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Abstract: We show that almost all primes p #Z +4 mod 9 are sums of three cubes, assuming
a conjecture due to Hooley, Manin, et al. on cubic fourfolds. This conjecture is approachable
under standard statistical hypotheses on geometric families of L-functions.
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1 Introduction

Let Fy(y) = Fo(y1,y2,¥3) =i +¥3 +y3 and Fy(S) := {Fo(y) : y € S}. For well-known local reasons,
Fo(Z?) C{a €Z:a# +4 mod 9}. The Hasse principle holds if the set

&:={acZ:a#+4mod9}\ R(Z°) (1.1)

is empty. The analog of & for Sy? + 12y% + 9y§ contains a sparse sequence [GS22, p. 691, footnote 3],!
produced by means that do not apply to Fy [CTW12, p. 1304]. We confine ourselves to a statistical
analysis of € relative to Z and the set of primes. For “critical” equations such as Fy(y) = a, “subcritical”
statistical frameworks (such as those of [Vau80, Brii91, Hoo16]) break down, and new features come into
play [GS22,Dial9].

Here “critical” refers to the well-known fact that if, say, X > 1 and A € [X 2,X 3], then

Ej<al#{y € 2 : [yl <X, Fo(y) = a}] < log(1+Xx/A'7).
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(Any solutions only “barely” exist!) To produce integral solutions to Fy(y) = a in general, one must take
X/Al/3 — oo, not fixed. In fact, for any fixed A > 1, the set

{aZ+4mod9:a¢ FO([—|a\1/31, |a\1/3l]3)} CZ

has lower density > 0 [Dial9, §1]. For further discussion, see [HB92, pp. 622—623].
The scarcity of solutions also forces us to pass from the sparse setting of Fy to a richer setting in 6
variables. If r3(a) :==#{y € 2320 : Fo(y) = a}, then by Cauchy,

|Fo(Z20) N[0,A]| > (Bo<a<a[r3(a)])? /Bo<a<a[rs(a)’]. (1.2)

Whereas Eg<,<a[r3(a)] < 1 by classical geometry of numbers, the mean square Eo<,<4[r3(a)?] corre-
sponds to a difficult point count in 3 + 3 = 6 cubes, which we now introduce.

Write y = (y1,Y2,¥3), 2 = (21,22,23), and let x = (x1,...,%6) := (¥1,¥2,Y3,21,22,23). Let
F(x) =F(y,z) = Fo(y) — Fo(z). (1.3)

Let T denote the set of 3-dimensional vector spaces L C Q° over Q such that F |L = 0. (The equation
¥y = z cuts out one such L. All other L € T can be generated from y = z by suitable permutations and
negations of variables.) Call a tuple x € Z° special if

xe|JL (14)

LeY

We will concentrate on smoothly weighted point counts away from the origin 0; there are, however,
standard methods to pass to unrestricted, unweighted point counts.
Given integers X,d,q > 1, and a function w € C*(R®) supported away from 0, let

Ny (X;d) := Y w(x/X), (1.5)
X€Z8:F(x)=0, d|Fy(y).Fo (2)

p(g:d):=q > -#{x € (Z/qZ)°: q| F(x) and ged(q,d) | Fo(y), Fo(2)}, (1.6)

op(d) iz}gngop(pl;d), o :zggl(l)(%)_l/w(x)gsvv(x)dx, (1.7)

E,(X;d) :=N,y(X;d) — S(d) - Cuopy - X° — ) w(x/X), (1.8)

special x€Z0:d|Fy(y).Fo(z)

where &(d) := [, prime Op(d) is the singular series associated to the equation F(x) = 0 with the congru-
ence condition Fy(y) = Fy(z) = 0 mod d. By directly generalizing [Hoo86a, Conjecture 2 for [ = 3], one
conjectures

lim X 3E,(X;d) = 0. (1.9)

X—ro0

This is a Manin-type randomness-structure dichotomy conjecture on the 6-variable cubic hypersurface
F = 0 (based on special subvarieties, i.e. thin sets of type I), compatible with the general framework of
[FMT89], [VW95, Appendix], [Pey95], et al.

By (1.2), Fy(Z2,) has lower density > 0, assuming E,,(X; 1) < X? holds for a suitable w. There are
conjectures on the density of FO(Z3>O) [DHLO06], but we focus on Fy(Z?). Diaconu, building on [GS22],
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showed that (1.1) has density 0, assuming a version of (1.9) for d = 1 where N,,(X; 1) is replaced by a
point count over a fairly skew region [Dial9, Ry, on p. 24]. In fact, as we will see, (1.9) itself suffices.
We can say even more about (1.1), assuming that there exists a triple (£, 8,k) € {0,1} x R~ X Z>; for
which the following holds:

Ey(X;d) < |w]|xBw)*Xx37% uniformly over d < X% and clean w € C=*(R®). (1.10)

We define the quantities ||w||x ., B(w) in §1.1; they measure the complexity of w. We call a function
f: R¥ — R clean if it is supported away from the coordinate hyperplanes, i.e.

(Suppf)N{ue R :uy---u; =0} =0. (1.11)

Theorem 1.1. Suppose that (1.9) for d = 1 holds for all clean functions w € C=(R®). Then (1.1) has
density 0 in Z. Now fix (6,k) € Rog X Z>1, and assume (1.10) for & = 0. Then |E N [—A,A]| <¢
A/(1ogA)'=¢ for all integers A > 2 (for all € > 0).

The qualitative density result in Theorem 1.1 was proven in [Wan22, Theorem 2.1.8] using the
strategy of [Dial9, §§2-3]. But our present approach is stronger and more flexible.

Theorem 1.2. Fix (8,k) € Rogx Z>1. Assume (1.10) for & = 1. Then (1.1) contains at most O¢(A/(logA)>~¢€)
primes p < A, for any integer A > 2 (for any € > 0).

Before proceeding, some notes on (1.9), (1.10) are in order:

1. Unconditionally, E,,(X; 1) <y.e X7/2(logX)¢~%/2 for X > 2 [Vau20]. Improving on this is difficult;
classically, [Hua38] proved E,,(X;1) <e x7/2+€.

2. Conditionally, [Hoo86b, Ho0o97, HB98] proved the near-optimal bound E,, (X;1) <, X 3+€ agsum-
ing GRH for geometric L-functions.

3. Building thereon, [Wan23] proved (1.9) for d = 1 (and in fact E,,(X;1) <, X3-9 for some o) for
all clean functions w € C*(IR%), assuming mainly some statistical hypotheses of Random Matrix
Theory type on geometric families of L-functions.

4. The world of L-functions is very rich. Over function fields, for instance, GRH is known and
[BDPW23, MPPRW24, Wan24] give a promising route towards [Wan23]’s hypotheses. See
[BGW24] for further details.

5. The hypothesis (1.10) is essentially a version of (1.9) with a specified power saving, uniform over
a specified range of integers d and weights w. The conditional approach of [Wan23] should in
principle lead to (1.10) for some (8,k) € Rog X Z>].

6. If E,(X;1) <, X for all w, where 6 > 3, then E,,(X;d) < d°M)||w||o . (B(w)X)®. The uniformity
in (1.10) is thus natural, but it requires extra work if 8 < 3.
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How are Theorems 1.1-1.2 proven? Given a compactly supported function v: R* — R, let

NoyX):= ) v(y/X). (1.12)

YEL3: Fy(y)=a

To prove Theorem 1.1, we will choose weights v (smooth as in [Hoo16], yet tentacled as in [GS22,Dial9]),
and bound N, (X) in approximate variance over a < X3. To prove Theorem 1.2, we will also need
precise estimates (not just bounds) for such variances, and not just over Z but also over arithmetic
progressions a = 0 mod d with d < X9.

In §2, we will define and estimate an approximate variance. In §3, we will show that certain truncated
singular series are typically sizable. In §4, we will apply our estimates from §§2-3 to prove Theorems 1.1
and 1.2. Here it is important to allow v to deform with X. For fixed v, counting prime values of
Fy (with or without multiplicity) up to constant factors remains a challenge, even conditionally; see
[DS19, Conjecture A.3] (Bateman—Horn in several variables) and the present §5 for some concrete open
questions in this direction. (It might also be interesting to ask analogous questions for sequences other
than the primes.)

How many solutions to x> +y +z> = a of a given size can our methods produce, for typical a? By
slightly modifying §4, one could provide several kinds of answers to this question. A comprehensive
discussion would be tedious, so we limit ourselves to a murky remark:

Remark 1.3. In Theorems 1.1 and 1.2, there are three levels of hypotheses in total, say H1, H2, H3,
from weakest to strongest. H1 implies that if 4(a) — oo as |a| — oo, then there exists f: Z — R, with
lim) g oo f (a) = oo, such that for almost all integers a # 44 mod 9, the equation x> +y* +z> = a has
> f(a) solutions with max (|x],|y|, |z|) < h(a)-|a|'/?.> Under H2 (resp. H3), one can show that if g(a) — 0
as |a| — oo, then x> +y* + 73 = a has > g(a) -log(1 + |a|) solutions for almost all integers (resp. primes)
aZ% +4 mod 9.

We expect that Theorems 1.1 and 1.2 can be generalized from Fy to arbitrary ternary cubic forms Gg
with nonzero discriminant, if one modifies (1.11) and (2.28). For (1.11), see [Wan22, Definition 1.4.3].
For (2.28), one needs that for any L in the (finite) set Y, if I(L) denotes the ideal of Q[y, z] defining L,
then I(L) NQly] is a principal ideal of Q[y].

The proof of Theorem 1.2 might also adapt to the Markoff cubic x> + y> 4 z> — xyz to unconditionally
extend [GS22, Theorem 1.2(ii)] to primes, provided one can handle certain quadratic subtleties uncovered
in [GS22]. For practical reasons, we focus on x> +y> +2°.

1.1 Conventions

We let Z>o := {n € Z : n > 0}, and define Z>;,R~o,... similarly. For a finite nonempty set S, we let
Epes[f(b)] :=|S| 7' Lpes f(b). For an event E, we let 1x := 1 if E holds, and 1z := 0 otherwise. We let
e(t) := ™™ and e,(t) :=e(t/r).

For a vector u € R*, we let ||u|| := max;(|u;|) and du := du; - - - dus. We let C*(R*) denote the set of
smooth compactly supported functions R®* — R. Given a function f: R® — R, we let Supp f denote the

20ne may simultaneously satisfy the condition max(|x|, |y|,|z|) > f(a) min(|x|,|y|, |z|), as the referee has suggested. This is
a weak analog of the “minicube” problem discussed in [BW10]. Minicubes do sometimes, if rarely, occur in practice; see the
lopsided solution of [BS21] to x4 y3 +7% = 3, for instance.
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closure of {u € R*: f(u) # 0} in R*. We let dy := d/dx. We write [ dx f(x) to mean [y f(x)dx; we

write [y, .y dxdy f(x,y) to mean [y dx ([, dy f(x,y)).
Given f = f(u1,...,us) € C(R*) and k € Z>(, we define the Sobolev norm

| fllke =  max max]c?bfl“ -~-8L?f'f]. (1.13)
ay,...,0€L>0: RS
o440 <k
Given a clean, compactly supported function f: R® — R, we let B(f) denote the smallest integer B > 1
such that B~ < |uy|,. .., |us| < B for all u € Supp f.
We write f < g, or g >g f, to mean |f| < Cg for some C = C(S) > 0. We let Os(g) denote a
quantity that is <g g. We write f <g gif f <5 g <5 f.
We let v,(—) denote the usual p-adic valuation. For integers n > 1, we let ¢ (n) denote the totient
function, 7(n) the divisor function, p(n) the Mgbius function, @(n) the number of distinct prime factors
of n, and rad(n) the radical of n.

2 General variance setup and estimation

Let F, := Fy —aand v € C>°(R?). Suppose 0 ¢ Supp v. Let us define local densities corresponding to the
point count (1.12). For all a € Z\ {0}, let

Opa = lim(p~* - #{y € (Z/p'L)’ : Fu(y) = 0}); @.1)
this exists by [CLT10, §5.4] since F, = 0 is smooth in Aga. Similarly, but for all a € R, let
O (X) 1= lim (26)" [ dyv(y/X); 2.2)
’ £=0 yeR3: |F,(y)|<e

this exists because the surface F, = 0 in R\ {0} is smooth (even if a = 0). At least for cube-free a # 0,
the density 0, , and a real density are computed on [HB92, p. 622].

For a € Z\ {0}, informally write &, := [}, prime Op.a- and consider the Hardy-Littlewood prediction
Sy O av(X) for N, v (X). Smaller moduli should have a greater effect in &,; furthermore, &,, itself—as
is—can be subtle (see §3). So in (2.5) below, we use a “restricted” version of & - Gw 4.v(X). For technical
quantitative reasons, we use a series approximation (2.4) to S, rather than a product approximation as in
[GS22,Dial9, Wan22].

Definition 2.1. For integers m > 1, let

Tu(m) = Z Z em(uFy(y)) = Z Z em(UFa(y1,Y2,y3)) (2.3)

ue(Z/mz)* ye(Z/mz)3 1<u<m: 1<yi,y2,y3<m
ged(u,m)=1

whenever a lies in Z or Z/mZ (or maps canonically into Z/mZ). Fora € Z and K € Z>1, let

sa(K) =Y m™>T,(m). (2.4)

m<K
For integers d > 1, let dZ := {a € 7 : d | a} and define the K-approximate variance
Var(X,K:d) = Y [Naw(X) = 5a(K) e a v (X)]*. (2.5)
acdZ
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Both v and T,(m) are real-valued, so (2.5) is a reasonable definition. For later use, let
VR (x) = v (y,2) = v(y)V(2), (2.6)
2 ._ 2
VIl gy = /ye]RS dyv(y)". 2.7

For clean v, we will rewrite Var(X,K;d) after expanding the square (Theorem 2.13 below). Due to
the nonnegativity of squares in (2.5), the Selberg sieve can then be used to bound a variant of (2.5)
over primes, via a certain multiplicative structure over d, under additional conditions on Vv; this will be
Theorem 2.14. The proofs of Theorems 2.13 and 2.14 rest on delicate local calculations, and require
particular care at primes p | d. On a first reading, one may wish to focus on the simplest case d = 1,
which contains most of the key ideas.

2.1 Non-archimedean work

For integers m,d > 1, let
Sy (m;d) := Y Y ) en(uF (x)). (2.8)
n>1:lem(n,d)=m uc(Z/nZ)* xc(Z/mZ)%: d|Fy(y),Fo(z)
Then S (m;d) = 0 unless d | m. For every positive integer g € dZ, we have by (1.6)

Y ¢° Y eq(aF (x))

a€Z/qL  x€(Z/qZ):d|Fo(y),Fo(z)

=Y Y q° Y en(uF (x))

nlq ue(Z/nZ)* x€(Z/qZ)5:d|Fo(y),Fo(2)

= X Y 4¢° Y en(uF (x)),

n>1:lem(nd)lg ue(ZinZ)<  xe(Z/qZ)0:dIF(y) Fol2)

since n | ¢ < lem(n,d) | g when g € dZ. Reducing x modulo lem(n,d), we get (for g € dZ)

plad)= Y Y lemna) ) enuF (x)
n>1:lem(n,d)|q ue(Z/nZ)* x€(Z/1em(n,d)Z)°:d|Fy(y),Fo(z)
6 2.9)
=Y m™°Sg (m:d);
mlq

this is well known when d = 1 [Vau97, Lemma 2.12], but perhaps less so for d > 1.
Proposition 2.2. Let my,my,d,,dy > 1 be integers. If gcd(my,my) = 1, then T,(mimy) = T,(m;)T,(my).
Ifng(mldl,mgdz) =1, then Sar(mlmz;dldz) = Sg(ml;dl)sar(mz;dz).

Proof. 1t is well known that T,(m) and S (m; 1) are multiplicative in m; see [Bro21, Lemma 2.13] for
a general treatment. A similar proof should show that Sg (m;d) is multiplicative in pairs (m,d), but we
instead use double Dirichlet series. By (2.9),

Z plg:d)g"d™ = Z m*(’SO (m;d)d Z qg "=¢(r) Z mié*rSar(m;d)d*S

q,d>1:d|q d,m>1 q>1:m|gq d,m>1

The left-hand side has an Euler product (by (1.6) and the Chinese remainder theorem). Multiplying by
§(r)"' =TI,(1—p") gives the desired multiplicativity of S§ (m;d). O
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Lemma 2.3. Let m,d > 1 be integers. Suppose v,(m) > v,(d) for all primes p | m. Then |Sg (m;d)| <
[Sg (ms D]

Proof. Here {n>1:lcm(n,d) =m} = {m}. So by (2.8), the quantity d* - S§ (m;d) equals

ey Y em(uFo(y1) — uFo(y,))
UE(Z/mL)* y, y,€(Z/mL)3:d|Fo(yy).Fo(ya)

= Y Y  en(wR(y)—uFo(y2) Y, eaviFo(y))+vaFo(y)))
ue(Z/mZ)* y,,y,€(Z/mZ)3 vi,mEZ/IZ

- ¥ y» 1 h enl (1) u3))es(Fil) )
yi€

Vi, ELJALue(Z/mZ)* 1<i<2 Z/mZ)3

But for any € € {—1,1} and v € Z/dZ, we have

2

Y | X enleuRsm)eavRm)| = s§0m1),

ue(Z/mZ)* "ye(Z/mZ)3

since the formula u — €u + (m/d)v defines a bijection on (Z/mZ)*. So Cauchy over u € (Z/mZ)*
implies d? - |Sg (m;d)| < ¥, vyez/az.Sg (m; 1) = d* - S§ (m: 1). This suffices. O

Lemma 2.4. Let N,d > 1 be integers. Then the following holds:

Y mSs§mad)<d Y b0y (bi1)| < d¥PNTHE
me[N,2N) abe[N,2N):a|d

Proof. Writem=ef, where p |e=>v,(e) <v,(d)and p | f =v,(f) >v,(d). Trivially, |Sg (e; ged(d,e™))| <
Z‘,n‘ed)(n)e6 =¢’. By Lemma 2.3, \S(J)r(f;gcd(d,f""))] < ]S(J)r(f; 1)|. Therefore, \S(‘)*(m;d)] <e’ ]S(J)r(f; 1)]
by Proposition 2.2. Since e | d, we get

Y mlSsgmd)<Ye Y fOUSg(anI<dY. Y FOUSg ()

me[N,2N) eld f€[N/e2N/e) eld fe[N/e,2N/e)

By [Vau97, (¢,k,A) = (4,3,0) case of Lemma 4.9] and [Vau97, Theorem 4.2], the inner sum over f is
< (N/e)e~2/3. The lemma then follows from the bound Yeld P38 < d?3, O

Let us note some standard consequences of our work so far. First, the density ¢,(d) from (1.7) exists
by (2.9) and Lemma 2.4. Second, the singular series &(d) converges, with

&)= [] op@)=Y m°Sg(md) =Y, m °Sg(md); (2.10)

p prime m>1 m>1:d|m

here we use (2.9), Proposition 2.2, and Lemma 2.4 to see that the infinite product and sums in (2.10) all
converge absolutely, and equal one another.
We now prove several results relating 7, (—), from (2.3), to S(J)r (—;d), from (2.8).
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Lemma 2.5. Let d,m > 1 be integers with d | m. Then

> l y  Tlm)Thm) So (m3d) (2.11)
ny,np>1:lem(ny,d)=m, lem(ny,d)=m bEdZ/mZ (f’lll’lZ) mo
+(n:1
y 1 (nl)Tb<3n2) <tm) ¥ w (2.12)
ny,np>1:lem(ng,d)=m, lem(ny,d)=m mbEdZ/mZ (7’11”2) rn=m:r|d n

Proof. By Proposition 2.2, it suffices to prove the lemma when m is a prime power. So suppose
(d,m) = (p°,p’), where p is prime and 0 < e < f.
Case 1: e < f. Then {n > 1:lecm(n,d) = m} = {m}. In particular,

Sgmd)= ¥ Y em(uF (x))
ue(Z/mz)* xe(Z/mZ)°: d|Fy(y),Fo(z)
e (2.13)
=p Z Z em(uF (x))
u€(Z/pl~¢L)* x€(Z/mL)5:d|Fo(y).Fo(z)
(since e, (ud) depends only on u mod p/~¢). And if b € dZ/mZ, then
Tb(m) = Z Z em(uFb(y)) = Z Z em(uFb(y))
u€(Z/mZ)* ye(Z/mz)3 ue(Z/mZ)* ye(Z/mZ)3:d|Fo(y)
) (2.14)
=p° ) Y em(uFp(y))

ue(Z/pl~L)* ye(Z/mL)3:d|Fy(y)
(since YL yc(z/przy< €pr (uFp(y)) = 0if p/~1 1 F,(y)), whence

Ty(m)* = p* ) Y em(uFy(y) +vFy(2))-
uve(Z/pf=e2)* y,z(Z/mZ)3:d|Fo(y),Fo(2)

But Ypeqz/mz em(—ub —vb) = pl=e. 1,7jy4v- S0 summing the previous display over b € dZ/mZ, and
then using (2.13), we get Yyeqz/mz Tr(m)* = p/S§ (m:d). This suffices for both (2.11), (2.12). (For
(2.12), note that |Sg (m;d)| < |Sg (m;1)| by Lemma 2.3).

Case2: e=f. Thend =mand {n > 1:lecm(n,d) =m} ={n>1:n|m}. So

Sgm:d)=Y Y Y eawFx)=m Y L (2.15)
nlmu€(Z/nZ)* xc(Z/mZ)°: x<(Z/mZ)°:
m|Fy(y),Fo(z) m|Fy(y),Fo(z)

But dZ/mZ =0 (in (2.11), (2.12)), and

) T0(3n) =Y Y EywmzpleauFo(y))]

nlm n n|lmue(Z/nZ)*
=Y Y Eyezmzplea(uFo(y)] (2.16)
n|lmue(Z/nZ)*
= Y EyecmplenRo(y)]=m> ) L.
u€Z/mZ YE(Z/mZ)3:m|Fo(y)
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Upon squaring (2.16), dividing by m, and using (2.15), we get (2.11). For (2.12), note that by Cauchy,
To(n)* < 0(n) Luez/nz)* | Lye z/mzy> en(uFo(¥))|* = 9(n)Sg (n:1), so

1 To(n)To(n2)| _ t(m) §~ [To(n)|* _ 7(m) = $(n)Sg (m51)
nlgm (mm)3 < m %;,1 176 < " ’%‘,n 16 . (2.17)
This suffices for (2.12) (since ¢ (n) < n < m, and (m/n) | m = d). O

Lemma 2.6. Let d,m > 1 be integers with d | m. Then

1 Trye) () _ S (m:d)

Z m3 Z 3 6 (2.18)
n>1:lem(n,d)=m m ec(Z/mZ)3: Fy(e)=0 mod d n n

1 T, n
Yolsoox el
>1:1 A 3 = n’ =m:
n>1:lem(n,d)=m ec(Z/mZ)3: Fy(e)=0 mod d rn=m:r|d

St(n:1
L’é”. (2.19)
n
Proof. Again, we may assume that (d,m) = (p¢, p/), where p is prime and 0 < e < f.

Case 1: e < f. Then {n > 1:lecm(n,d) = m} = {m}. But by (2.14),

Trye)(m) = ), ) em(u(Fo(y) —Fo(e))),
ec(Z/mZ)3: Fy(e)=0 mod d ue(Z/mZ)* e,yc(Z/mZ)3:d|Fy(e),Fo(y)

which equals Sar (m;d) by (2.13). Both (2.18), (2.19) follow (in the present case).

Case2: e=f. Thend =mand {n > 1:lem(n,d) =m} ={n>1:n|m}. So (2.18) follows from
(2.16) and (2.15). Also, (2.19) follows from (2.17) (since To(n) = To(n)Tp(1) for all n > 1, and we have
#{e c (Z/mZ)? : Fy(e) =0 mod d} < m? = m?d trivially). O

Lemma 2.7. Suppose ny,ny,d > 1 are integers with lcm(ny,d) # lem(ny,d). Then

Ty (n1) Ty (n2) = 0. (2.20)
bedZ/n\nydZ

Proof. We may assume lem(n;,d) <lem(np,d). Letr:=lcm(ny,d); thenna{r. S0 ¥ acocd(ny,r)z/noz €n, (—a) =
0 for all u € (Z/naZ)*. Thus Ypez/m nyaz: b=c mod r Ir(12) = 0 for all ¢ € Z/rZ. Multiplying by T..(n1)
and summing over ¢ € dZ/rZ, we get (2.20). O

Proposition 2.8. Let d,K > 1 be integers. Then

1 Tp(n1)Ty(n2) 5/3—2/31¢
— G = S+ 0K, (2.21)
ny,m <K 172 bGdZ/l’andZ 1782
1 Tk (e)(n) B
Z ( d)3 Z FO(L’:Z _ 6(d)+05(d5/3K 2/3+8)‘ (222)
n<k "7 ez /ndz)3 Fo(e)=0 moda "
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Proof. If ny,n, > 1 are integers with lcm(n;,d) = lem(ny,d) = m, say, then d | m and

! Ty(n)Tp(na) _ 1 Ty(n)Ty(n2)
vedZimmaz  (MN2)° My iitmy (M)

I’l]ﬂzd -
By Lemmas 2.7 and 2.5, it follows that the left-hand side of (2.21) equals

Z Z l Z Ty (m1)Tp(n2)

3
m>1:d|m nym<K: M yeaz)mz (n1n2)
lem(n; ,d)=m, lem(ny.d)=m
Sq (m;d O(|Sg (n:1
oy S vy OUSsmD)
m n
m<K:d|m m>K:d|m rn=m:r|d

— G(d) + 0£(d5/3K_2/3+8),

where in the final step we write Y.< k. ajm = Xm>1:djm — Lm>K:d|m» Us€ (2.10) to write Y., > 1. 4| Sar (m;d) /m® =
&(d), and use Lemma 2.4 to bound the m > K contributions.

The second part, (2.22), is similar, but simpler. If n > 1 and lem(n,d) = m, say, then

1 Z TFO(e) (Vl) 1 Z TFO(e) (I’l) .

3 3 3 3
(nd) ec(Z/ndZ)3: Fy(e)=0 mod d n m ec(Z/mZ)3: Fy(e)=0 mod d n

By Lemma 2.6, the left-hand side of (2.22) thus equals

1 Try(e)(n
y ¥ Ly oew

m3 n?
m>1:dlm  n<K: ec(Z/mZ)3: Fy(e)=0 mod d
lem(n,d)=m

_ S(T(m;d)Jr Y d-t(m)

m<K:d|m m>K:d|m rn=m:r|d

mb
= &(d)+ 0 (dPK2/31%),

O(ISg (n: 1)1)

nb

where in the last step we again use (2.10) and Lemma 2.4. This completes the proof. O

2.2 Archimedean work

Let v € C2(R?), and suppose 0 ¢ Suppv. Given X € R-( and (y,a) € R x R, write § := y/X and
d:=a/X>. By (2.2) (after replacing & with X3¢),

Gy (X) = lim (2€)"

! / V() = oean(l). (2.23)
£~0 SERS: |y (5)-al<e

For convenience (when working with 0., 4 v(X)), we now observe the following:
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Observation 2.9. Suppose |yi| > 6 > 0 for all y € Suppv. Let (a,X) € R x R-p. Then a change of
variables in (2.23) from y; to Fy := Fy() gives (by [CLT10, §5.4, par. 4])

GnanX) = [ d52d5sv(3)-10R0/951|", (2.24)

where F, ¥ are constrained by the equation F = @ (and thus determined by ¥, ), and where dFy/dy, =
372 > 382 > 0 over the support of the integrand.

At least in the absence of better surface coordinates, the definition (2.2) (via “g-thickening”)
still provides greater intuition, while the surface integral allows for effortless rigor. The area form
dy,dy3|0Fy/d¥| ! in (2.24) is often called a Leray form, as in [Pey95].

We now prove three results on real densities. For technical convenience, we assume for the rest of §2
that v is clean (see (1.11)). Let B(v) and ||V||; be as in §1.1.

Proposition 2.10. For integers k > 0, we have 956w qv(X)] <k ||V|kB(V)2 41 (for some constants
Ao, A € [1,10]), uniformly over (a,X) € R x R~.

Proof. The integrand on the right in (2.24) vanishes unless @ < B(v)? and )71’1 32,93 < B(V). Fix 2,3,

and let §, vary with @ according to Fy = . Then d;[J1] = (357) ! < B(v)?. Now repeatedly apply J; to
the integrand (using Leibniz and the chain rule). This gives

04[O0 (X)] < / dy2d53 || V]koB(V)* /51T < || V[[iB(V)
$2,53<B(v)

which is satisfactory. O

’»

Proposition 2.11. Let X € R-q. The “pure L*> moment” [, g d@Ow 4 v(X)* and the “mixed L' moment
Jzer3 dZV(Z)Ou iy (2),v (X) both equal 0, =2 (defined via (1.7)).

Proof. First, [, pdd 0w v(X )2 expands (via (2.24) and the relation @ = Fy(¥)) to

S gc s s - V)v(2) —1
dv> dv-dz-d dF; 7 (0 Fols .
/4 Vo dy3dzn z3/y~1€ 0()’) aylFo\y <3Z| o‘z) ‘Fo(y)fFo(z)y

which simplifies to [ps d dj3 dZ, dZ3 d§1 vE2 (%) - (02, Folz) ™' F(z)0 (by (2.6)), which equals o, =2 by
[CLT10, §5.4, par. 4]. Second, Fy(z)/X> = Fy(Z), so by (2.24),

[ dZV(Z) 0 Fy(1),v(X) :/ dzd$,d53v(3)V(Z) - (95, Fols) ' 5)=Fo(2)»
Z€R3 R3xR2

which again simplifies to 0, ye2. 0
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Proposition 2.12. Let X,N > 1 be integers. Let b € 7Z./NZ and e € (Z/NZ)>. Then for integers j > 4,

we have (for some constants Ay, ...,As € [1,30])

2 X3G<>o.,v®2 Oj(Hsz,ooB<v)A2+A3j)

Y  Ceav(X)= N 5 N : (2.25)
acZ:a=b mod N ( / )

X0,y O(||VI[FB(v)4H4)

Y VE/X)Oun@y(X) =5 ST (226)
z2€73:z=e mod N
X|Vagsy  O;(IVIE.B(V)?

y V(g/X) = rey  Oi([vI5.B(v)?) 2.7

z€Z3:z=e mod N N? (X/N)J_3
Proof. We want to replace certain sums with integrals. This is loosely analogous to [Dial9, proof
of Lemma 3.1], but we can get better error terms using the smoothness of v. The error will depend
polynomially on the size and support of v. We do not optimize the exponents of B(Vv) above, since they
are ultimately not so important.

The method is standard. Poisson summation, together with Proposition 2.11, gives

X30,, e o(1
Guan()? = =022y O
a=b mod N c#0

/ 40 G gy (X)2e(—c-a/N)| .
acR

We plug in a = X3, integrate by parts j > 2 times in @, and invoke Proposition 2.10, to get

VIR By
eI (X3 /N)T

1
N (A2:3+2A(),A3 IAl).

/ daGu g y(X)?e(—c- a/N)’ <
acR

(Note that Gw 4 v(X) = 0 unless @ < B(v)>.) The estimate (2.25) follows.
The estimate (2.26) similar. Let ¢ € Z3\ {0}. Choose i € {1,2,3} with |¢;| = ||c||. Integrating by
parts j > 4 times in Z; = z;/X gives (via Proposition 2.10 with a = Fy(z))

VI oo B(v)te 457
lell/(xX/N)7=3

1
N3

dzV(z/X)Ou fy(z),v(X)e(—c-2/N)| <
zZER3

with Ay = 3+ Ao, As = A +2; this is because a factor of d;,F(Z) = 377 < B(v)? appears each time
we differentiate o., (z),v(X), by the chain rule. (Note that v(z/X) = 0 unless Z < B(v).) Poisson
summation and Proposition 2.11 then give (2.26).

Finally, (2.27) is similar to (2.26), but easier; integrating by parts in Z; = z;/X gives

N devfeppiee m| <, L=
N e I TN
for j > 4. Poisson summation and (2.7) then give (2.27). -
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2.3 Final calculations

We are finally ready to establish the main results of §2, which concerns the variance defined in (2.5).

Theorem 2.13. Let v € C*(R?) satisfy (1.11). Let X,K,d > 1 be integers with Kd < X°/'°. Then
Var(X,K:;d) = [Nye2 (X3d) — 6(d) - Oy X] + O (d*P K 23X v 300 . B(v) 7).
Proof. Squaring out (2.5) yields Var(X,K;d) = £; — 2%, + X3, where

Eii= Y NewX)?, Zai= Y Now(X)sa(K)Ouav(X), E3i= Y [sa(K) Oy (X))
acdZ acdZ acdZ

Plugging in (1.12) gives £; = N, (X;d) (by (1.3), (1.5), and (2.6)). Next, write

Ti= ) Y (um) T T(n) Ty (m) Y ooy (X)?
n1,m <K bedZ/ninydZ a€Z:a=b mod ninyd

by plugging in (2.4) and then grouping terms by a mod n;n,d; and write

X = ) V(2/X)sF,(z) (K) Ou iy (2),v (X)
2€Z3: Fy(z)=0 mod d

= Z Z ”73TF0(e) (n) Z V(Z/X)GM,F()(Z),V(X)
n<K ec(Z/ndZ)3: Fy(e)=0 mod d z€Z3:z=e mod nd

by expanding N, y(X), plugging in (2.4), and grouping terms by z mod nd. Then by Proposition 2.12 and
the trivial bound |7}, (n)| < n*, we have (for j > 4)

X0nyer o Oj(IVIGLBv)*4))

X3 — Z Z (”1”2)_3Tb(”1)Tb(n2)'W : (X3/K2d)i~

ny,m<K bEdZ/m nydZ

by (2.25) (with N = n1n>d), and

O;([[VI[5B(v)4+4s/)
(X/Kd)i 3

-~ X3GOO ®2
-y Y n " Trye)(n) W < K*(Kd)*-
n<K ec(Z/ndZ)3: Fy(e)=0 mod d

by (2.26) (with N = nd), where A,,...,As < 30. Upon taking j = 100 above, and plugging in (2.21) and
(2.22) from Proposition 2.8, we find that Var(X, K;d) equals

[Nye2 (X5d) — 6(d) - Cuye2 X7 + Oe (d°PK 2378 6, 1, X?) + O(|| V300, B(v) ),
since X,K,d,B(v) > 1 and Kd < X°/'° (and thus K°, K2d, K*(Kd)? are at most X°, X2, X°, respec-
tively). To finish, note that 0, ez < B(v)?- Hv||amB(v)2"‘O by Propositions 2.11 and 2.10, and that

V100 B(V)* % < @¥3K =23 eX3||v][fgq .. B(v)** wrivially. O
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Call a function v: R® — R very clean if

(Suppv) N{y € R : y1yoys(vi +y2) (1 +y3) (2 +y3) =0} = 0, (2.28)

and LinAut(Fp)-symmetric if

V(y1,52,53) = V(¥o(1),Yo(2):Yo(3)) forall o € Ss. (2.29)

Theorem 2.14. Let & € {0,1}. Fix 6 € (0,9/10) and an integer k > 5000, and assume (1.10) for &. Let
v € C*(R3) satisfy (2.28) and (2.29). Let X ,K > 2 be integers with K < X°/1°-8_ Fix x € (0,98 /20),
and let P be the product of all primes p < X &K Then

e S )
(logX)% min(X8/11 K2/3x-35)

Z [Na,v(X) _Sa(K)GW,a,V(X)]Z <
a€Z:ged(a,P)=1

Proof. We apply (1.10) with w = v¥2. Note that [|V¥?||; . < [|V|[... by (1.13), and B(v©?) < B(V) since
Supp(v®2) C (Suppv)2. Now let d < X59 (so that Kd < X°/10). By Theorem 2.13, (1.10), and (1.8), we
conclude that (since k > 5000, and d°/3K¢ < X29 for £ = 0/3, say)

Var(X,K:d) = Y vE2(x/X) +O(X* 0 + X3 25) - |v|2 LB(v)E.
special x€Z6:d|Fy(y),Fo(z)

By (2.28) and (1.4), any special x € Z5 with v®2(x/X) # 0 must satisfy (y,y2,y3) = (26(1)520(2)120(3))
for some o € S3, since [] << j<3(vi +y;)(zi +2;) # 0. So, by (2.29),

Y vP2(x/X) =31 Y v/X)+O0(|VI[5.- BVX])).  (2.30)
special x€Z0:d|Fy(y),Fo(z) YEZ3:d|Fy(y)

But v € C(R?), so by (2.27) (with N = d),

Y v/x)?= <X3 |VCLL'%2(R3) - Ok(’(;%’;ﬂ:)3>> , 2.31)
YEZ3:d|Fy(y) e€(Z/dT)3: Fy(e)=0 mod d
since k > 4. For integers n > 1, let
g(n):=n"3-|{e € (Z/nZ)* : Fy(e) = 0 mod n}|.
Then our work above (in the the last several displays) implies
Var(X, K;d) = 31g(d)X°||V| 72 gs) + 7as (2.32)

where rg < (X370 + X320 2B+ X2+ d3 /(X /d)*3) - |||} .B(v)¥. Since d < X°/1% and k > 100, we
in fact have
ra < (X370 X3TPK25) | v|R LB(v)~. (2.33)
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But g is multiplicative in n, and we have g(n) € (0,1) for all n > 2 (because, for instance, F(0) =0
and Fy(1,0,0) = 1). And by definition, P = [1,-xex p. Directly if & =0, and by the Selberg sieve
[IK04, Theorem 6.4 and (6.80)] if & = 1, we conclude from (2.32) that

3| VI gy

[Naw(X) = 54(K) Cua v (X)]* < R(P), (2.34)

a€Z:ged(a,P)=1 H*
where
d<X¥ pld 1 —8(P)
R(P)<e Y dffrg| < XE(X370/10 4 X3T290K=213) ||v|2 LB(V)E.
d<X?%x

(We use (2.33) to bound r;.) The Hasse bound for elliptic curves gives g(p) = p~' + O(p73/2); SO
Yp<x&(p)logp =logx+O(1) (forx > 1)and ¥ -, g(p)?log p < . By [IK04, §6.6, derivation of (6.85)
using Theorem 1.1], then, H =< log(X*). Theorem 2.14 follows. O]

3 Statistics of truncated singular series

For integers K > 1, recall the definition of s,(K) from (2.4). In this section, we will prove that s,(K)
is typically sizable (see Theorem 3.9 below). The proof makes use of an “approximate inverse” of
sa(K) = X<k n>T,(n). There is some flexibility here; we let

Ma(K) = Z N(”)n73Ta(n). (31)
n<K:ged(n,30)=1

The strategy for Theorem 3.9 is to show that s,(K)M,(K) is typically sizable, and that M,(K) is typically
bounded. For analytic convenience, let 7; (n) :=n"2T,(n).

For integers a and primes p t 3a, Propositions 3.2 and 3.3 below imply T/ (p) < 1 and T,(p=?) = 0.
Indeed, if a # 0, then s,(K) resembles the value of an L-function at 1, and in this sense Theorem 3.9
is related to work such as [GS03]. But there are also significant issues with this comparison, because
|Tau(n)| can be as large as n or so. (Trivially \Tan (n)| < n?.) The most serious issues arise when a has a
large cube divisor.

For an integer n > 1, let sq(n) := [z}, p'»™ denote the square-full part of n, and cub(n) :=
1,3 p"r") the cube-full part of n. Let 8(D) be the set of nonzero integers a with sq(|a|) < D. Let (D)
be the set of nonzero integers a with cub(|a|) < D. We call an integer n > 1 square-full if n = sq(n), and
cube-full if n = cub(n).

We now collect some basic facts about T, (n).

Lemma 3.1. Let a,n € Z withn > 1. Let n3 := cub(n). Then \Tah (n)] < 0(1)°" (n3n)'/2,
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Proof. By Proposition 2.2, it suffices to prove the lemma when n = p' for some prime p and integer / > 1.
But by (2.3) and [Vau97, (4.24) and Lemma 4.7], we have

pLEDBE 3T, () < p Py 4 p P

Thus Tah(pl) < pl_1/213|l,1 +p1_113‘l,2 +pll3|, < pi2. Licii2y + p' - 1;>3. (There should be more
robust proofs, but since Fy is diagonal, it is convenient to call on [Vau97].) ]

For the proofs of the next two results, let N,(m) denote the number of solutions y € (Z/mZ)? to
Fy(y) = a mod m.

Proposition 3.2. Let a € Z. Let p be a prime. Then the following hold:
1. If pt3a, then ]Tah(p)] <6+2p7 12
2. If p| 3a, then |Tat(p)| < 6p'/2.
3. If p >, then |TS(p)| < 0.99p.

Proof. By (2.3), we have
T.(p) = pNa(p) — p°. (3.2)

Case 1: p{3a. Then the equation Fy(y) = aw® cuts out a smooth cubic hypersurface in P? over
[F,. The “curve at infinity” (cut out by w = 0), namely F(y) = 0 in IP2, is also smooth. So by the Weil
conjectures, N,(p) = (p> +p+1+A1) — (p+1— 1), where 4; = A;(a; p) and A, = A,(p) are integers
with [A;| < 6p and || < 2,/p. Thus |T,(p)| < 6p*+2p*2, and | T} (p)| < 6+2p~'/2. So (1)~(3) hold
(with (2) being vacuous).

Case 2: p=3. Then |7}1t (p)| < p? trivially. (In fact, T,(p) = 0, but we do not need this special fact.)
So (1)—(3) hold (with (1) and (3) being vacuous).

Case 2: p|3aand p # 3. Then p | a. So T,(p) = To(p). But Fy(y) = 0 in A3 is an affine cone over a
curve. This curve, Fy(y) = 0 in P2, is smooth. So by the Weil conjectures, No(p) = 1+ (p—1)(p+1—
X (p)), where [A2(p)| < 2,/p. Thus |T,(p)| < 2p(p—1),/p. and |Ti (p)| < 2(p'/> = p~'/2). So (1)-(3)
hold (with (1) being vacuous). O

We now strengthen the vanishing result in [Vau97, Lemma 4.7].
Proposition 3.3. Let p be a prime. Let a,l € Z with | > 2. If p'=' { 3a, then T,(p') = 0.
Proof when p # 3. By (2.3), we have
Tu(p") = p'Na(p") = p'' P’ Na(p' ™). (3.3)

Let N%(p") (for v > 1) denote the number of solutions y € (Z/p"Z)* to Fy(y) = a mod p® with p | VFy(y).
(Here VFy(y) = (3y%,3y3,3y3).) Then by (3.3) and Hensel’s lemma,

T.(p") = p'NJ(p") = p' ' PPN (P ). (3.4)
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Case 1: p*ta. Suppose p'~' {3a. Then p™"3/=1) 4 4, 50 all solutions y mod p'~! to Fy(y) =
a mod p'~! must be primitive (i.e. satisfy p{y), and thus satisfy pt VFy(y). Thus N?(p*) = 0 for
v >1—1, whence T, (p') = 0 by (3.4).
Case 2: p* | a. Suppose p'~!{3a. Then!>5. But p | VFy(y) = p |y, so NO(p*) = p6Na/p3 (p'3)
for v > 4, whence T,(p') = pgTa/pa (p'=3) by (3.4). Noting that I —3 > 2 and p/~*{3a/p>, a recursive
argument now yields 7,(p') = 0. O

Proof when p = 3. Both (3.3) and (3.4) hold here, but (3.4) is no longer simpler than (3.3). However, let
N!(p") (for v > 2) denote the number of solutions y € (Z/p"Z)? to Fy(y) = a mod p" with p* | VFy(y).
A standard Hensel argument (based on writing y =y, + p'2z, rather than y = Yo+ p'~1z) shows that if
[ > 3, then
T(p") = p'Na(p") ="' PNa (). (3.5)
Case 1: p>fa. Suppose p'~!{3a. Then [ >3, and p™"3/=2) t 4. So all solutions y mod p'~! to
Fy(y) = a mod p'~! are primitive, and thus (since [ — 1 > 2) satisfy p? { VFy(y). Thus N!(p") = 0 for
v>1—1, whence T,(p') = 0 by (3.5).
Case 2: p* | a. Suppose p'~! {3a. Then [ > 6. But p> | VFy(y) = p |y, so N} (p") = péNa/pz (p'3)
for v > 5, whence T,(p') = pgTa/ps (p'=3) by (3.5). Noting that I —3 >3 and p'~*{3a/p?, a recursive
argument yields 7, (p') = 0. O

Now recall (2.4) and (3.1). For every a € Z, we have

sa(K)M,(K) = Z cq(n) + Z n T, () - w(ng)ny > Ty(ny), (3.6)
n<kK ny,n<K:
niny>K, ged(ny,30)=1

where for integers n > 1 we let

ca(n) :=n"3 Z Ty(ny) - u(n2)Ty(na).
niny=n: ged(nz,30)=1

By Proposition 2.2, ¢,(n) is a Dirichlet convolution of two multiplicative functions, so ¢,(n) is multiplica-
tive in n. For any prime p and integer [ > 1, we have

ca(p') = p L") = Tu(p" ) Tu(p)1p27] = p ' (TE(P') — T2 (P ) T2 (P)1p27]. 3.7)

We now bound ¢, (n) using our work above (for convenience; [Vau97, Lemma 4.7], a “stratification”
result for p~ T/ (p') based on ged(p!,a), might also suffice).

Lemma 3.4. Let a,n € Z witha # 0 and n > 1. Let ap := sq(|a|) and n3 := cub(n). Let ny := sq(n/n3)
and ny := n/nyn3. Then ny is a square, and

lca(n)] < O(I)w(")nf2-nglgcd(n;/zﬁa) -ngl/z I1 p'r)/2, (3.8)

plnz:vy(n3)<2v,(9as)
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Proof. Since n/nj is cube-free, ny = rad(ny)?. As for (3.8), note that both sides of (3.8) are multiplicative
in 1, so we may assume n = p', where p is prime and [ > 1 is an integer.

Case 1: 1 =1. By (3.7), ca(p) = 0if p > 7, and c,(p) < p~2 trivially if p < 5. So c,(n) < n~2.
This proves (3.8), since (ny,nz,n3) = (n,1,1).

Case 2: | =2. Again, use (3.7). If p{3a, then Propositions 3.3 and 3.2 give ¢,(p?) = p~2[0+0(1)] <
p~2. If p | 3a, then Lemma 3.1 and Proposition 3.2 give c,(p?) < p~%[p+ O(p)] < p~!. Either way,
ca(p?) < n~'ged(n'/? 3a). This proves (3.8), since (ny,n2,n3) = (1,n,1).

Case 3: 1> 3. If p™(2/=2) + 34 then (3.7) and Proposition 3.3 (plus Lemma 3.1 if [ = 3) give
ca(p') < p~'/?. In general, (3.7) and Lemma 3.1 give ¢,(p') < 1. Either way,

caln) < n*l/?r(pvp(n)/z)ll’p(Sa)zmaX(2,172> < n71/2<pvp(n)/2)lvp(gaz)zl/z,

where in the final step we have used the fact that p™(3/=2) is square-full, sq(3a) | sq(9a>), and max (2,1 —

2) >1/2. This proves (3.8), since (ny,nz,n3) = (1,1,n). O
In general, the series Y, <k cq(n) behaves better than s,(K).
Proposition 3.5. Let a,D,K € Z witha # 0 and D,K > 1. Suppose a Z +4 mod 9.
1. For p prime, 1 +c4(p) + cq(p*) + -+ converges absolutely to a real number y,(a) > 0.
2. If pt3a, then yp(a) > (1—p=2)°W. If p| 3a, then y,(a) > (1—p~")°W.
3. T1p prime ¥p(a) converges absolutely to a real number y(a) > [1pja(1 — p~hHow,
4. If a € 8(D), then ¥« ca(n) = y(a) + O¢(|a|KE~1/D).

Proof. By (3.7), Proposition 3.3, and (2.1), the sum ¥ ;= cq( p’) converges absolutely to

Yp(a) == 0paq- (1 _P_3Ta(17)1p27)7 3.9
since a # 0. Here 0, , > 0 by [Bro21, Lemma 2.16], since a # -4 mod 9. And
1—p3T,(p)1,57 € (0.01,1.99) (3.10)

by Proposition 3.2. So ¥,(a) > 0 by (3.9). This completes the proof of (1).

Now we bound yp(a) from below. First suppose p < 5. By [Bro21, Lemma 2.16], 6,, , > p‘6 > 1.
So Yp(a) > 1 by (3.9) and (3.10). Now suppose p > 7. Let N;(p) denote the number of solutions
y € F;\ {0} to Fy(y) = a. By (2.1) and Hensel’s lemma, 6, , > p~>N;(p). But N;(p) > Na(p) — 1,
and N,(p) = p* + p~'T,(p) by (3.2), 80 6,4 > 1+ p~3T,(p) — p~2. Since p > 7, it follows from (3.9),
(3.10), and Proposition 3.2 that ¥,(a) > 1 — p T, (p)* = 1.99p 2 =1—=0(p 13,4 p~'1,3,). Since
Yp(a) > 0 by (1), we conclude that (2) holds for p > 7. By enlarging the O(1)’s in (2) if necessary, we
can then ensure that (2) holds for all primes p.

For (3), first note that if p > 7 and p { 3a, then N} (p) = N,(p), s0 6, , = p~*N,(p) by (2.1) and
Hensel’s lemma; and hence the arguments in the previous paragraph imply ¥, (a) = 14 O( p~2) (uniformly
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over p {30a). Thus [], prime ¥p(a) converges absolutely to some y(a) € R-o. By (2), then, y(a) >
,.(1—p~1)9W. So (3) holds.
For (4), note that by Lemma 3.4 (and the definition of (D)),

Y lca(n)] <e Y (nimsnz)eny2my % ged(my, 3a)n;1/2(9D). (3.11)
n>K ny,mp,n3>1:
nlm%ng >K, n3=cub(n3)
The contribution to the right-hand side of (3.11) from (ny,my,n3) € [N1,2N}) X [M,2M,) X [N3,2N3)
(where (2N7)(2M,)?(2N3) > K) is at most Og ((N;M>N3)*¢D) times

LT S R L\ af a3/
8 .
NZMZN1 N2M2N)? d|3amy€[My 2My):d|my d|3a NZMZNI/2 (N1M22N3)1/6 (N1M3N3)3¢

Summing over Ni,M»,N; € {1,2,4,8,...}, we get ¥, -x|ca(n)| <¢ |a|fK31/°D. Thus ¥, cq(n)
converges absolutely to y(a); and furthermore, (4) holds. U

To bound M, (K) on average, and to handle the sum over njn; > K in (3.6), we can use Lemma 3.8
below, whose proof requires the following two lemmas.

Lemma 3.6. Let D,n > 1 be integers. Let a € (D). If T,(n) # 0, then n € €(27D3/?).

Proof. Suppose T,(n) # 0. Let a; < D be the square-full part of |a|. Suppose p is a prime dividing the
cube-full part n3 of n. Since T,(n) ;é O Proposition 2.2 implies 7,(p"»") # 0. So by Proposition 3.3,
p"rW=1|3a. Here v, (n) > 3; 50 p"»"~1|sq(3a) | sq(9az). Therefore, 9a, is divisible by [ plns P (=1 >

n§/3, whence n3 < (9512)3/2 <27D%/2, O
The next lemma controls the large values of |7/ ()| on average over a. Let
Ti(m) =T m) - Tm,),  T;(m) =T, (m)--T;(n,),
whenever the variables b, r, my,...,m,, ny,...,n, are clear from context.

Lemma 3.7. Let r,my,n,...,m,,n, > 1 be integers. Let m;3, n;3 denote the cube-full parts of m;, n,,
respectively. Suppose my - --m,n - - - n, is square-full. Then

T [(mi3ni3) /2 (min) /7€)

rad(my ---myny ---n,)

EIJEZ/ml~-m,n1~-anHTbh (m)’ : ’Tbu (n)H <<r,£

Proof. By Proposition 2.2, we may assume that m ---m,ny---n, is a prime power; or equivalently,
that rad(m - - -m,n; ---n,) equals some prime p. Applying Lemma 3.1 to residues b with p | 3b, and
Propositions 3.2 and 3.3 to residues b with p { 3b, gives

T [(mizniz) /2 (min) ' /7]
p/ged(3,p)

But m; ---m,n, - - - n, is square-full, so []/_, (mini)l/z > p, and the lemma follows. O

Epez/m-mm-nzl| T (m)| - | T (n)]] <,
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The following result can loosely be thought of as an algebro-geometric analog of [DKO00, Theorem 4],
emphasizing a different aspect. It only applies over relatively small moduli.

Lemma 3.8. Let A,K|,K>,D, j > 1 be integers. Let B: 7> — R be a function supported on [Ky,2K)) x
[K2,2K>). Fora € Z, let
P, = Z B(m,n) - T} (m)T (n). (3.12)

mmn>1:n€8(1)

Suppose A > (K 1K)/, Then

Y  |P)Y <je A -min(K D) (K1 Ky)+E - (max |B]). (3.13)
ae[-A,ANS(D)

Proof. Let K := KK, and r:=2j. Fora € Z, let

Q= )y B(m,n) - T; (m)T; (n).

mn>1:meC(27D3/2), ne8(1)

By (3.12) and Lemma 3.6, we have P, = Q, for all a € §(D). Thus we may replace each P, in (3.13)
with Q,; and by positivity, we may then extend [—A,A]NS(D) to the full interval [—A,A]. It follows that
the left-hand side of (3.13) is at most

A-(14+0p(K™*
Y 0 < Y Bmanmrim UKD gy,
ac[-A.A] Mmooy €251 NC(2TDY2), 1 ri
nl,‘..,anZZlﬂS(l),
beZ/my--mny--n,Z

where B(m,n) := B(my,n;)---B(m,,n,); the inequality (3.14) follows from Poisson summation after
replacing (by positivity again) the sum over a € [—A,A] with a smoothed sum over a € Z. The total
contribution from Oy (K ) to the right-hand side of (3.14) is trivially < K*" - (max |B|)"-K"-A - Ox(K~¥),
which is satisfactory if k := 3r, say.

It remains to handle the “main” term in (3.14). Given m;,ny,...,m,,n, > 1, we have

T, (m)Thh (n) =0 ifmy---mny---n, is not square-full.
beZ/my--mny---n.Z

(This follows from Proposition 2.2 and the fact that } ,c7,/,7 Tu (p) = 0 for every prime p. Note that
we used a similar idea to prove Lemma 2.7.) On the other hand, if m; - - -m,n; - - - n, is square-full, then
Lemma 3.7 delivers the bound
min(Kl,D3/2)’/2 .K1/2te

rad(my ---mny ---n,)

Epezmy-mm-nzl| T (m)| - | T (0)]] < e

provided that we have my,...,m, € C(27D*?) and ny,...,n, € 8(1). It follows that

pmmT,mT;(m) g g Clmn)

ml...mrnl...nr R ’

(3.15)

mi,...;n€%=1NC(27D%2), R<(4K)r2 my,...;my|R™,
ny,... ;i €L>1N8(1), nyy...,np|R
beZ/my--mpny--n,Z
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where C(m,n) := |B(m,n)| - min(K,,D3/?)"/? . K"/>*¢_ (For u,v € Z, we write u | v° if there exists a
positive integer k with u | v*.) But for any integers R, N > 1, we have Yolre Lieivon) Ke Lojp=(N/n)€ =
NeTT,R(1 —p &)1 < NER?; s0

Y [B(m,n)| <re (max|Bl)"(KiR)"™ (K2R)"™. (3.16)

By (3.16) and the bound ¥ g (g2 R* ™" e K™%, the right-hand side of (3.15) is

< e (max|p ’)rmin(Kl’D3/2)r/2Kr/2+(l+r+r2)€'
Plugging this into (3.14) gives (3.13). O
For integers K > 1 and reals 11 > 0, let
EKin):={acZ:aZ+4mod9}nN{acZ:|s.(K)| <n}. (3.17)
Theorem 3.9. Let A,K, j > 1 be integers. Let £, > 0 be reals. IfA > K%, then

€' (K;m) N[-A,A]
A

<e n1.8j+A£K71.5j+n70.2jK70.8j+K71/24_

Proof. By Proposition 3.5, there exists a constant C = C(g) > 0 such that every element of &(K;n) N
[—A,A]N8(D) lies in one of the following sets:

1. & :={ac8(D):|M,K)| >n 101,

2. &:={ae8(D): T(1—p ) <C-(n"/1°+AeKEV/oD)}.

3. &= {a€8(D): [sa(K)Mu(K) = Ln<k ca(n)| = 1'%},

Indeed, if C is sufficiently large and a € &(K;n) N[—A,A]N8(D) \ (61U &), then |s4(K)| <1 (since
a€ &(K;m)) and [M,(K)| < n~°/10 (since n ¢ &), and ¥,,x ca(n) > 21"/ (by Proposition 3.5, since
n¢ &), s0ac .

We now bound &1, &, &. By (3.1) and Lemma 3.8 (with K} =1 and 1 < K, <K),

n S an-AAl <Y MUK <A, (3.18)
ac[~AA|NS(D)

provided A > K3/, By (3.6) and Lemma 3.8 (with 1 < K>, K> < K and (2K;)(2K>) > K),

) 2j , .
n%% . |&N[-A,A] < Z sa(K)M,(K) — Z Ca(n)‘ J e ADYI2 KT (3.19)
ac[—A,A|N8(D) n<k

provided A > K®. And [,,(1—p~") = ¢(|al)/lal. so

. _ 18C;

ae[%}\{o} <¢(|a\)
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by [MVO07, p. 61, (2.32)]. Since [—A,A]\ 8(D) has size < D~'/2A, we conclude that

I@@(K;n); [—A,A]| <<j78n1.8j+(A£K8—1/6D)18j+n—0.2jD3j/2K—j+8+D—1/2,
provided A > K. Taking D = | K'/!?| gives Theorem 3.9. O

4 Applying increasingly cuspidal weights

To prove Theorems 1.1 and 1.2, we will combine Theorems 2.13, 2.14, and 3.9. To apply Theorems 2.13
and 2.14, we need to choose a suitable weight v. Fix a function wy € C°(R) with wy > 0 everywhere,
and wo > 1 on [—2,2]. Fix a function wy € C°(R) with wy > 0 everywhere, wo > 1 on [1,10], and
Suppwy C R-g. Given areal R > 2, set

vi(y) = wo(Fo()’))/re[lR]er I w2(wil/r) TT wallyi+yil/r), (4.1)

1<I<3 1<i<j<3

where d*r:=dr/r. Clearly v* € CZ(R?), and v* satisfies (2.28) and (2.29).
Let us consider what happens as we vary R. It is clear from (4.1) that

Suppv* C {y e R*: 1 < |y1], 2], |y3| < R}; (4.2)

in particular, B(v*) < R. On the other hand (reflecting the tentacled nature of Supp v*),

vol(Supp v*) < / dxr/ dy1dys 1y, | |y, |er-Suppw 12 < logR, (4.3)
E[],R} yi,2€R

r

because for any r € [1,R] and yj,y, € 7 - Suppws, the set {y3 € +r- Suppws : Fo(y) € Suppwo} has
measure < 7~ 2. We also have the following key lemma.

Lemma 4.1. Let a € R with |a| < X3. Then Guw 4 v+(X) > logR.

Proof. Letd:=a/X>. Given (y2,y3), lety; := (@—y3 —y3)'/3. For r > 1, let D, := [3.99,4r]2. Then
for all (y2,y3) € D, we have Fy(y) =a € [—1,1] and y; € [—6r,—5r], and thus

wo(Fo(y)) TT wallyil/r) T wallyi+yil/r) = 1.

1<I<3 1<i<j<3

By (2.24), (4.1), and the nonnegativity of wy, wy, it follows that
Ouca v (X) = / dy2dy3 v*(y)-(3y1) 7' > / d*rvol(Dy)-r2 > logR,
R? re(1,R]
since vol(D,) > r2. O
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We also need some control on the norms (1.13) of v*. Since wy, w; are fixed, we have
Vi (y) < / d*rwa(ly1l/r) = 1, 4 / d*rwy(1/r) < 1, 4.4)
Rxo R>o

uniformly over y € R3and R >2.In general, for integers k > 0, we have?
[V¥]lkeo <k BV < R, (4.5)

to see why, note that by the chain rule, any y;-derivative of wg in (4.1) introduces a factor of ':a’yi2 < B (v*)z,
while any y;-derivative of w; in (4.1) only introduces a factor of 1/r < 1.

We are finally prepared to prove our main theorems, by adapting Chebyshev’s inequality to approxi-
mate variances like (2.5) (after removing a’s for which s,(K) is small).

Proof of Theorems 1.1 and 1.2. We gradually increase our hypotheses. First assume that (1.9) ford =1
holds for all clean functions w € Cf(R6). Plugging this and (2.30), (2.31) into Theorem 2.13 (with d = 1),
we get that for integers X, K > 1 with K < X 9/ 10 we have

Var(X,K; 1) _
— < IV 117283y + 0veixsen (1) + K V2V o0, B (V) (4.6)
where 0y+.x (1) denotes a quantity that tends to 0 as X — oo (for any fixed v*). Here || v*||i2(R3) < logR
by (4.3)~(4.4), and [|V*[|399..B(v*)** < R by (4.5). On the other hand, by Theorem 3.9 with
n = (logR)~'%/J (for an integer j > 1), we have

€' (K;m) N[=A,A]l
A

<je (logR) "+ ASK~15 4 (logR)2 K08/ 4 g~1/24 (4.7)

for integers A > K% . By (2.5), (3.17), and Lemma 4.1, we conclude (by letting A,X — oo with A €
[X3/2,X3], taking K = |A'/%/], taking € = 1/6, and taking R < K'/20000) that

Enl-AAl _ IEImn A A) | Var(X K;1)/x°
A A n?(logR)?
(logR) + 0ra—w(1)
(log R)2 20/

(4.8)

< (logR)™ "™ +

as A — oo, Taking j =40 and R — oo proves the first part of Theorem 1.1.

What remains is similar. Fix (8,k) € R-g x Z>1, and assume (1.10) for & = 0. Note that (1.10)
remains true if we decrease J or increase k; so we may assume 8 € (0,9/10) and k > 5000. In fact, it
will be convenient to assume 6 = 1/(12;) where j > 1 is a large integer. Theorem 2.14 for & = 0 now
implies (assuming X,K > 2 and K < X9/10-6)

V17 .B(v:)*
min(x&/l 1 ,K2/3X_35) ’

Var(X,K; 1)
X3

<G IV Iz sy + (4.9)

3In [Wan22, Remark 2.2.15] the derivatives of v are incorrectly stated to be O (1). This mistake does not affect the proof of
[Wan22, Theorem 2.1.8]. In any case, our present work is independent of [Wan22].
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Let A, X — oo with A € [X3/2,X3]; let (K,&,R,n) = (|A*®],1/6,X5/30% (l1ogR)~19//). Then K =
|A1/%7|, s0 A > K® . Applying (4.3)—(4.5), Theorem 3.9, and Lemma 4.1 as before, we get by the first
line of (4.8) that

A

(logR) + R¥*x ~9/11 1

‘ ~18 ,
< (logR)™"°+ (logR)2207] < (logR)1 2077

(4.10)

since R%* = X%/60_ Taking j — oo proves the second part of Theorem 1.1.

Finally, fix (8,k) € R~ x Z>1, and assume (1.10) for & = 1. As in the previous paragraph, we as-
sume & = 1/(12;) and k > 5000, where j € Z~1, and let (K, &,R,1) = (|A?%|,1/6,X5/30% (1ogR)~10/1),
where A € [X3/2,X3] and A,X — o. Theorem 2.14 for & = 1, when combined with (4.3)=(4.5), Theo-
rem 3.9, and Lemma 4.1 as before, then gives

|EN{p <A} 15 (logR/logX) +R¥*x~9/11 1
— < (logR)™"° + (logR)2-207] < (log R)=-207i" (4.11)
Taking j — oo proves Theorem 1.2. O

5 Nonnegative cubes

Let A > 2. By the Selberg sieve, ¥, 73(p) < A/logA. Assuming something like (1.10) (ideally for
arbitrarily small 6 > 0), can one prove ¥,<473(p) > A/logA? Something like (1.10) might let one
handle certain “Type II” sums. The main difficulty might instead lie in “Type I;” estimates (roughly
corresponding to counting solutions to dnjny -+ -n; = x® +y? + 23 for j large, where d is fixed). One may
be able to handle “Type I;” sums for j < 2 using the methods of [Hoo81], but it would be nice to treat
larger j, even conditionally.

Or, assuming precise asymptotic second moments for r3(a) over {a <A :a =0 mod d} ford < A%,
can one show that }',<4 r3( p)? < A/logA? Note the lack of exact multiplicative structure in d in the
expected main term over {a <A :a =0 mod d}. (For d = 1, see [Hoo86a, Conjecture 2].) This may or
may not be a serious obstacle.

Finally, in the conditional sense above, can one show that a positive proportion of primes p have
r3(p) # 0 (i.e. are sums of three nonnegative cubes)? Another direction, suggested by discussion with
Christian Bernert and Damaris Schindler, would be to find a sequence of arithmetic progressions P; along
which {a € P, : r3(a) # 0} has relative density — 1.
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