;q) from §4. Let § = (degA) ! and € € (0,8). The left-hand
side of (9.8) is at most

zm zm _. N(Aq
N(A;q)-0<qm) e R Y ¢ e NAig) (9.9)

4EN= (21(0.20) 4eN= (2) q"

Let p be a prime and [ > 2 an integer. By (4.3), we have N(A;p') <x p!m=%)  On the other hand,
by Hensel’s lemma (resp. the Lang—Weil bound) over the smooth (resp. singular) locus of A =0, we
have N(A; p?) <a p?"~2, and thus N(A; p') < pl=2"N(A; p*) < p"2. So by the Chinese remainder
theorem, the right-hand side of (9.9) is

m m
(- B o) < (1T o)
0 14 >2 0 p 1>2
since (8/2 — &)l —max(61,2) < —1 —¢l. Since € > 0, it follows that the right-hand side of (9.9) is
<ae Z"Q7%/2+¢ Hence the left-hand side of (9.8) is < ¢ Z"Q /2.

Case 2: Q > Z. Suppose g € N>(2)N[Q,20). Let s be the largest square divisor of ¢; then
s> qz/ 3> Q2/ 3> 723, The integer s'/2 thus lies in (z 1/ 4 2Q1/ 2), and hence either has a prime factor
p > Z'4, in which case p € [P,2P) for some P € [Z!/4,0'/?], or an integer factor d € (Z'/4,Z'/?], in
which case d? € [D,2D) for some D € [Z'/2,7]. So by Conjecture 1.6 with P € [Z!/* 0'/?], and by
Case l withD € [Z 1/ Z,Z] in place of Q, we find on summing over P and D that the left-hand side of (9.8)
is

Cre Zm(Z1/4)—n0 +Zm(Z1/2)_6/2+8.
Since Z > Q'/3, it follows that (9.8) holds with 15 = 5 min(1, 75 (degA) ). O
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For all W € Z|¢c| = Z]ci,...,cm) and Z,N,A € Ry, let

A
Y n—1/2|55(n)y) . (9.10)

Ty (Z,N) = (
ce81N[—Z,Z]": W (c)#0 \neNN[N,2N)

Close analogs of the moment Zé’A (Z,N) have been considered for A = 1 classically (e.g. in [HB83,
Hoo86b,HB98]), and for A = 2 in [Wan22, §4.1].

Conjecture 9.6 (B2). Let Z,N € R with N < Z3. Then £y*(Z,N) < Z"*E.
Proposition 9.7. Suppose F is diagonal. Then Conjecture 9.6 holds.
Proposition 9.7 is useful, but we also need to go one step further.

Conjecture 9.8 (B3G). Let 1 <A < 2. There exists a nonzero polynomial W = W 4 € Z|[c|, and a real
N6 = N6(F,A) > 0, such that if | <N < Z3, then £y *(Z,N) <ra Z"N 7.

One can extend Conjecture 9.8 to A = 2+ &, almost for free (see Proposition 10.3), but it is not clear
to us what the limit is. Also, for 1 <A <2, one might hope for ng(F,A) ~ A/2 to be admissible, by
comparing with Proposition 9.3 or [SX91, Conjecture 1].

Proposition 9.9. Suppose F is diagonal. Assume Conjecture 1.6. Then Conjecture 9.8 holds with
W =TI%, ci, forall A € [1,2].

We need a classical pointwise bound on Si(n) For integers ¢ # 0, let sq(c) = [1,2)c p"(©) and
cub(c) := Hpa‘cpvp(c). Also let sq(0) :=0.
Proposition 9.10 ([Hoo86b, HB98]; see e.g. [Wan24b, (5.2)]). Assume F is diagonal. Let € > 0. There
exists Ag(F,€) € R>y such that if ¢ € Z" and n € Z>,, then

nV2|85(n)| < Ag(F,e)n® [T ged(cub(n)?, ged(cub(n),sq(c;)®) " ".
1<j<m

We now prove Propositions 9.7 and 9.9. For the rest of §9, let W = W(c) := [[/Z; ¢; and let

S4:={ce8;:W(e)#0}.

Proof of Proposition 9.7. Suppose 1 <N < Z3. For each ¢ € 84, Proposition 9.10 implies n~!/ 2Si(n) <Fe

nTli<j<m sq(c;)'/*. Plugging this into (9.10), and using Lemma 2.3 to bound [N, N [N,2N)|, we get
Z;V’Z(Z,N) <re Zf [li<jom Xi<le|<z sq(cj)l/z. However,
Y sq(0)?< Y €' (Z/e) < Zlog(1+2) 9.11)

1<|c|<Z eeN>(2)

by (9.3). Thus £y *(Z,N) <re Z" . Similarly, Zg*(Z,N) — 2§ *(Z,N) <re Z"~'TN'/3 by Proposi-
tion 9.10, Lemma 2.3, and the inequality

cub(n) 173 I X sq(ci) /2 <y e N0/3 7148 < N1/3gm-14e
1Zi<r 1<|g)<z

forn € [N,2N), t € [1,m—1]. Since N < Z3, we obtain Zé72(Z,N) Lpe ZMTE. O
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Proof of Proposition 9.9. Suppose 1 <N < Z*. For each ¢ € Z" and n € Z>1, let
0 vp(n)
f(n) = [Selp™™)]
Se(n) :=[Jmax | 1, o
pln p
Let P > 1 be a real parameter to be specified later. Let
. Seml? Se(m)l\?
Xy = Z < iz ) Zig = Z Z a2z )
cc81: \neN:N[N,2N): neNN[N,2N):
[lell<z Si(n)<P llell<Z Sk(n)=P

Then ng’z(Z,N) <2(Zg+X10), since (a+b)? < 2(a®+b?) for a,b € R. We will bound Xy conditionally,
using Conjecture 1.6, and X1o unconditionally, using the diagonality of F. We will lose factors of Z¢ at
first, and then remove Z¢ later.

We first handle X9. Given ¢ € §; N [—Z,Z]™, let

No = {n€N=(2): p|n=lem(p?, p™ ") fA(c)},
Noa:={n€No(2): p|n=lem(p?,p™ ") | Alc)}.
Any integer n > 1 can be written uniquely as gniny, where ¢, ny, np are pairwise coprime integers

satisfying ¢ € N<(1) and nj € N ; for j € {1,2}. We then have

w2180 < min(SEn/d)-dISE()]) < Shm)min(Lng PlsE ) g IsEa))

|
by the definition of S*. Here Si(m) < nf by parts (2) and (3) of Lemma 9.1. Also, the integer
[T lem(p?, p*r()=1) € N>o N [n§/3,n2] divides A(c). Since [N.N[1,2N)| <¢ (ZN)€ by Lemma 2.3,
and max(ny,ny,q) > n!/3 by the identity n = gnn;, we conclude that

N* éa)|\?
Yo <Lpe P?Z° Z <1ces t i T )
cesi =z sT(NBYI2 q'/?

gENNN< (1)N[N/3 2N)

where 85 denotes the set of vectors ¢ € 8 for which there exists d € N2 N[(N'/3)%/3 2N) with d | A(c).
Since (r+s-+1)> < 3(r2 +s%+12) for 1,5, € R, the sum over ¢ on the right above is < ¢ Z"(N>/%)~5 4
ZmNZe=1/3 4 zmpeE min(N1/3,Z)_1+8, by Propositions 9.5 and 9.3. Since N < Z3, it follows that

Yo Kpe PPZMHE(NT21/0 L N71/3), (9.12)
We next handle X, via an Ekedahl-type phenomenon. For each ¢ € 81, let
Nes(P) :={n € Ne:S4(n) #0, Si(n) > P}.

Let € € (0,1), to be specified. Suppose P'/10 > Ag(F, ) - (2N)¢. Now consider an individual ¢ €
84N[~Z,Z]" and n € Ne3(P) N[N,2N). Here Si(n) % 0, 50 [Tpjeun(m) 7™ " | A(¢) by Lemma 9.1(3).
Also, S(n) > P, so

# i
S(n) _  Sk(n)
9/10 c c \\1/4
P < B = aatpeyee <, L1 gedleubln).sate))'",
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by Proposition 9.10. Thus there exists j with d := ged(cub(n),sq(c;)) > P*%/™. Clearly d € N> (2).
Also,d |cj #0,s0d <Z;and d | cub(n) | [Tpjcub(n) p2p=1 | A(c)?. By taking n € N 3(P)N[N,2N)
with n~1/2 |S5(n)] maximal (if such an n exists), it follows that

o< Y Y Y INeN[N2N)[P-Ag(F,e)*(2N)*d"? ] sa(en)'/?,

1<j<m deNs(2): ¢€8¢(j,d): 1<i<m:
P3im<q<z |lel|<z i#]

where 86(j,d) := {c € 84 : d | ged(c;,A(c)?)}. Using Lemma 2.3 to bound [N, N[N, 2N)
that N < Z3, we get

, and recalling

To<re 28 Y, Y Y a'? T sq(e)'* (9.13)
1<j<m deN>(2): ¢€8¢(j,d): 1<i<m:
poim<g<z |el<z i#]

For notational simplicity, suppose j = m. For k € {0,1}, let

Sex(m) :={(c1,...,cm1) € (Z\{O})" "t 1nc,..cm 1,020 = K}

For each (cy,...,cm—1) € 86.1(m) N [~Z,Z]™!, we have

d1/2 < Z Z d1/2 <Fe Z.&‘_Z/(PS.6/m)l/27
deN>(2): 1<|cn|<Z: d|A(c1yeeerCm—1,0)2: 1<]cn|<Z:
P30/m<g<z (ct,....cm) €86 (m.d) p3O/m<g<z dlem

by the divisor bound for A(cy,...,cm_1,0)* # 0. Therefore, the contribution to the right-hand side of
(9.13) from ¢ with (c,...,cm—1) € 86,1(m) (or the analogous condition if j # m) is

Zl+28 Zm+3£
sq(ci)'/?

1<i<m—11<|¢;|<Z

<LFe <Lm,e

pL8/m pL8/m’
where we use (9.11) in the final step.

On the other hand, for any cy,...,cy—2 € Z, there are at most degA integers c¢,;,—; for which
(c1,-..,cm=1) € 86o(m). This is because for diagonal F, the c?egA coefficient of A is nonzero for
all i; see e.g. [HB9S, (4.2)]. Therefore, the contribution to the right-hand side of (9.13) from ¢ with
(¢1,-..,cm—1) € 860(m) (or the analogous condition if j # m) is

€ 1/2 1/2 1/2
LfpeZ Z Z d'?  max sq(cm—1) / H Z sq(c;) / )
AEN-(2): 1<|enl<z:  [SlemalsZ 1<i<m—21<|q|<Z

P3‘6/m§d§Z dlcm

which by (9.11) is < ¢ Z% 7. ZV/2 gm=2 _ gm—1/2+42¢
The previous two paragraphs together imply that the right-hand side of (9.13) is, in total, <f¢
Zm+3e(p=18/m  7-1/2) This, combined with (9.12), gives
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Suppose € < 2min(1,n5)/270, and let P = Ag(F, £)'0210¢ N2min(1.15)/27 > 1; then we get
ZgV’Z(Z,N) <re Zm+3e(N73.6min(1,n5)/27m _i_Zfl/Z) < Zm+3£N7min(1,n5)/9m7

since m >4 and Z > N 173, Upon redefining €, now that we can forget about P, it follows that
L0 H(Z,N) K e ZMHENT™n(L05)/9 for g1l g > 0.

It remains to replace Z¢ with N. This is trivial if Z < N°(). In general, expanding the square in
(9.10), and noting that S.(n) depends only on ¢ mod n, gives

izN < Y )<1+ 2z )m Y (una) V2(Sh(n1) S (n2)]

ny,n2€[N,2N nina 1<a<nin;:
rad(n1ny)|A(a)

for all Z,N > 1. Yet for any nj,ny > 1 and a € [1,n1n,]™, there exists ¢ € 84N [1,Bniny|™ with ¢ =
a mod njny, where B = 1+deg(A(c)W(c)). So

Ty 2(4BNELN) > Y Y (um) Sk (n) Sk (o))
ni,m€[N2N) 1<a<niny:
rad(n;ny)|A(a)

Hence for all Z > N? we have
£y %(Z,N) < (3Z/N*)" - £ * (ABN*\N) K (Z/N*)"(4BN?)"HeN—min(1)/om,
since 1 <N < (4BN?)3. Thus for all Z > N'/3including Z € [N1/3,N2), we have
Z‘SV,Z(Z’N) <<F7g ZmNefmin(l,n5)/9m‘

Therefore, Conjecture 9.8 holds with W = [T, ¢; and n¢(F,2r) = rmin(1,ns)/10m, first if r =1, and
then for r € [1/2, 1] by Holder’s inequality over c. O

To end §9, we prove a result clarifying the nature of Conjecture 1.6 for diagonal F':

Proposition 9.11. Assume Conjecture 1.6 holds when (m,F) = (4,x3 4+ x3 +x3 +x3 ). Then Conjecture 1.6
holds whenever F is diagonal and m > 4.

Proof. (This result is not used in the rest of the paper, so we confine ourselves to a sketch.)
Assume 1 < P < Z3/2. Recall N, from (9.5). By [Bhal4, Theorem 3.3], we have

#{ce[-2Z,Z]":Tpe[P2P)NNeo} <a Z"P79. (9.14)
By (9.14), we see that for any given F, Conjecture 1.6 is equivalent to the statement
#{ce[~Z,Z]": 3 p e [P,2P)\ Neo with p? | A(c)} < Z"P~%. (9.15)

Let U;, U, be the respective smooth loci of the hypersurfaces FF =0, A= 0 in ]P’%’[’1 }6]. By (2.3) we
have a Gauss map [VF]: U; — {A = 0}; let U := U X[yp) U2 € Uy. The map [VF]: U3 — Uy is an
isomorphism over Q (with inverse [VA]: U, — {F = 0}), and thus too over Z, since U,, U3 are flat over
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Z. In particular, Uy (Z/p*Z) = [VF](U3(Z/p*Z)) for p > 3. Furthermore, it is known that Uj lies in the
open subscheme det(Hess F(x)) # 0 of P ~'. These two facts, plus (9.14), imply that (9.15) is equivalent
to

#{ce[-Z,Z":Fpe[P2P),xcZ", A €]l,p—1] with

9.16
ptdet(HessF(x)), p* | F(x),VF(x) —Ac} < Z"P~%. 610

We would like to convert each “exists” into a sum. Each p on the left-hand side of (9.16) satisfies
p | A(e), so there are < Z€ possibilities for p if ¢ € 81. Also, |SoN[~Z,Z]"|- P <, Z" /2 by (2.4),
since m > 4. Therefore, the statement (9.16) is equivalent to

Y Y Y et 2 rmEicacp-1 1 2wrm ad < Z"P% (9.17)
c€[-Z,Z]" pe[P2P) 1 <x<p?

Now suppose F' =} iji, where F; € Z\ {0}. For each G,A € Z, let
T326.4(a:p°) = Y e,2(aGx’) € R.
c€[-Z,7], 1<x<p?:

pix, p?13Gx2—Ac

Then the left-hand side of (9.17) equals Q/(p — 1), where

. —4 2\4
Q= Y [1 Brralapr)<ezm™ ) Y T2.5,0(a,p7)
pE[P2P), I<j<m 1<j<4 pEeIP2P),
1<a<p? 1<A<p-1 1<a<p? 1<A<p—1

by the trivial bounds T3, 3 < ged(p, 3G)?Z < Z and H;!:] T3/2,5,.1
that T35 6 2 € R.

Since Conjecture 1.6 holds by assumption when F = x? —|—x§ —i—x% —|—xi, it also holds when F =
F;- (x? +x% +x§ +xi) for any fixed j. So by the last display, the statement (9.17) holds for all diagonal F
when m > 4. Hence (9.16), (9.15), and Conjecture 1.6 hold too. ]

< Z‘}:l 7"34/27 Fi where we note

10 Delta endgame

Throughout §10, assume 2 | m. Recall (X, 8), X (X 8) from (2.15). Explicitly, we have

=Y Y S () Jex(n) = Y Y a8k (n) e x (n), (10.1)

n>1ce§ ce8§n>1

by Proposition 2.4 and Fubini’s theorem. We are finally prepared to analyze these sums for various sets
8 C 81, and eventually for § = §;.

10.1 Delta decomposition

Consider an individual ¢ € 8;. In view of (7.1), (7.2) and the factorization ® = ®SPB, we may use
Lemma 5.2 with k = 2,

a(n) = a(ng,n1) = (ng " S3(no) Lugen, ) - (ny "' S&(n1) Lnyexe),
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and f(r) = f(ro,r1) = (ror1) "=/ Jc x (ror1), to write

Y nm28E (n)Jex (n) = (27) /N d*N dtglxn(it) T] Ziin), (10.2)

n>1 >1/2 tcR? 0<j<1

where N = (Ny,Ny) runs over [1/2,0)2, where t = (to,t1) € R?, and where

gexn(r) = (ror) Y20 x (ror1) - va(ro/No)va(r1 /Ny), (10.3)
Sin() =Y, valno/No)ng™Si(no), I n(t) =Y va(mi/Ni)ny " Si(ny). (10.4)
noEN, nyeN¢

Since J¢ x (r) is supported on r < ApY by Proposition 2.4, and v; is supported on [1,2], we have
8ex N(r) =0unless ror; <ApY and N; < rj < 2N; for all j. Thus g. x y = 0 identically unless NoN; <
ApY. So g/ y(it) =0 unless N lies in the set

F11(X):={N >1/2:NoN1 <AoY}; (10.5)

cf. the region %7 from (7.14). So (10.2) holds even if we restrict N to %, (X).
Given N = (Np, N1 ), let N := NoN;. For integers C > 1 and reals A > 0, let

8$1(C,A) :={ce8; || € [C,2C), |A(c/C)| € (A/2,A]}.

Assume (2.6). The definition (10.3) and Propositions 5.1 and 8.1 imply, for ¢ € §;(C,A) and b € Z>,
that for all multi-indices o > 0,
(X/N)I®(N +xC)1=m/2
(1+]g])e(14+C/XV/2)P(1 +XCA/N)?"
For each ¢ € 81, we have ¢ € Z™ and A(c) # 0, so ||c[| > 1 and 1 < |A(c)| < ||c]|%84. Let D =
{1,2,4,8,...} and D, = DU{1/d : d € D}; then we deduce that

8 C U $1(C.A) (10.7)

CeD, 1€Dy:1/CAeeA< A <Ay

NY 20880 x n(it) <Fvrab (10.6)

for some Ag = Ag(F) > 1. Also, for all C > 1 and A < Ay, the volume bound (4.4) implies
81(C,A)| < C" (A +C 1)1/ degh (10.8)
because |A(z)| <r |A(y)|+C~ forally € [-2,2]" and z € y+ [-C~!,C ™.

10.2 Sharp delta bounds

In [Wan22, §4.1], we used the Cauchy—Schwarz inequality on 1 /L, ®L over c to prove (2.17), for diagonal
F with 2 | m, under a large-sieve hypothesis, based on the first-order approximation ® ~ 1/L. Now, in
§10.2, we will use Holder’s inequality in a similar spirit to prove Theorem 1.7. This relies crucially on

several new features, including the more precise approximation of ® captured in Zfﬁ N().

For the next four results, let C € D, let N € %Z11(X), lett € R?, let § C §; N[~C,C]™, and let k > 0.
Roughly speaking, (10.11) will be useful when C < X'/2-%; and otherwise, (10.9) will be useful for small
Ny relative to XC/N, and (10.13) useful for larger Np.
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Lemma 10.1. Assume Conjecture 7.4. Then for some Ay = Ajo(F, k) > 0, we have
IZ5 0N () Z5 Ollis) Srw (LI [8]' 278 (C + NP NG N2 (10.9)
p . .. h (14m)/2 . .
roof. Plugging the trivial bound |S¢(no)| < n, into (10.4) gives
1 2
Ein () <, NG NG 01 [No, 2No)| (10.10)

forall ¢ € 8. So by Lemma 6.10 with A = (2 — €) /&, Conjecture 7.4 with C—I—N11/3, Ny in place of Z, N,
and Holder’s inequality over ¢ € 8, the left-hand side of (10.9) is

<re N(()1+m)/2 . (CmNg)s/Qfe) . |8|(1728)/(278) . [(1 + |t |)A4 (F,e) (Cm +Nm/3) (2— 8)/2]1/(278)

forall € € (0, %), since 1 = 5£_+ 126 4+ -1 Writing N(Hm)/lel/2 = Ngl/le/2 gives (10.9) for some

€

K < €, since 12:288 > %—0( )and|8\ <C’”<C’”+Nm/3 O
Lemma 10.2. Assume Conjectures 1.3 and 9.6. Then

150 (1) - Z5 (O llas) <re (1[0 [8]2(C" 4Ny )N e 0
Proof. By Proposition 3.2(8) and partial summation, |7} N( )| v, e CE(1+|11])EN, 1/2+e . By the Cauchy-
Schwarz inequality and (9.10), the left-hand side of (10.11) is

<re [No- 4% (C,No) 2 - |8]1/2- B (1 + | ) 2N, /2H°.
Now use Conjecture 9.6 with C —|—N8/ 3, Ny in place of Z, N. O
Proposition 10.3. Assume Conjecture 9.8 with some W. Then for any real 8 > 0, we have
Z |N(;1/2 ] Zc 0 ( )’2+5 <Fs (c™ +Nm/3) mé /2— 9n6(F2)/10 (10.12)

ce8:W(c)#£0
Proof. By Holder’s inequality over SN {W # 0}, the left-hand side of (10.12) is

-1/2 ,0 1)
< [Ny 2 Z ()% e S XNE) el Y

(SN{W#0})

for any € € (0,8], since £ + 25£ = 1. The first factor here is <z, (Né"/z)5+£(CmN§)8/2 by (10.10)
and Lemma 6.10; the second factor is < [(C—i—N1/3)”’N(;176(F’2)](2*8)/2 by Conjecture 9.8. Taking €
sufficiently small in terms of m, ng(F,2) gives (10.12). O

Lemma 10.4. Assume Conjectures 1.3, 7.4, 9.6, and 9.8. Assume N < C°. Then for some A} =
A1 (F,x) > 0, we have

(Cm)l/ZfK(Cm +Nm/3)1/2+KN1/2
m1n(C9/20 N2’76(F2)/5)

=50 () - 5 Ol s) <rae (L [0 (10.13)
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Proof. Case 1: 8§ C {W = 0}. Then |8| < C"~! by [Bhal4, Lemma 3.1]. Inserting this into (10.11),
we get (10.13) for some k < €, upon writing C""~1/2N€ «, cm=1)/2+6¢

Case 2: § C{W #0}. Since 1 = é%i + ﬁ, we may use (10.12) with 6 = %, together with
Conjecture 7.4, and Holder’s inequality over ¢ € 8, to bound the left-hand side of (10.13) by Op ¢ (N 1/ 2T),
where

m m md/2— s — — m m —
T:=[(C"+N, /3)NO /2 9776(F2)/]0](1 £)/(2 E)'[(1+’[1‘)A4(F’8)(C +N! /3)]1/(2 €)

Since C™ —i—N;W3 < C™ for some j € {0,1}, we get (10.13) for some Kk < €.
Case 3: The general case. Decompose 8 as (SN{W =0}) U (S\{W =0}). O

Theorem 10.5. Assume (2.6) and 2 | m. Assume Conjectures 1.3, 6.4, 9.6, and 9.8. Then

2,8 < Y ‘Zn(“mﬁsi(n)qu(n)‘ oy XEM/ (10.14)

ce8y n>1
Moreover, for any X € R and Py, P € R+, we have, for some constant 7 = n7(F) > 0,

. 5 (6-m)/4
dXN/ dt Vo nit ()| <<py ————, 10.15
/N%P&P(X) [t T lsieati)] T IS0 <o (10.15)

= 0<j<1 )
where Qll’pmp(X) = {N G%ll(X) Ny > P0/2, N SA()Y/P}.

Proof. By (10.2) and (10.5), the Py = P = 1 case of the bound (10.15) implies the second inequality in
(10.14). The first inequality in (10.14) follows from (10.1). It remains to prove (10.15). For this, we may
assume Py > 1 and P > 1, since if Py < 1 or P < 1, then we may increase Py or P while keeping the set
X\ 17p07p(X) the same. Now, we decompose 8; using (10.7), and then plug in (10.6) with & = 0. This
bounds the left-hand side of (10.15) by

<<F,w7h/ N[ dt Y} f(N1,CA)
Z1,py.P(X) R? ceD, AeD,(C)

where D5(C) := {A € Dy : 1/C%EA < A < A9} and

=50 (@) - Z5 O sy cay NV +XC)1m72
(1+2])2(14+C/X1/2)b(14+XCA/N)?

f(N,1,C, ) := (10.16)

Next, note that Conjecture 7.4 holds by Propositions 6.8 and 7.5. So (10.9), (10.11), (10.13) are all at
our disposal. Let = 11— and € = ﬁ, say. Suppose N € #11(X) and b > 3+max(Ao(F,€),€,A11(F,€)).
Let C€ Dand A € D,(C).

Plugging (10.8) into (10.9) for 8§ = §;(C, 1), and integrating (10.16) over ¢, gives

[cm(A _{_Cfl)l/degA}l/sz(Cm+N¥1/3)1/2+£N(’)"/2+8
(N+XC)m/2-1(14+C/X"'/2)b(14+XCA/N)b

/ dt f(N,t,C,A) <
R2
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Let o = (1/2—¢€)/degA. Summing over A € D;(C) using Lemma 5.3 with r = A, 7= %€, 4 =0, and
g € {a,0}, noting that 0 < « < band (A +C1)* <K A% +C~%, we get

c1/2—e)m [mm(XOl) _i_Cf(lfs)ocKCm+N;'l/3)1/2+£Ngl/2+8
(N+XC)m/2=1(14+C/X1/2)b '

/ dt f <
AGDZ
Writing min({%,1) < % and (N +XC)"/>=1 > (XxC)™/?~!, and then summing over C € D using

XC>
Lemma 5.3 with r =C and T=X"'/2, noting that (1 —&)m > a+ (% — 1), we get
(%a _i_Xf(lfe)a/Z](Xm/Z_|_X(I/Zfs)m/ZNl(l/2+9)m/3)N(’)”/2+8

ym/2—1 ’

/dtf<<

CceD, /IEDQ

)06/2] ”’/2+€X(6*m)/4 since N; < X3/2 by
-m/2

since X*/2 =Y. The right-hand side is < [(¥)* +Xx (1~
(10.5). Letting %15 := {N € %1,p,p(X) : N''® < min(%, x(1=€)/2)®/2} "and writing Ny m/2e o N,
min(%,X(l_g)/z)O‘/2 for each N € Z1», we get

AgY /P
dXN / dtf<</ 0 / dXN[(g)(X/Z _|_X*(l*S)(X/4]P07m/zx(6*m)/4’
1 ceD, /leD 1/4
by integrating over Ny > Py/2 for each fixed valued of NyN; = N. Thus
dXN / dtf <<[ OC/2+X (1 28)0{/4] _m/zx(ﬁ l’l’l)/ (1017)
Z12 ceD, AeDz ()

On the other hand, discarding the factor (1 +XCA/N)? in (10.16) using 1 4+XCA /N > 1, plugging

8| <« C™into (10.11) for8§ = 81(C,A), and integrating over ¢ gives
2.€D1(C) g g g
Cm/Z(Cm +Ng1/3)1/2+8N8

(N+Xc)m/271(1+c/xl/2)b'

/dthtC/l)

A«E@z
Writing (N +XC)™/>~1 > (XC)"/?>~, and then summing over 1 < C < X'/279 we get

1/279)m/2((X1/279) +Nm/3)1/2+eNs

/ drf < b
CeD:1<C<X /270 €Dy (C (X3/2 G)m/Z !
But N(')" 3 <« xm? by (10.5); integrating the previous display over %;;(X) thus gives
x (6—m)/4x (m/2+2)e x (6—m)/4
d*N / dt < . 10.18
/%’n(x) f< X0 = “x90/10 (10.18)

CceD:1<C<Xx1/2-6 AeD

Now suppose C > X'/279; then C > X !/2-1/10 = x2/5 > N1/6_ Discarding (1+XCA/N)? in (10.16),
taking 8 = Upep,(c)S1(C,4) in (10.13), and integrating over ¢ gives

C(1/2—8)m(Cm Nm/3)l/2+8 . (N+XC)1—m/2

dt f(N,t,C,A) <
93 / A )< min(C%/20, Nznﬁ(Fz)/s)(l—l—C/Xl/z)h

re
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Writing (N +XC)'="/2 < (XC)'~"/2, and summing over C using Lemma 5.3, gives
X(l/2—8)m/2(xm/2 +Nm/3)1/2+8 Lyl-m/2
min(X9/50,N§n6(F’2)/5)

/dtf<<

CeD:C>X1/2-0 LeDy(C

Here N;,N < X3/2, so the right-hand side is < X (©—")/4. (x=9/50 +N(;2n6(F’2)/5). Let Z13 :=%11.p,p(X)
Z1>. Bach N € %3 satisfies NJ'™¢ > min(%, X (1-¢)/2)%/2 and thus NO_WG(F’Z) <min(¥, x(1-8/2)=F <

(%) +x~(1-€)B/2 where B = n6nf+2;) Thus

\

d*N / dtf

13 ceD: C>X1/2 91693

<</ dXNx(ﬁfm)/ .(X*9/50+N(;n6(F72)/5[(¥)ﬁ/5 +X*(17£)B/10])
Zr1,py.p(X)

< (X8*9/50-|—P0’"6(F’2)/5[P*l3/5 +x~(1-26)B/107y  x (6=m)/4
where to prove the last inequality we integrate first over Ny > Py/2 when N is fixed, and then in-
tegrate over N < AgY /P. This, when combined with (10.17) and (10.18), establishes (10.15) with

a 09a 90 17 ne(F2) B 098 _ N6 (F,2)
M =min(3, 3%, 95, 705> 5~ 5> 10 )» Where 6 = o> and B > 0 5z D

10 ’ degA’

Remark 10.6. Each of (10.9), (10.11), (10.13) is based on Holder’s inequality in the form 1 = ; + %
with p ~ 2. The input required for Theorem 10.5 could maybe be slightly relaxed by applying Holder’s
inequality with more varied exponents, in different ranges of C, Ny, N;.

Proof of Theorem 1.7. Let D ={1,2,4,8,...}. Let To.x () := Z\x\SX €(9x3) for 6 € R; then
= /[O ”de 1To.x(6)1° = (| To.x (8)°l 13, 0.1))- (10.19)

Now let 71, x(6) := Yjuje(x/2.x€(6x). Let || f(A) g (p) = (Eaenlf(A)|9)'/4 for g > 1; then

Tox(8) =1+ ) Tix/u(8) <1+ H(X//l)”llgg/s(@) XA T x2.(0)ll s () (10.20)
AreD

by Hélder’s inequality, where p := 1. Here ||(X /)P I, o3(p ) <X P. Upon inserting (10.20) into (10.19),
we deduce that if [|7} x /5 (6)° HL(l9 (0.1 K (X/1)? holds then

Np(X) < 1+X% - (X/2) 7T, x/2.(6)°l;

(2.9)

(Do) KX, (10.21)

since 6p < 3.
Now let wy(x) :=[Ti<j<6 1}x;e(1/2.1]> and choose w € CZ((R\ {0})%) with w > w,. Then

171, (8)°ll 13 0,11y = NEwe, (X) < N (X). (10.22)
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But w satisfies (2.6). Also, for Theorem 1.7, we are assuming Conjectures 1.3, 1.5, and 1.6; in particular,
Conjectures 9.6 and 9.8 hold by Propositions 9.7 and 9.9, respectively, and Conjecture 6.4 holds by
Proposition 6.6. So Theorem 10.5 gives £%(X,81) < 1. But £f(X,8) < 1 by Theorem 2.5. So by (2.10)
and the definitions (2.15), (1.4), we have

Nrw(X) /X3 = 0a(Y ™) + 25X, 80) + Z°(X,8;) < 1.

Hence Np(X) < X 3 by (10.22), (10.21). Given (1.8), a standard Cauchy—Schwarz argument then leads
to the desired application to Fy(S?). O
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